o

Newrow oc Lesviz

ave

I 1671 skrcv Newton sin "Methodus Fluxionum et Serierum Infini-

tarum". Nadenfor gengives uddrag fra den engelske oversattelse
fra 1745.

1)

2)

og
3)

4)

Les afsnittet indtil Problem 1.
Bemerk, at bevagelserne er lineare bevagelser, og at tiden
midles ved et jevnt bevaget punkts bevagelse.

Hvordan defineres x, ¥y etc. ?

Hvad er de to basale problemer ?

Les Problem 1. og Eksempel 1 (eksemplet vil afmystifisere
Problem 1.)

Vis, at Newton's regel svarer til:

- 9 ax | 3 dy .
£(x,y) = 0 = % f(x,y) 3t + 3y f(x,v) 3t o,

argumenter for, at denne satning er korrekt.

Gengiv Beviset for Problem 1.

Pdpeg problemer heri.
Hvorfra tror du Newton har hentet bevismetoden ?

Vis, at Newton's metode til at finde subtangenten TB = t,

svarer til

_ dx
t =y dy
Bemzerk, at
TB _ Dc
TB : BD :: Dc : cd betyder B - od °

5)

Gengiv Problem IX.
Hvilken hovedsatning formuleres her ?
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Tranfition to the Metbod of FLUXTONS.

And thus much for the Methods of Computa-
tion, of which I fhall make frequent ufe in what
follows. Now it remains, that for an illuftration of
the Analytic Art, I fhould give fome fpecimens
of Problems, efpecially fuch as the rature of
Curves will fupply. Now in order to this, 1 {hall ob-
ferve that all the difficulties hereof may be reduc-
ed to thefe two Problems only, which I thall pro-
pofe, concerning a Space defcrib’d by local Motion,
any how accelerated or retarded.
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1. The length of the Space defcrio’d being comtinu-
ally (tbat is, at all timés) given s to find ihe velocity
of the motion at any time propos’d.

11. The velocity of the motion being continually given s
t0 find the length of the Space defcrib’d at any time
propos’d.

Thus in the Equation xx=y, ify reprefents the
length of the Space at any time defcrib’d, which
(time) another Space ¥, by increafing with an uni-
form celerity #, meafures and exhibits as defcrib’d :

then 2xx will reprefent the celerity, by which the
Space y at the fame moment of time proce:ds to
be defcrib’d, and contrariwife. And hence it is,
that in what follows 1 confider things as generated
by continual Increafe, after the manner ot aSpace,
which a thing or point in motion defcribes.

But fince we do not confider the time here,
any farther than as it is expounded and mea-
fured by an equable local motion ; and belides
whereas things only of the fame kind can be com-

par’d together, and alfo their velocities of increafe -

and decreafe : therefore in what follows I fhall have
no regard to time formally confiderd, but fhall
fuppole fome one of the quantities propos’d, being
of the fame kind, to be increas’d by an equable
Fluxion, to which the reft may be refer’d, as it were
to time ; and therefore by way of analogy it may
not improperly receive the name of Time. When-
ever therefore the word Time, occurs in what fol-
lows, (which for the fake of perfpicuity and diftin-
Gtion 1 have fometimes ufed,) by that word Iwould
not have it underftood as it 1'meant Time in its
formal acceptation, but only that other quantity,
by the equable increafe or fluxion whercof, Time
is expounded and meafured.
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Now thofe-quantities which I confider as gradu-
ally and indefinitely increafing; I fhall hereafter
n.:_ Fluents, or flowing Quantities, and fhall repre-
fent them by the final letcers of the alpha-
bet v, ¥, y, and z; that I may diftinguith them
from other quantities, which in equations may be
confidered as known and determinate, and which
%2&08 are reprefented by the initial letters a, b,
¢, &c. And the velocities by whichevery Fluentis
increafed by its generating motion (which I may call
Fluxions, or fimply Velocities, ot Celerities,) I'fhall
reprefent by the fame letcers pointed thus, v, %,
y, and z; thatis, for the celerity of the quantity
v I fhall put v, and fo for the celerities of the o-
ther Quantities x, 3, and z, I fhall pue #, y, and
z, refpectively. Thefe things being premis'd, I
{hall now forthwith proceed to the matter in hand ;

and firflt I fhall give the folution of the two Pro-
blems jult cow propos’d.

ProsremMm L

The Relation of the flowing Quantities fo one another
being given, to determine the Relation of their Ve-
locities.

SoLuTioy. Difpofe the equation, by which the
given Relation is exprefi’d, according to the di-
mienfions of fome one of its fowing Quantities,
fappofc x, and multiply its terms by any arith-

metical progreffion, and then by mm and perform
this operation feparately for every onc of the
flowing Quantities, Then make the fum of all the
produtts equal to nothing, and you will have the
cquation required.
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ExampLe 1, [f therelation of the fowing quan-
tities x and y be ¥} —ax*-J-axy—y’ =o; frft dil-
pole the terms according to the dimenfions of x,
and then according to y, and multiply them in the
following manner,

 JP — —ax?
Mult. 3 —ax*J-axy—y' | ==y’ daxy e
oz ¥y
by =+ - "0 y y
makes mwkwlnaw‘«lﬁlu\.—u\ - M ‘mﬁﬂﬁ @.& .

the fum of the produts is gxx*—2axx—uiy—
m&»lT&:«HO. which equation gives the relu.ion
between the Fluxions x and y. For if you tikc x at
pleafure, the equation 3 —ax*-|-axy=—y3 =0 will
give y3 which being determin’d, it will be x: y::

3y*—ex 1 3x'—2axt-ay.
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—x x BD, or =x ax—x=, fubftitute this value
inftead of it, and there will arife the equation
sxiiaxx yax—sz--axz—4yy’ =0, which deter-
-mines the relation of the celerities x and y.

DEMONSTRATION of the Solution.

The Moments of flowing quantities (i. e. their
indefinitely fmall parts, by the mnnnaon of which,
in indefinitely fmall portions of time they are conti-
nually increas’d) are as the velocities of their flow-
ing or increafing. Whercfore if the moment of
any one, as x, be reprefented by the product of its
celerity * into an indefinitely fmall quantity o,
(i.e. by x0,) the moments of the others v, 3
and z, will be reprefented by wo, yo, 225 cnmucm,n
wo, ¥, 30, and zo, are to each other as v, 5 %
and 2. Now fince the moments, as xo and jyo,
are the indefinitely little acceffions of the flowing
quantities ¥ and §, by which thofe quantities are
increafed through the {everal indefinitely fmall in-
tervals of time ; it follows that thofe quantities x
and y after any indefinicely fmall interval of time,
become x--xo and y-}-yo : and therefore the equa-
tion iwmnﬂwn all times indifferently expreffes the re-
lation of the flowing quantities, will ﬁ.in: ex-
prefs the relation between x-}-x0 and y-yo, as be-
tween x and y: fo that x+x0 and y—-yo, may be
fubftituted in the fame equation for thofc quanti-

ties, inftead of ¥ and y. )
Therefore let any equation x*-gx*{-axy—y* =

be given, and fubftitute s—-xo for #, and o
for y, and there will arife

x3
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L e
x Luwkux...T.wk vox-r-x'ot
—ax*—2a%0x—ax 00

~f-axy-j-axoy-t-ayox|axyoo

-y Imv.@ulwvrgv..lw:. =o0.
Now by fuppofition ¥} —ax®4-axy—y’=0;
which therefore being expung’d, and the remain-
ing terms divided by o, there will remain mwxu.*.
3% 0% |ox* 00—2a5x~ax"0 4-axy-|-ayx 4-axyo - 3yy°
~—3y’0y~—y300=0. But whereas o is fuppos’d to
be indefinitely little, that it may reprefent the mo-
ments of quantities, confequently the terms that
are multiplied by it, will be nothingin refpect of the
reft: therefore I reject them, and there remains
3%'x—2axx4-axy-|}-ayx—35y* =0, asabove in Ex-
ample 1.

Here it may bé obferved, that the terms which
are not multiplied by ¢ will always vanith; as al-
fo thofe terms that are multiplied by more than
one dimenfion of 03 and that the reft of the terms
being divided by o, will always acquire the form
that they ought to have by the foregoing rule. Q.
E.D.

This being done the other things inculcated in
the rule will eafily follow. As thatin the propos’d
equation, feveral flowing quantities may be in-
volv’d; and that the terms may be multiply’d, not
only by the number of the dimenfions of the flow-
ing quantities, but alfo by any other arithmetick
progreffion, fo that in the operation there may be
the {ame difference of the terms according to any
of the flowing quantities, and the progreflion e
difpos’d according to fome order of the dimenfions
of each of them. Thefe things being allow’d,
what is taught befides in Examples 3, 4, and 5,
will be plain enough of itfelf,
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ProsreMm IL

Of the Metbod of FLUX1ONS

An Equation being propos’d including tbe Fluxions of

Quantuties,
1o 02 anotber.

A Nunw:.m:\nx Solution.

10 find the Relation of thefe Quantities

As this problem is the converfe of the forego-
ing, it muft be folv’d by procecding in a con-

trary manner;

ProsrEM IV.
To draw Tangents to Curves.

The Firft manner.

Tangents may be varioufly drawn according
to the various relation of curves to right lines:
and firft, let BD bea right line or ordinatein a gi-
ven angle to another
right line AB, asa
bafe or abfcifs, and
terminated at the
curve ED ; let this
ordinate move thro’
an indefinite fmall
fpace to the place {-
fo that it may bein-
creafed by the BMM

while ABis increafed by the moment
“ann:ﬂ.m DC isequal and pa rallel, let .Um be produ-
ced till it meel with ABin T,and this line will couch

the curve in D or d, and the utangles deD, Umw,_
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willbe fimilar ; fothat TB: BD:: D¢, or Bb : cd.
Since therefore the relation of BD to AB is exhi-
ted by the equation by which the nature of the
cutve is determined, feek for the relation of
the Fluxion by Pros.I.  Then take TB w0 BD
in the ratio of the Fluxion of AB to the Fluxion .
of BD, and TD will touch the curve in the point D.

ExampLE 1. Calling AB=x and BD=y, let
their relations be x3=—ax’-axy=—y’'=0, and the
relation of the Fluxion. will be gxx*—2axx-Laxy
'w&.x—..&x“o. fo that y:x:: 3XXeme2ax-0XY
Hay: gy —ex BDor (y):BT. Thercfore BT
= unwm...“«u“,m.. therefore the point D being given,
and thence DB and AB, or y and x, the length
will be given by which the tangent TD is deter-
mined.

But this method of operation may be thus con-
cinnated: make the terms of the propofed equa-
tion equal to nothing, then multiply by the proper
number of the dimenfion of the ardinate, and put
the refulc in the numerator; then multiply the
fame equation by the proper number of the di-
menfions of the abfcifs, and put the product di-
vided by the abfcifs in the denominator of the
value of BT ; then take BT towards A if this va-
lue be affirmative, but the contrary way if the va-
lue be negative.

Thus the equation w.\mxﬁ.ﬂérulwuﬂo. being

3
multiplied by the upper numbers gives axy— 3y’ for
the numetator, and multiplied by the lower num-
bers, and then divided by x, gives 3x*e=2ax--ay
for the denominator of the value of BT.



ProsLeMm IX.
To determine the Area sf any Curve Nﬁ@%\m&.

The Refclution of the Problem depends upon
this; that trom the relition
of the Fluxions being given,
the relation of the kluents may
be found, as in Pros. L
Firft if the Right Line BD, by
the motion of which the Area
required AFDB is difcribed,
move upright upon an Ab-
fcifs or Bafe AB given in pofition, conceive (as
before) the parallclogram ABEC to be defcribed

in the mean time on the other fide BE by a Line
equal

120 Of the Method of FLux 1 0Ns

equal to 1, and BE being fuppofed equal to the
Fluxion of the Parallelogram, BD will be the
Fluxion of the Area required.

Therefore make AB—=x, then ABECx1=1xx

—x, and BE—vx, call AFDB=z, and it will be

BD=z, asallo
X
the equation exprefling BD, at the fame time the

A

, becaufe x=1; therefore by

ratio of the Fluxion Z-is expreffed, and thence
P )

x

(by Pros. II. Cafe I.) may be found the relation
of the Flowing Quantities x and z.

ExaseLe I When BD or z is equivalent to
fome fimple Quantity.

. xxr . .
Let there be given —=z, or T, the equation

0.

to the Parabola ; and (by Pros. 11.)there will arife

2 _z; therefore ww. or: AB x BD is equal to the
b_.nmo?rn?_dco_mbmbm.
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Opgave

Leibniz udgav aldrig selv en grundig indfe¢ring i de basale begreber

i sin differentialregning. Ideerne blev dog via Johann Bernoulll
videregivet til L'Hospital som udgav dem i "Analyse des Infiniment
petits" i 1696. Her fglger begyndelsen af 2. udgaven fra 1715, i

en oversattelse af Kirsti Andersen (udgivet af foreningen videnskabs-

historisk Museums Venner, Arhus) .

1) Hvad er de basale begreber 1 Leibniz' (L'Hospitals) udgave
af differentialregningen ?

2) Find d X ned Leibniz’ metode, dvs. ved at overfgre argu-

y
menterne i Proposition I og II i sektion I.
3) Find subtangent til y = ™ ved at imitere proposition I

i sektion IT.

DE UENDELIGT SMA STORRELSERS ANALYSE

Forste del om differensregning

Forste afsnit hvor reglerne for

denne regning gives

DEFINITION I

Sterrelser, der uafbrudt vokser eller aftager, kaldes

variable sterrelser, hvorimod de, der forbliver de samme,

medens de andre #ndrer sig, kaldes konstante stoerrelser.

———r s

1

1 en parabel er ordinaterne og abscisserne saledes variab-

le sterrelscr, medens parameteren er en konstant sterrelse.

1. L'tospital bruger udtrykkene les appliquées et les

coupées.
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DEFINITION II

Den uendeligt lille del, hvormed en variabel storrelse

vafbrudt vokser eller aftager, kaldes differensen.
Lad for eksempel AMB vare en kurve, der som akse eller dia-
meter har linien AC o0g som en af sine ordinater PM; lad
endvidere pm vere en ordinat uendeligt tat ved den forste.
Med dette forudsat tegnes MR parallel med AC, korderne AM
og Am, den lille cirkelbue MS med centrum A od radius AM,
sd vil Pp vare AP's differens, Rm vere PM's, Sm vare AM's
og Mm vere buen AM's. Ligeledes vil den lille trekant MAm,
der har buen Mm som grundlinie vere differensen af afsnitiet
AM, og det lille areal Mppm vare differensen af arealet

begrenset af AP, PM og buen AM.

KOROLLAR

pet er klart, at differensen af en 'konstant sterrelse er
nul, eller (hvad der er det samme) at konstante storrelser

ingen differenser har.
NOTE

I det fplgende bruges betegnelsen eller symbolet d til at
betegne differensen af en variabel storrelse, som man har
udtrykt ved et enkelt bogstav, 09 for at undgd forvirring
gores der ingen anden brug af a i det felgende. Hvis man
for eksempel kalder AP, x; PM, y: AM, 2; buen AM, u; det
krum- cg retlinede areal APM, s; og afsnittet AM, t, sa
udtrykker dx vardien af Pp, dy vardien af Rm, dz vardien
af Sm, du vardien af den lille bue Mm, ds verdien af det

1:110 arsal MPpm. 0Q dt}vurdien af den lille. . krum- og ret-

Flqg.

2.

I. KRAV ELLER ANTAGELSE

Det kraves, at nAr to stoerrelser kun adskiller sig med en
uendeligt _lille storrelse, kan man uden forskel tage den

ene for den anden. Eller (hvad der er det samme) at en stor-
relse, som kun er foroeget eller formindsket med en anden
storrelse, der er uendeligt mindre end den selv, kan betrag-
tes som forblivende sig selv. Der kreves for ecksempel, at
man kan tage Ap for AP, pm for PM, arealet Apm for area-
let APM, det lille areal MPpm for det lille rektangel MPpR,
den lille sektor AMm for den lille trekant AMS, vinklen

pAm for vinklen PAM etc.

I1. KRAV ELLER ANTAGELSE

Det krazves, at en kurve kan betragtes som en uendelig
samling af rette liniedstykker>, eller (hvad der er det
samme) som en polygon med et uendeligt antal sider - hver
uendeligt lille. Ved de vinkler, siderne danner med hinan-
den, bestemmer de kurvens krumning. Der kraves for eksem-
pel, at kurvestykket Mm og cirkelbuen Ms pd grund af deres
uendelige lidenhed kan betragtes som rette linier sdledes,.

at den lille trekant mSM kan opfattes som retlinet.

NOTE

Det antages sadvanligvis i det folgende, at alfabetets

sidste bogstaver z, y, x etc. betegner variable steorrelser,

hvorimod de forste a, b, c etc. betegner konstante st.rrel-

ser sadledes, at x bliver x+dx; y, z etc. blivé; y+dy, z-+dz
N

etc., og a, b, ¢, etc. forbliver de samme a, b, Cc ¢tc.



PROPOSITION I

Problem

At tage differensen af flere sterrelser,

der er lagt til eller trukket fra hinanden.
Lad der vare givet a+x+y-z, af hvilken differensen skal
tages. Hvis det antages, at X foreges med en uendeligt
lille del, det vil sige, at den bliver x+dx, s& bliver
y. y+dy og z, z+dz, medens kxonstanten a forbliver den
samme , a. SAledes bliver den givne st@rrelse a+x+y-z,
atxsdxsyrdy-z-dz, og dens differens, som man finder ved
at trekke den fra den sidste storrelse, bliver dx+dy-dz.

Det er ligesddan med de andre, hvilket giver denne regel.

REGEL I

For adderede eller subtraherede storrelser.
Man tager differensen af hvert led i den givne sterrelse,
og idet man beholder de samme fortegn, sammens@ttes en anden
storrelse, som er den sogte differens.

PROPOSITION I1

Problem

At tage differensen af et produkt frembragt
af flere storrelser, der er ganget med hinanden.

1°. pifferensen af xy er ydx + xdy. Thi nAr x bliver
x+dx, bliver y, ytdy, 09 Xy bliver
) xy + ydx + xdy + dxdy,
som er produktet af x+dx og y+dy. Produktets differens er

ydx + xdy + dxdy,

det vil sige , ydx + xdy, fordi dxdy er en uendeligt lille
sterrelse i forhold til de andre led ydx og xdy: dividerer
man for cksempcl ydx og dxdy med dx, finder man dels y og
dels dy, som ecr y's diffcrens nq' derfor ucndeliqgt meget
mindre end den. Heraf f{elqer, at differensen af et produkt

Af to sterrelser er 1ig med produktet af den forste sterrcl-

e i ferens oq den anden sterrelse plus produktet af den

o .
2 . Differensen af xyz er yzdx + xzdy + xydz ...

<(Beviset er analogt til det forste under 19>
o . '
37. Differensen af xyzu er
uyzdx + uxzdy + uxydz + xyzdu ...
Det forholder sig sdledes med de andre 1 det uendelige,

hvoraf denne regel dannes.

REGEIL TI

- For multiplicerede storrelser.
Differensen af et produkt af flere multiplicerede storrelser
er lig med summen af produkterne af hver enkelts differens
og de eovriges produkt.

Sadledes er differensen af ax, xOradx, det vil sige adx.

. 1 —
Differensen af a+x - b-y er bdx - ydx - ady - xdy.

AFSNIT II

Anvendelse af differensregningen til at bestemme

tangenter til alle slags kurver

DEFINITION

Fig. 2 Hvis man forlenger en af de smd sider Mm i den polygon,

. i *
Art. 3 som udger en kurve , sa& kaldes den sd&ledes forlangede

side tangenten til kurven i punktet M eller m.

PROPOSITION 1

\
Problem
9. Lad AM vare en kurve, hvor relationen mellem abscissen

AP og ordinaten PM er udtrykt ved cn <algebraisk> ligning.

Fig. 3 I et givet punkt M pad denne kurve skal tangenten MT trak-



Fig. 4

*Art. 8

*aAfsnit 1

BEMERKNING

NAr punktet T falder pA den modsatte side af punktet A
¢i forhold til P>, x'ernes begyndelseepunkt, er det klart,
at nAr x vokser, aftager Y. Folgelig skal der i den givne
lignings differens skiftes fortegn' pad alle de led, hvor
dy findes; med andre ord vil verdien af dx over dy vare
negativ og derfor ogsé verdien af PT (¥ gg y. For ikke
at blive forvirret er det imidlertid bedre altid at tage
den givne lignings differens efter de foreskrevne regler*
unden at &ndre noget. Thi hvis det ved slutningen af udreg-
ningen fremgdr, at PT's vardi er positiv, folger det,
at man skal tage punktet T pa samme side som punktet A,
x'ernes begyndelsespunkt, saAdan som man antog, da regningen
udfortes, o049 modsat, hvis den er negativ, skal det tages
til den anden side. pe folgede eksempler vil gore dette

klarere.

Fig.

EKSEMPEL 1

11. 1°.

har det givne rette linie<stykke> a.
serne pd begge sider far man

adx = 2ydy

og
dx = glgl
°g
PT(%%;) = 3%1 = 2x
idet der for yy s®ttes dens ;mrdi

ndr man tager PT som det dobbelte

rette linie MT, sa& er den tanqgenten

det, der var forlangt.

o
27. Lad ligningen vare aa = xy

belens natur mellem asymptoterne.
fAr man

xdy + ydx = 0
hvor for
pr (¥Ydx;, = -x
dy
Heraf folger, at hvis man tager PT = PA

sid ;
ide Aaf punktet A o0qg traekker den rette

den tangenten 1 M.

.

ax. lteraf

at AP g

1 punktoet

til den modsatte

linie MT,

M.

folger,

trekker

den udtrykker hyper-

Ved at tage differenserne

sad er

Det

Hvis man kraver, at ax = Yy skal udtrykke relationen

3
mellem AP og PM, er kurven AM en parabel, der som parameter

Ved at tage differen-

at
den

var

Fig.

w
1

=

(&}



Analysen i 1700-tallet

Opgave 1:

Eulers “Introductio in Analysin Infinitorum” (1748) indeholder de dele af analysen, som
gar forud for differentialregningen, bl.a. reekkeleren.

1) Laes §1-4 og kommenter Eulers funktionsbegreb

2) Gennemga Eulers raekkeudvikling af eksponential- og logaritmefunktionen (§114-
125). (Der er en del indskud, som du kan gé let hen over.)

3) Gennemga Eulers razkkeudvikling af cos og sin (§132-134).

4) Gennemga Eulers udledning af Eulers formler (§138).

Opgave 2:

Eulers “Institutiones Calculi memamﬁim.:m: A,:mmv findes vist desvezerre ikke oversat til
engelsk, s& vi ma ngjes med en tysk oversattelse.

1) Lees §83-88 og kommenter Euler’s brug af uendelig sma stgrrelser.
2) Gennemga Euler’s beregning af differentialet af logaritmefunktionen (§180).

3) Gennemga Euler’s beregning af differentialet af eksponentialfunktionen (§186-188).

6~/



Opgave m K

I begyndelsen af 1770'erne fandt Lagrange et nyt "algebraisk"
grundlag for differentialregningen. Han brugte dette i sin lare-
bog "Théorie des Fonctions »:mwmﬁwmcmmamwm 1797. Nedenstdende
uddrag stammer fra 2. udgaven fra 1813 og er kopieret fra "The

History of Mathematics. A Reader".

1. Hvordan definerer Lagrange den afledede ?
2. Hvordan udleder han Taylor rakken ?
3. P3peg problemer ved Lagrange's grundlag for

differentialregningen.

Now let us consider a function f(x) of a variable x. If we replace x by x + i,ibeing any
arbitrary quantity, it will become f(x + i) and, by the theory of series, we can expand it
in a series of the form

fx) + pi +qi2 +ri’ +--,

in which the quantities p, g, r,..., the coeflicients of the powers of i, will be new
functions of x, which are derived from the primitive functions of x,and are independent
of the quantity i.

But, in order to prove what we claim, we shall examine the actual form of the series
representing the expansion of a function f(x) when we substitute x + i for x, which
involves only positive integral powers of i.

This assumption is indeed fulfilled in the cases of various known functions; but
nobody, to my knowledge, has tried to prove it a priori—which seems to me to be all
the more necessary since there are particular cases in which it is not satisfied. On the
other hand, the differential calculus makes definite use of this assumption, and the
exceptional cases are precisely those in which objections have been made to the
calculus. .

I will first prove that in the series arising by the expansion of the function f(x + i)no
fractional power of i can occur except for particular values of x.

[Having accomplished this, Lagrange continues later as follows.]

We have seen that the expansion of f(x + i) generates various other functions p, g,
r....,all of them derived from the original function f(x),and we have given the method
for finding these functions in particular cases. But in order to establish a theory
concerning these kinds of functions we must look for the general law of their
derivation.

For this purpose, let us take once more the general formula fix+i)=flx)+pi +
qi? + ri* +---, and let us suppose that the undetermined quantity x is replaced by
x + 0, o being any arbitrary quantity independent of i. Then Sfix + i) will become
f(x + i + 0),and it is clear that we shall obtain the same result by simply substituting
i + oforiin f(x + i). The result must also be the same whether we replace the quantity
i by i + 0 or x by x + o in the expansion f(x).

The first substitution yields f(x)+ p(i +0) +qli +0)* +r(i+0)*+---, or,
expanding the powers of i + 0 and writing out for the sake of simplicity no more than
the first two terms of each power (since the comparison of these terms will be sufficient
for our purpose):

>xv+v_.+€.~+:.u+u~.»+.:+vo+Nﬁ.o+w:.uo+a.e.uc+:..
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In order to carry out the other substitution, we note that we obtain f(x) + ['(x)o +
o, p+po+--,q+qo+ -+, r+ro+--- when we replace x by x +0 in the
functions f(x), p, q,T,. . ., respectively; here we retain in the expansion only the terms
that Eo_caa the first power of 0. It is clear that the same expression will become Slx) +
pi+ git +ri> +sit +- -+ f'(x)o + plio + ¢'ifo + r'iTo + .

Since these two results must be identical whatever the values of i and o may be,
comparison of the terms involving o, io, i%0, ..., will give: p = f'(x), 2q=p,3r=4q,
4s=1r,...

Now it is clear that in the same way that f"(x)is the first derived function of f(x), p'is
the first derived function of p,q' the first derived function of g,r the first derived
function of r, and so on. Therefore, if, for the sake of greater simplicity and uniformity,
we denote by f’(x) the first derived function of f(x), by f”(x) the first derived function
of f'(x), by f"(x) the first derived function of f”(x), and so on, we have p = f'(x),and

hence p’ = f"(x); ooamnncg:w qg= W. = \Mxv_ hence ¢’ = \‘Nﬂlxlv“ consequently
r= W = \lm%,rmsmm r= \u.ﬁwv“oo:map:g:w 5= w = M'.wﬁw..wn:nm s = W%Wum:a
so on. ’
Then by substituting these values in the expansion of the function f(x + i), we obtain
. o ), SR L)
+i)= -
fix +i)= flx)+ f'x)i+ 5 + 53 | +u.u.a~ +

This new expression has the advantage of showing how the terms of the series depend
on each other and above all how we can form all the derived functions involved in the
series provided that we know how to form the first derived function of any primitive
function.

We shall call the function f(x) the primitive function with respect to the functions
f'(x), f"(x),...that are derived from it; these fuctions are called the derived functions
with respect to the former one. Moreover, we shall call the first derived function f(x)
the first function, the second derived function the second function, the third derived
function the third function,and so on. In the same way, if y is supposed to be a function
of x, we denote its derived function by y', y", ..., respectively, so that, y being the
primitive function, y’ will be its first function, y" its second function, y" its third
function, and so on.

Consequently, if x is replaced by x + i, y will become

Yy
y+yi+ 3 + 7.3 + -

Thus, provided that we have a method of computing the Tirst function of any
primitive function, we can obtain, by merely repeating the same operation, all the
derived functions, and consequently all the terms of the series that result from
expanding the primitive function.

Finally, only a little knowledge of the differential calculus is necessary to recognize
that the derived functions y', y", y" ... of x coincide with the expressions

dy d?y d%

-, —=,—=, respectively.
dx’ dx?’ dx? spe y
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CHAPTER 1 1488

a genus in which are contained all determined quantities. Variable quantities of

this kind are usually represented by the final letters of the alphabet z, y, z, etc.

3. A variable quantity is determined when some definite value is assigned to

On Functions in General
Hence a variable quantity can be determined in infinitely many ways, since

absolutely all numbers can be substituted for it. Nor is the symbol of the vari-

able quantity exhausted until all definite numbers have been assigned to it. Thus

a variable quantity encompasses within itself absolutely all numbers, both posi-

1. A constant quantsty is a determined quantity which always keeps the same '
g y 9 v v tive and negative, integers and rationals, irrationals and transcendentals. Even

value. ‘
' zero and complex numbers are not excluded from the signification of a variable

Quantities of this type are numbers of any sort which keep the same con- quantity.

stant value, once they have been assigned; if it is required to represent constant . . o . . .
, . 4. A function of a variable gquantity is an aenalylic expression composed in

quantities by a symbol, the initial letters of the alphabet are used a, b, ¢, etc. ) ) o
any way whatsoever of the variable quantity and numbers or constant quantilies.

In algebra, where only fixed quantities are considered, these first letters of the
Hence every analytic expression, in which all component quantities except

alphabet usually denote known quantities, while the final letters represent unk-
the variable z are constants, will be a function of that z; thus a + 3z; az — 47.2;
nown quantities, but in analysis this distinction is not so much used, since here it
: az + bVl - 22; c*; etc. are functions of 2.

is more a question of considering the {ormer as constants and the latter as vari- '

5. Hence a function itself of a variable quantity will be a variable quantity.
ables.

) . ) Since it is permitted to substitute all determined values for the variable
2. A variable quantity is one which is not determined or s universal, which

quantity, the function takes on innumerable determined values; nor is any deter-
can take on any value.

mined value excluded from those which the function can take, since the variable
Since all determined values can be expressed as numbers, a variable quantity

quantily includes complex values. Thus, although the function V9 — 2%, with
takes on all possible numbers (all numbers of all types). Just as from the ideas

real numbers substituted for z, never attains a value greater than 3, nevertheless,
of individuals the ideas of species and genus are formed, so a variable quantity is

by giving z complex values, for instance 51, there is no determined value which



CHAPTER VII

Exponentials and Logarithms Expressed through Series.

114. Since a® = 1, when the exponent on e increases, the power itself
increases, provided a is greater than 1. It follows that if the exponent is
infinitely small and positive, then the power also exceeds 1 by an infinitely small
number. Let @ be an infinitely small number, or a fraction so small that,
although not equal to zero, still a® = 1 + , where ¢ is also an infinitely small
number. From the preceding chapter we know that unless { were infinitely small,
then neither would w be infinitely small. It follows that ¢y = w, or ¢ > w, or
Y < @. Which of these is true depends on the value of a, which is not now
known, so we let ¢ = kw. Then-we have a® = 1 + kw, and with a as the base
for the logarithms, we have o = log (1 + kw).

EXAMPLE

In order that it may be clearer how the number k depends on a, let a = 10.

From the table of common logarithms, we look for the logarithm of a number

which ‘exceeds 1 by the smallest possible amount, for instance, 1 + ————1~—~, S0
1000000
1 .
that ko = ———. Then
1000000

= 0.00000043429 = w. Since

.og[u 1 ].w

1000000 1000000

kw = 0.00000100000, it follows that % - 43429

1000000

93

k= — = 2.30258. We see that k is a finite number which depends on the

“value of the base a. If a different base had been chosen, then the logarithm of

- the same number 1 + kw will differ from the logarithm already given. It follows

that a different value of k will result.

115. Since a® = 1 + kw, we have a’* = (1 + kw)j, whatever value we

assign to j. It follows that

=1+ Lkw + _L(.Lllk%ﬁ + Jii_"_!)il_‘_?lkaws + If now
1 1-2 1-2-3
we let 5 = i, where z denotes any finite number, since  is infinitely small,
w
then j is infinitely large. Then we have w = i_, where w is represented by a
7

fraction with an infinite denominator, so that o is infinitely small, as it should

be. When we substitute i for w then

+ 1(y — 1) "2[k323

N 1 Wj —1),2.2
= (1 + kz/5) =1+ —kz + k*z .
af = (L+ kalj) 1 125 12535

y DG =20 = 3)
1-25-37:43

. This equation is true provided an

infinitely large number is substituted for j, but then k is a finite number depend-

~
ing on a, as we have just seen.

L. . j — 1
116. Since j is infinitely large, — = 1, and the larger the number we
J

. . ) — 1
substitute for j, the closer the value of the fraction ‘; comes to 1. There-
J

C 1
fore, if j is a number larger than any assignable number, then —'7———_ is equal to
J

I. For the same reason - — LI 1, -3 1, and so forth. It follows that
J



~L2;1— = %, _1._5___2_ = —;—, ‘4;3 = i«, and so forth. When we substitute
2 J 7
these values, we obtain
2.2 33 4.4
af =1+ ﬁl"; + kl.zz + f.;_a + 1{‘:2-;-4 + . This equation expresses a

relationship between the numbers @ and k, since when we let z = 1, we have

2 3 4
a=1+ 5,4 Kk k

——— 4 ———— 4+ -+ . When a = 10, then k& is
1 1:2 1:2-3 1--2-3-4

necessarily approximately equal to 2.30258 as we have already seen.

117. Suppose b = a", and let a be the base for the logarithms, so that

log b = n. Since b* = a™, we have the infinite  series

2. 2.2 3,33 4,44
b'=l+—kﬁ+knz+knz+knz+---.Nowwesubstitute
1 1-2 123 1-:2:34

323

log b)® +
(log )" + 153

(log )

2.2
logb for n, so that b’=1+-"i—z*logb+’cz2

I3
1:2-3-4

+

(log b)‘ + - -- . Since we know the value of k from the given value

of the base a, the general exponential b* can be expressed in an infinite series
whose terms proceed with the powers of z. Having shown this fact, we now go

on to show how logarithms can be expressed by infinite series.

118. Since a® = 1 + kw, where o is an infinitely small fraction and the

relation between a and k is given by a = 1 + £ + k—2 + K
& y 1 12 123

+ ol
a is taken as the base of the logarithms, then = log(l + kw) and
Jw = log(1 + kw)j. It is clear that the larger the number chosen for j the more

(r+ ko)’ will exceed 1. If we let j be an infinite number, the value of the

power (1 + kw)’ becomes greater than any number greater than 1. Now if we

95

let (1 + kw)’ =1+ z, then log(l + 1) = jw. Since jo is an finite number,
namely the logarithm of | + z, it is clear that j must be an infinitely large
number; otherwise, jo could not have a finite value.

1
119. Since we have let (1 + kw)’ = 1 + z, we have 1 + ko = (1 + z)’

1 . 1
and ko= (1+z)) =1, so that jw= -i—((l + z)? - 1). Since

. 1 .
jo = log(l + z), it follows that log(l + z) = -ﬁ(l + z)! — -‘i— where j is a

number infinitely large. But we have

1 . . .
(1+z)j =1+ #— ! - ,1 Tt + 107 *,1)(,2],_ 1):1:3
Jz 125 12333

1 = 0 - 0B 1) .,

Since j is an infinite number,

1253545
C - -
! = l, '2"L——1 = -2—, 35 -1 = §—, etc. Now it follows that
27 2 3 3 47 4
* z z? z3 z!
jr+z)y!=5+=-- —+——-—+ - As a result we have
1 2 3 4
2 3 4
|og(l+x)=l£—3—+—z—f—x—+ , where e is the base of the
{1 2 3 4
k* k3
logarithm and ¢ =-1 + — + — + +

120. Since we have a series for the logarithm of 1 + z, we can use this to

define the number k when a is the base. If we let 1 + £ = a, since log a = 1,

we have
1 e -1 - 1)’ -1y - 1)t
1= = |2= _ [a 1)+-(9————1)——La———l-)—wL'~-. It follows
k 1 2 3 4
_ o )3 Y
that k = = L _ (s 1) + (a . _ (e 1) + - L If we let

1 2 3 4
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a = 10, the value of this infinite series must be approximately equal to 2.30258.

9
1

We have 2.30258 =

9? 9? 1
vy + 5 94— + , but it is difficult to see

how this can be since the terms of this series continually grow larger and the sum

of several terms does not seem to approach any limit. We will soon have an

answer to this paradox.

2 3
121. Since log(l + z) = %[% S LI

.

: ], when we substitute

— z for z, we obtain

4

1 2
+ %— + - ] If we subtract the second

log(l—z)=—-’;[%+—:‘2—+

]
w8,

series from the first we obtain

log(l + z) — log(l — z) = log[l hs x]

2 3 5 7 +
=I[%+%—+%+%—+ '.Nowifwe!etl_:=a,sothat
a — 1
xr = , and because log @ = 1, we have
a +1

I

2[“‘1+_(°_—_1ﬁ+_@_‘_1)5_+

. From this equation we
a+1 3a+1P®  5a+1)p ] 4

can find the value of k when a is given. For example, if a = 10, then
9 3 5 7

k = 2[——-— + 9 r 9 c t 9 T+ - | and the terms of this series
11 I s 7-11

decrease in a reasonable way so that soon a satisfactory approximation for k can

be obtained.

122. Since we are free to choose the base a for the system of logarithms, we

'1+%+———+———+

97

now choose a in such a way that k = L. Suppose now that k = 1, then the

series found above in section 116,

1 1 1

+ -+ is equal to a. If the terms are
1-2 1-2-3 1-2:34

rebresented as decimal fractions and summed, we obtain the value for
a = 2.71828182845904523536028 - - - . When this base is chosen, the loga-
rithms are called natural or hyperbolic. The latter name is used since the qua-
drature of a hyperbola can be expressed through these logarithms. For the sake
of brevity for this nur;ber 2.718281828459 - - - we will use the symbol ¢, which
will denote the base for natural or hyperbolic logarithms, which corresponds to

the value k = 1, and ¢ represents the sum of the infinite series

pe e Ly L1
1 1-2 1-2-3 1-2-3-4

+

123. Natural logarithms have the property that the logarithm of 1 + w is
equal to », where » is an infinitely small quantity. From this it follows that
k = 1 and the patural logarithms of all numbers can be found. Let e stand for

the number found above, then

+ - -- , and the natural logarithms

themselves can be found from these series where

2 3 1 § 8
log(l+r)=z—-’—x—+LAL+£———I—+---, and
2 3 4 5 6
3 5 7 9
log L4z =£+—2—I—+2i+£{* -2—$——+ This last series is
) S 1 3 5 7 9

strongly convergent if we substitute an extremely small fraction for z. For

instance, il z = “l~, then

Z-9



2 2 2 2 1
log —=log - = —+ — + —— + — = —
¢ B2 T 15 " 358 " 5 + 757 + If z=—, then
4 2 2 2 2 :
log — = — + —=— + —=— + —“- 4 ... i =1
¢ 3 17 3-73 5-78 777 + » and if z= 0’ then
log > = 2 4 24 2, 2 ;
€% " 19 3.9° e + 797 + -+ . From the logarithms of these

fractions we can find the logarithms of integers. From the nature of logarithms
3 4 3
we have log 2 + log 3 = log 2, and log ry + log 2 = log 3, and
2 log 2 = log 4. Further we have
5
Iog: +log4=1logh log2 + log3 =1log6, 3log2 =1log8, 2log3 = log9,
log 2 + log 5 = log 10.
EXAMPLE

We can now state the values of the natural logarithms of integers from 1 to

10.

log 1 = 0.00000 00000 00000 00000 00000 log 2 = 0.69314 71805 59945 30941 72321
log 3 = 1.09861 22886 68109 89139 52452 log 4 = 1.38629 43611 19890 61883 44642
log 5 = 1.60943 79124 34100 37460 07593 log 6 = 1.79175 94692 28055 00081 24773
log 7 = 1.94591 01490 55313 30510 54639 log 8 = 2.07944 15416 79835 92825 16964
log 9 = 2.19722 45773 36219 38279 04905 log 10 = 2.30258 50929 94045 68401 79914

All of these logarithms are computed from the above three series, with the excep-

tion of log 7, which can be found as follows. When in the last series given above,
we let z = L, we obtain
99

100 50
Iog4—9— = 0.0202027073175194484078230. When this is subtracted

g
R
I

99
from log 50 = 2 log 5 + log 2 = 3.9120230054281460586187508 we  obtain

log 49. But log 7 = % log 49.

124. Let the natural logarithm of 1 + z be equal to y, then

2 3 4

4 —13———%-4' -+ - . Now let a be the base of a system of log-

2

arithms and let v be the logarithm of 1 + z in this system. Then as we have

2 3 4
seen,u=ix~z—+—x-~£—+'-- =¥ 1tfollowsthatk=l,
2 -3 4 k v

and this is the most convenient method of‘ calculating the value of k correspond-
ing to the base a; it is given by the quotient of the natural logarithm of any
number divided by the logarithms of that same number with the base a. Sup-
pose the number is a, then v = 1 and k is equal to the natural logarithm of a.
In the system of common logarithms, where the base is ¢ = 10, then k is the
natural logarithm of 10. It follows that k = 2.3025850929940456840179914,
which is the value calculated not far above. If each natural logarithm is divided
by this number k, or, which comes to the same thing, multiplied by the decimal
fraction 0.4342044819032518276511289, then the results are the common loga-

rithms, with base a = 10.

125. Sincec’=1+i+———+ + -+ il we let a¥ = e”, then

after taking natural logarithms, we have y log @ = 2, since log ¢ = 1. We now

substitute this value in the series to obtain

2 2 3 3
eV =1+ yl(;&a+ y*(log a) + y*(log a) + --+ . In this way any

1-2 1-2-3

exponential, with the aid of natural logarithms, can be expressed as an infinite
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series. Now let j be an infinitely large number, then both exponentials and loga-

‘ j
rithms can be expressed as powers. That is, e’ = [l + i] and so
J

.,v=[1+1_125_a

J
¥ ] . For natural logarithms, we have

log(1 + z) = j((1 + )’ — 1). Other uses of natural logarithms are discussed

in integral calculus.

CHAPTER VIII

On Transcendental Quantities Which Arise from the Circle.

126. After having considered logarithms and exponentials, we must now
turn to circular arcs with their sines and cosines. This is not only because these
are {urther genera of transcendental quantities, but also since they arise from log-
arithms and exponentials when complex values are used. This will become

clearer in the development to follow.

We let the radius, or total sine, of a circle be equal to 1, then it is clear
enough that the circumference of the circle cannot be expressed exactly as a
rational number. An approximation of half of the circumference of this circle is
3.141592653589793238462643383279502884197169399375105820974944592
3078164062862089986280348253421170679821480865132723066470938446+.

For the sake of brevity we will use the symbol = for this number. We say, then,
that half of the circumference of a unit circle is w, or that the length of an arc of

~

180 degrees is .

127. We always assume that the radius of the circle is 1 and let z be an arc
of Lhis circle. We are especially interested in the sine and cosine of this arc 2.
Henceforth we will signify the sine of the arc z by sin z. Likewise, for the cosine

of the arc z we will write cos z. Since 7 is an arc of 180 degrees, sin Ow = 0 and

cos O = 1. Also  sin % =1, cos % =0, sinmwm=0 cosm=—1

b-9
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sin 111' = — 1, cos %w =0, sin 2w = 0, and cos 2w = 1. Every sine and

2

cosine lies between +1 and -1.

Further, we have cos 2

It

sin [1 - z] and
2

I

sin z = cos [1 - z]. We also have (sin z)? + (cos z)? = 1. Besides these

notations we mention also that tan z indicates the tangent of the arc z, cot z

for the cotangent of the arc 2 We agree that

cot z = —
sin z

cos 2z

1

tan 2

128. We note further that if y and =z

sin(y + z) =

cos(y + z)

sin(ly — z) =

cos(ly — z) =

sin y cos z + cos y sin z and
cos y cos z — sin y sin 2. Likewise

sin y cos z — cos y sin z and

cos y cos z + sin y sin z. Now we substitute the ares

‘g—'rr, etc. for y in the previous formulas:

sin{% + z] = + co8 z

cos [—“— + z]
2

sin(w + z) =

cos(m + 2) =

sin —3—1r + z
E

|

sin T 2l =+ cos'z
2

™ .
cos[; - z] = + sin z

= — sin z

— sin z sin(m — z) = + sin z

— cos z cos(m — z) = — cos z
.13

= — cus z sinj—mw — 2| = — cos z

2
. 3 .
= + sin z cos;-rr—z=~smz

sin z
tan z = —— and
cos 2

= , all of which is known from trigonometry.

are two arcs, then

us

y T
2
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sin(2m + z) = + sin 2z sin(2w ~ z) = — sin 2

cos(2m + z) = + cos z

il

cos(2m — z) = + cos 2

1t follows that if n is any integer, then

. f4n + 1
sin —T~1r+ z| = + cos 2z sin[ir—l——;—Ln - z] = + co9 2z
in + 1 . 4n + 1
cos|——w + z| = — sin z cos | ——7 — z| = — 3gin z
2 2
. 4n + 2
sin|———w + z| = — 8in 2 sin[4n + 21r ]= + sin 2
2 2
4n + 2
cos | ————mw + z| = — cos z cos —4—71—+—211—z]=—cosz
2 2
. J4n + 3
sin | ————a + z| = — cos 2 sin[4n+3w—z]=—cosz
2 2
in + 3
cos ———2—1\'+z. = + sin 2 cos{4n2+3'n—z]=—sinz
. 14n + 4
sin |———w + z| = + sin z sin[4n+41rz]=-sinz
2 2
4n + 4
cos p m+ z| = + cos z cos [%ﬁiﬂn - z] = + cos 2. These

formulas hold whether n is a positive or a negative integer.

129. Let sin z = p and cos z = ¢, then p? + ¢! = 1; if also siny = m
and cos y = n, then also m? + n? = 1. We have the following identities:
sinz = p cos z = ¢q

sin(ly + z) = mg + np cbs(y + z)=ng — mp

0T-9



sin(2y + z) = 2mng + (n* - m%)p

cos(2y + z) = (n® — m%)q — 2mnp
sin(3y + 2) = (3mn? — m¥)q + (n® — 3m?n)p
cos(3y + z) = (n® - 3m?n)g — (3mn? — m3)p

etc. These arcs: z, ¥ + 2,2y + 2,3y + z--- , form an arithmetic progres-

sion, however, both their sines and cosines form a recurrent progression which
2

arises from the denominator 1 — 2nz + (m? + n?)z?. This is seen from the fol-

lowing: sin(2y + z) = 2n sin(y + 2z) — (m? + n?)sin z, or

sin(2y + z) = 2 cos y sin(y + z) — sin z. In like manner

cos(2y + z) = 2 cos y cos(y + z) — cos z. Furthermore we have
sin(3y + z) = 2 cos y sin(2y + z) — sin(y + z), and

cos(3y + z) = 2 cos y cos(2y + z) — cos(y + z). Also

gsin(4y + z) = 2 cos y sin(3y + z) — sin(2y + z), and

cos{d4y + z) = 2 cos y sin(3y + z) — cos(2y + z), etc. The advantage of this

[l

law is that when the arcs form an arithmetic progression, then as many of the

sines and cosines as may be desired can be expressed with little trouble.

130. Since sin(y + z) = sin y cos z + cos y sin z, and

sin(y — z) = sin y cos z — cos y sin z, when we add or subtract these expres-

siﬁ(y + z) + sin(y — z)
2

sions we obtain: sin y cos z = , and

sin(y + z) — sinfy — d Furthermore, since

cos y sin z =

cos(y + z) = cos y cos z — sin y sin z, and
cos(y — z) = cos y cos z + sin y sin z, by the same method we obtain:

_ cos(y — z) + cos(y + z) and
2 ’

cos y co8 z
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cos(y — z) — cos(y + z)
5 .

sin y sin z =

Let y = z = —, then from these last

)
2

2
. + \/
formulas we obtain: [cos %] = 1——26—01—”— so that cos —Qv— = V(1 + cos v)/2,

2
and [sin —2‘)—] = 1—:—5—0-3*2 so that sin —;— = V(1 — cos v)/2. From this we see

that if the cosine of an arc is given, then we can find the sine and cosine of the

half arc.

a + b

131. Letthearc;y+z=aandy—z=b,hheny= 2

and

e — b
P

N
It

When we substitute these values in the formulas above we have

the following equations, each of which is, as it were, a theorem:

sina+sinb=2sina+bcosa;b

sina*sinb=2c03a+bsin0;b

cosa+cosb=2cosa+bcosa;b

cosa—cosb=25ina+bs-ma—bv
2 2

From these results we have, by division, the following theorems:

a + b
. . tan
sin a + sin b a + b a— b 2
—_——— = ¢, cot = ,
‘sin @ — sin b 2 2 a — b
tan
2
sin a + sin b a + b sin a + sin b a— b
—— = tan ——, ——— = cot )
cos a + cos b 2 cos b — cos a 2
sina — sin b a — b sin @ — sin b a+ b
———— = {an , ——— = cot, ,
cos a + cos b 2 cos b — cos a 2
cos a + cos b a + b a — .
- = cot cot From these we deduce the following
cos b — cos a 2 2

N—
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theorems:
sinag +sinb _ cosb — cosa
cos a + cos b sin @ — sin b’

2
sin @ + sin b cosa+cosb= cot.a—b
gine — sin b cosb — cosa 2

-+

2
sing +sinb cosb —cosa _ j =@ b
sina — sin b cosa + cos b 2 '

132. Since  (sin z)? + (cos z)) =1, we have the [factors
(cos z + 1 sin z)(cos z — i sin z) = 1. Although these factors are complex, still
they are quite useful in combining and multiplying arcs. Consider the following
product: {cos z + 1 sin z)(cos y + ¢ sin y), which results in
cos y cos z — sin y sin z + (cos y sin z + sin y cos z)i. Since

cos y cos z — sin y sin z = cos(y + z)and

1

cos y sin z + sin y cos z = sin(y + z) we can express this product as
(cos y + i sin y)(cos z + ¢ sin z) ="cos(y + z) + ¢ sin(y + z) and likewise
(cos y — i sin y)(cos z — i sin z)

= cos(y + z) — isin(y + 2z)

also

(cos z * i sin z)(cos y * ¢ sin y)(cos z * ¥ sin z)
= cos(z + y + z) * {sin(z + y + z2).

133. ' It now follows that (cos z * 1 sin z)? = cos 2z * i sin 2z and
(cos z * 1 sin z)® = cos 3z = ¢ sin 3z. Generally we have

(cos z = i sin z)® = cos nz * i sin nz. It follows that

I

. . \n . n
(cos z + i sin z) ;(cosz i sin z) and

cOos nz

(cos z + ¥ sin z)" — (cos z — ¥ sin z)"
2

Expanding the binomials we

sin nz
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obtain the following series:
cos nz = (cos z)" — L nl; L (cos z)" " *(sin z)?
— 1)(n - - _
+ n(n )51-12.3.42)(71 3)‘((:03 z)" 4(sin z)4
n(n = )(n = 2)(n = 3)(n — 4)n = 5) e
1234586 (cos )" " (sin z)
+
and
. _ n, n—1_.
sin nz = T(COS z)" sin z
-1 — -
n{n 12)(; 2) (cos z)"3(sin z)?
n(n — 1 -2 -3 - 4 -
+ ( )(n 1'2.3).(:5 )(n )(COS Z)" E(Sin 2)5
134. Let the arc z be infinitely small, then sin z = z and cos z = 1. If n is
an infinitely large number, so that nz is a finite number, say nz = v, then, since
sinz = z = —g, we have
n
2 4 )
v v v
cosv =1 - — + - 4+ d
12 1234 123456 -
3 5 7
sinw =v - —— + v — v 1t follows that if v

1123 12345 1-2-3-4-567

~

is a given arc, by means of these series, the sine and cosine can be found. In
order that the use of these formulas may become clearer, let us take v to be in

the same ratio to the quarter circle, or 90 degrees, as m is to n. That is

_omT T . . . . . .
v = — . Since the value of 7 is known, if we substitute this value we obtain

2

2

™ m 3
—2— =+ 71.5707963287948986192313216916 - %0.645984(]975082482538557565636
n

5 T
+ %0.0796926262401670451205055433 - ~mTO.0046817541353186881006854832
n n
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0
+ m—'0.00018044l 1847873598218726605
n

13
+ —0.0000000569217292196792681171
n

ml7
7

0.00000000000606693573110681950
n
md

+ ——170.000000000000000257 1422892856
n

256
+ l’;o.ooooooooooooooooooooslsusso
n

+

20
"‘” 0.0000000000000000000000000549
n

and

cos ﬂ% = 1.0000000000000000000000000000
n

4
+ —’1’70.2530895079010480136385633659
n

8
+ —"—‘;—0.0009192002748394285802417 158
n -

112
+ —"'l—:o.oooooou10874778818171503865
n

ml

[
s 0.0000000000656596311497947230
n

20
+ “—0.0000000000000034377391790981
n

24
+ i";—o.oooooooooooooooooooszomsazv
n

11

—'11—170.0000035988432352120853404580
n

mlS
—0.0000000008688035109811467224
n

mlv
—0.0000000000000437706546731370
n

m23 ’
2—0.0000000000000000012538995403
n

27
ﬂ;— 0.0000000000000000000000181239
n

2
T%—1.2337006501361698273543113745
n
6
-0.0208634807633529608730516364
n
10
T—0.0000252020423730606054810526
n
mll
—0.0000000083866030837918522408
n
18
—0.0000000000005294400200734620
n

22
1‘;;0.0000000000000000183599185212
n

20
—'1‘;—0.0000000000000000000003 115285
n

26 30
+ —"—‘-’T 0.0000000000000000000000010185 ~ Ln-ﬁ-0.0000000000000000000000000026 .
n n

Since it is sufficient to know the sines and cosines of angles only to 45 degrees,

the fraction = will always be less than %; because of the powers of the fraction
n
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ﬂ, the series converge quickly. A few terms should be sufficient, especially if
n

the number of decimal places is not so large.

135. Once sines and cosines have been computed, tangents and cotangents
can be found in the ordinary way, however, since the multiplication and division

of such gigantic numbers is so inconvenient, a different method of expressing

these functions is desirable. Since tan v = amy
cos v
w3 vt v’
v — + -
_ 1-2-3 1-2-3-4'5 1:2:3-4-5:6-7
2 4 3
P AN v _ v
1-2 1-2-34 1:2:3:4-5-6
and
cot v = i?—s-li
sin v
2 4 [
Lo v v _ v
- 1-2 12:3-4 1-2-3-4-5°6
3 b o7
v — + -
1-2-3 1:2:3'4-5 1-2:3:4:56-7
If the arcis v = ﬂl, then as before
n 2
2
tan v = ——"—0.6366197723675
n® —m

3
+ ™0.2975567820597 + m—10.0186886502773
n n*

5 7
+ T°-0.0018424752084 + 7000019758007 14
n n

mll

nll

9
+ 7--0.0000216977245 + 0.0000024011370

n

13
™ —0.0000002664132 +
n

m 16
” 0.0000000295864
n

1

9
-—-0.0000000003651
n

17
"-—0.0000000032867 +
n

z1-9
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m21

n?l

23 ' 26
0.0000000000405 + -—0.0000000000045 + ~5=-0.0000000000005
n n

cot v = —-0.6366197723675
m

— —Amn_0.3183008861837 — -0.2052888894145
4n® —m n
m3 1’!".5

~ -0.0065510747882 — —0.0003450292554
n n
m7 Yﬁ9

~ -0.0000202791060 — ~,-0.0000012366527
n n
mll ml3

—~ 2—0.0000000764959 — —-0.0000000047597
n n

mlﬁ

nlE

17 19
0.0000000002969 — ~—0.0000000000185 — ~~5-0.0000000000011.
n n

The basis for these series will be explained at length below in section 197.

136. From what we have seen previously, it is clear that when we know the
sines and cosines of angles less than half a right angle, then we also have sines
and cosines of greater angles. In fact, if we know the sines and cosines of angles

Jess than only 30 degrees, then from these, by only addition and subtraction, we

. .o 1
can find all sines and cosines of larger angles. Since sin —6— = 2 when we let
y = % in the formula from section 130, we have

cos z = sin | — + z + sin| = — z| and
6 6

sin z = cos [}(;_ — z] ~ COS [% + z]. It follows that from the sines and cosines

of angles z and % — z we obtain sin [% + z] = cos z — sin [% - z] and

il . . . .
cos [—6— + z] = cos [% - z] — sin z. In this way we obtain sines and cosines

of angles from 30 degrees to 60 degrees, and hence the sines and cosines are

defined for all larger angles.

137. A similar strategy can be used to find tangents and cotangents. Since

t + t
tan(a + b) = M—, we have tan 2a = _2tane .4
1 — tan a tan b 1 — (tan a)?
cot a — tan a .
cot 2¢ = - It follows that from tangents and cotangents of arcs

less than 30 degrees, we can find tangents and cotangents up to 60 degrees. Let

e = % — b, then 2a = —;L — 2b and cot 2a = tan [—:— + 2b]. Then we have
cot | = — b| — tan{ = — b
- 6 6
tan ry + 26 = 2 , which gives tangents of arcs
greater than 30 degrees. Secants and cosecants can be found from tangents by
means of subtraction. Note that esc 2z = cot — — cot z and
sec z = cot [% - g] — tan z. From these remarks it should be very clear

how tables of sines can be constructed.

138. Once again we use the formulas in section 133, where we let z be an

infinitely small arc and let n be an infinitely large number j, so that jz has a

finite value v. Now we have nz = v and z = i, so that sin z = l and
7 J
cos z = 1. With these substitutions,
W) Y Y Y
[1+—,]+1—'—‘,’] 1+ 2 - -2
J 7 , J J
cos v = and sin v = ;
2 21

PT1-9
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In the preceding chapter we saw that {1 + z/j)j = ¢* where ¢ is the base of the

natural logarithms. When we let z = fv and then z = — iv we obtain
eiu + C—iv [ -1y

. e — e
cos v = ———— and sin v =

p Py From these equations we under-
1

stand how complex exponentials can be expressed by real sines and cosines, since

e = cosv + fsinvand e ' = cosv -~ 1 sin v

139. Now let n be an infinitely small number in the formulas of section 130

1

or let n = —, where j is an infinitely large number. Then cos nz = cos 3 =1
J ]
and sin nz = sin — = —, since the sine of a vanishing arc = is equal to the arc
J J J

itself, and the cosine of such an arc is equal to 1. With this hypothesis we have

1 1

(cos z + isin z)’ + (cos z — i sin 2)7

I = and
2
1 1
R 7 i ]
Z = (cos z + i sin z) 2'(cos _z i sin z) In section 125 we saw that
J ‘

1
log(1 + ) = j(1 + )7 — j or, when we substitute y for 1 + z, we have

L
J =

yl =1+ l_log y. Now we first substitute cos 2 + 1 sin z for y, then substi-
J
tute cos z — 1 sin z for y to obtain

1+ l.log(cos z+ isinz)+ 1+ l log(cos z — ¢ sin 2)
= J J
1 =

Since  the
2

terms with logarithms vanish in this equation, nothing follows; however, from the

other equation, for the sine, we obtain

lf'Og(COS z + 1 sinz) — l,log(cos z — 1 sin z)
J J

L= Py . From this we obtain
L]

-~

113

z = 10

1I cos z + 1 sin 2
2

— ], so that it becomes clear to what extent logarithms
cos z — 1 8in z

of complex numbers are related to circular arcs.

140. Since 22Z = tan z, the arc z can now be expressed through its
cos 2z
1 + 1 .
tangent as follows: z = —lo wl__—_l._ta_n_z . We have seen in section 123 that
21 “{1 — ttan 2z

[l + z] 2z 273 248 277
log =

— 4+ — + — + + --- . When we substitute
1 —z 1 3 5 7
t tan z for z we obtain
L 4 3 5 7
= anz_(anz) +(tanz) _(Lanz) 4+ --- Ifwelett = tan z so

1 3 5
that z is the arc whose tangent is t, which we will indicate by arctan t, then

z = arctan . When we know the tangent of ¢, the corresponding arc z is given

by z = ¢ t + £ t + e If the tangent of t is equal to
= — - — _ - —_— e ent o is
y 1 3 s 7 9 € d

the unit radius, then the arc z is equal to 45 degrees or 2z = -;L and
T 1 1 1 . . . .
" =1 - FY + s 7 + - -+ . This series, which was first discovered by

Leibnitz, can be used to find the value of the circumference of the circle.

141. In order to see the ease with which the length of an arc can be found
by means of this series, we should substitute a sufficiently small fraction for the

tangenl . For example let us use this series to find the length of the arc z
1 .
whose tangent is E In this case the arc

1 1 1

2= == - —— — -+, and the approximate value of this series

+ [ —
10 3000 500000 ’

S1-9
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is easily expressed by a decimal fraction. However, from such an arc, we cannot

conclude anything about the whole circumference of the circle, since the ratio of
| . . . .
the arc whose tangent is 0 to the whole circumference is not given. For this

reason, in order to find the circumference, we look for an arc such that not only
is it some fractional part of the circumference, but also small and easily

expressed. For this purpose it is customary to choose the arc to be 30 degrees,
. 1 . .
whose tangent is equal to ! since smaller arcs have tangents which are
3

a

extremely irrational. Wherefore, since an arc of 30 degrees has length 6 we
1 1 1
have — = —= - = + — - -+ and
6 V3 33V 533
N Va Va Va
™= 2V _2Y3 + 2v3 _ 273 + By means of this series the
1 33 5-37 7-3% :

value of 7 itself, which was previously exhibited, was determined with incredible

labor.

142. The labor involved in this calculation is all the more since, first of all,
each term is irrational, but also, since each succeeding term is only about one

third of the preceding. In order to avoid these inconveniences, let us take the arc

to be 45 degrees, that is of length % Although this arc can be expressed by a

series which hardly converges, 1 — % + % - % + , still we keep this arc
and express it by means of two arcs of lengths a and b so that ¢ + b = —},
. + tan b
that is 45 degrees. Since tan(a + b) = 1 = lane % tan?_ , we have
1 — tan a tan b
' 1 — tan a
{ ~tanatanb = tana + tanb and tanb = -——- I we let
1 + tan a

115
1
tan @ = %, then tan b = 3 and both the arcs a and & can be expressed by

rational series which converge much more rapidly than the series above. The

sum of these two series gives the value of the arc -j—;— It follows that

Y U T U U S
12 32 s2° 727 9:2°
1 1 1 1 1
+ 44— - + ~ - i
[1_3 338 s a7 + 939 ] In this way we calculate

the length of the semicirzle, 1, with much more ease than with the series men-

tioned before.

91-9
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=3 Erfter Theil. = Drittes Capitels

mefen wollen mifle. ®ber fie follten nur ech beeifen, baf
biefe ihre legten Theile, davon jedec Kdrper eine beftimmue
Ungabl enthalten foil, feine Ausdehnung Haben.

§ 8L

9Weil fie affo Pemen NAudgang aud Diefem Labptinthe
finden, und die ihnen gemadhten Eintivfe nidyt auf die ecs
fordeclidbe Urt twiderlegen Pdnnen, fo nehmen fie ifre Bu-
flucbt ju Diftinftionen; und fagen, daf Diefe Ginwircfe ihren
@rund in der finnliden BVozfteliung und in der Einbildungs:
Praft haben,. daf aber:bep dergleihen Begenfranden blof
der teine Berfand urtheilen miiffe, und daf bdie Sinnen und

aofle ouf finnlidhe Borfellungen gebaute Schlufie nidt felten

* tefigen.  Wifo foll der rveime Berfand die MglichPeit davon
ecfennen Pdnnen, daf der taufendfe Theil ¢ined Sudif:Fufes
von Materie gar Leine Nusbehnang Hade, und eben dies dev
@inbilbungstraft unmdglih fdpeinen? Daf die Sinne trds
gen, ift ywar oft der Fall; allein den Mathematifern follte
man diefen Vormurf am alferwenighen madven. Denn die
SRathematit ift e8 ja-voryiialich, die und vor den Tdufduns
gen dec @inne vermabet, und uné febrt, dag die finndidyen

- Gegenftdnde gany anders befdaffen find, alé fie uné erfheis

" men; ibe Danfen wirja die ficherfien Bocfdriften, bderen
Defolgung und wider alle Taufcung der Sinne fobitgt. Ans

Ratt alfo durd) Dergleichen ntrorten ihre Behauptungen

#u befefigen, madyer fie fie nur nody mebr verdddtig.

3 8a

- Dodp um u unferm Endywede guriid ju fommen, fo
Aad, wenn and) jemand das Dafeyn einer anendliden Fahl
#n der ITelt leugnen wollte, dody in der theoretifdren Mathe-
wmatit folhe Gragen fehe Haufg, aui weldpe nidyt andecs al$

mit

AN

Bon dem Unendlichen u. Hem unendiidy thinﬁ". 79

mit Annehmung einer unentlichen Jah! geantroortet werden
fann, WBirde . B. die Summe alicr Sablen, dfe diefe
Reihe, 1+ 2+3+4+5 T 2. cudmadyen, verlangt, fo
fann denn dod diefe Summe, da jene Sablen ohne Ende
fortgehen, und beftdndig wadfen, auf feine Wefe eine ends
libe Sabhl fepn, wnd daraus folgr ihre unendliche Srdfie
nothwendig. Wenn daler cine Grdfe fo grof ift, daf fie

grdfer ift a8 jede gegebene endlidhve Bedfe, fo Pann fie Peine

anbete al$ eine unendlidbe Grdfe fegn. Um deraleichen
SGrdfen anagbeuten bedienen fidy die Mathematifer desd Jeis

_dend oo, und jeigen alfo dadurd eine Grdfe an, die grdfer

{ft al8 jede endliche Grdfe, oder grdfer ald jede Grodfe, die

fidb angeben Aft. o Pann man 3. B., ba man die Paras ,

Hel durd eine unendlidy lange ElUipfe ecflaren fann, mit "

“Reht behaupten, baf dic Ape der Parabel eine uneadlide
gerade Rinie fep..

§ 83
* (88 wicd abet diePehre vom Unendlichen durcd die Aude
cinanderfegung e unendlidhy RKieinen fn der Mathemati€
deutlidder werden. Dag feidet Leinen Bweifel, dag cine jede
@rdfe fo weit vermindert werden fann, daf fie gdnzlich vers
fchwindet und u nidts wicd. Sine unendlich Ficine Brdfe

_ aber iR nidt8 anders-als eine verfdwindende Brdfe, yud

folafi i dex Thgt ==o. Diefe Erfldrung des unendlid
Kleinen fimmt qudy mit dev Wberein, wenn man dacunter
®rdfen verfteht, die Pleiner fnd ol tede SBrdfe, die fid ans
geben (4ft.  Denn twenn eine Grdfe Heiner ift ol jcde
Srdfie, die fid angeben 13ft, fo muf fie nothroendiy = o

fepn; wetl fidh, wennfices nicht ware, eine andere v gleide

Grdge anggbcn liefe, toeldhes wider die Vorausfegung fireis
tet.  SWBic beantworten Paher die Frage, wad cine unendlicd
o flcine

0L

3T-9



Leonhard Euler’s 6- 19
Differentialregning

Oversat til tysk og kommenteret af Johann Andreas Christian Michelsen. Uddrag herfra indleest pa
dansk af Torben Rump, 1. april 1 995.

Forste del Tredje kapitel Om det uendelige og det uendeligt sma.
$ 81

Fordi de altsa ikke kan finde nogen udvej af denne labyrint og ikke kan gendrive de indvendinger,
man ger mod dem, péi den nodvendige made, si tager de deres tilflugt til destinktioner og siger, at
disse indvendinger har deres grund i den sanselige forestilling og i indbildningskraften, men at ved
sadanne emner skal udelukkende den rene forstand demme, og at sanserne og alle pa sanselige fore-
stillinger byggende slutninger ikke sjzldent bedrager. Altsd skal den rene forstand vere i stand til at
erkende muligheden af, at den tusindte del af en kubikfod af materie slet ikke har nogen udstrzkning,
og netop dette forekommer indbildningskraften umuligt. At sanserne bedrager er ganske vist ofte til-
faldet, men matematikerne er dem, man allermindst skulle gere denne bebrejdelse, for det er jo for-
nemmelig matematikken, som v&rner os mod sansebedragene og lerer os, at de sanselige genstande
er ganske anderledes beskafne, end de fremtrader for os. Det er matematikken, vi kan takke for de
sikreste forskrifter, som, hvis vi felger dem, beskytter os mod al sansebedrag. I stedet for altsd
gennem sadanne svar at befaste deres pastande gor de dem kun endnu mere fordgtige.

$ 82

Dog, for nu at komme tilbage til vort endelige formal, sa er, selv om ogsd nogle nu ville bestride
eksistensen af et uendeligt tal i verden, dog i den teoretiske matematik sidanne spergsmal meget
hyppige, pa hvilke der ikke kan svares pa anden made end ved at antage et uendeligt tal. Hvis man
f eks. ville forlange summen af alle tal, som udger rekken 1 +2 + 3 +4 + 5 + etc., sd kan dog
denne sum, da de nzvnte tal fortsetter uden ende og bestandigt vokser, pd ingen méade vare et
endeligt tal, og deraf folger nodvendigvis dets uendelige storrelse. Hyvis derfor en sterrelse er s stor,
at den er storre end enhver givet endelig aterrelse, s kan den ikke vere nogen anden end en uende-
lig storrelse. For at antyde sidanne storrelser betjener matematikerne sig af tegnet o og angiver altsd
derved en storrelse, der er sterre end enhver endelig storrelse eller storre end enhver sterrelse, som
lader sig angive. Saledes kan man f. eks., da man kan forklare parablen som en uendelig lang ellipse,
med rette haevde, at parablens akse er en uendelig lige linie.

$ 83

Men lzren om det uendelige vil ved diskussionen af det uendeligt sma i matematikken blive tydeligere.
Der kan ikke vare nogen tvivl om, at enhver storrele kan formindskes si vidt, at den fuldstzndig
‘forsvinder og bliver til intet. En uendelig lille storrelse er imidlertid intet andet end en forsvindende
storrelse og folgelig faktisk = 0. Men denne forklaring af det uendeligt sma stemmer ogsd overens
med den forklaring, at man derved forstar storrelser, som er mindre end enhver storrelse, som lader
sig angive. Thi, hvis en starrelse er mindre end enhver sterrelse, som lader sig angive, s ma den
nedvendigvis vere = 0; fordi der, hvis den ikke var det, si lod sig angive en anden sterrelse, som
ville vere lig med den, hvilket strider mod forudsatningen. Vi besvarer derfor spergsmalet, hvad en
uendelig lille sterrelse er i matematikken, pd den méde, at vi siger, at den faktisk er = 0. Og dette
begreb indeholder ingen af de store hemmeligheder, som man almindeligvis finder i det, og gennem
hvilke man lader sig forlede til at fatte mistanke til hele regningen med det uendeligt sma. Skulle der
imidlertid eksistere tvivl, sd vil denne i det folgende, nir vi fremferer denne regning, helt blive

elimineret.
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$ 84

Da vi altsi har vist, at en uendelig lille sterrelse virkelig er nul, sa ma vi frem for alt imedegi den
indvending, hvorfor vi ikke bestandigt betegner de uendeligt sma storrelser med tegnet 0, men bruger
serlige tegn dertil; for da alle nuller er lig hinanden, si forekommer det overfledigt, at man til at
betegne dem betjener sig af forskellige tegn, men hvorvel hver to nuller er hinanden lig, sidan at der
slet ikke findes nogen forskel imellem dem, s4 findes der dog to arter af sammenligning af sterrelser,
af hvilke den ene er den aritmetiske og den anden den geometriske. Ved den ferstnzvnte iagttager vi
forskellen, ved den sidstnzvnte ser vi pd den kvotient, der udspringer af sammenligningen af storrel-
serne, og omendskent det aritmetiske forhold mellem hver to nuller er lige, s er det geometriske det
ikke af den grund. Man ser dette meget tydeligt pa folgende geometriske proportion 2:1 = 0:0, hvori
det fjerde led lige savel er nul som det tredje, men pa grund af proportionens natur, ma, da det forste
led er dobbelt sa stort som det andet, det tredje led ogsa vare dobbelt si stort som det fjerde.

$ 85

Dette fremgir ogs4 indlysende af den almindelige aritmetik, for da, som enhver ved, nul multipliceret
med et hvilket som helst tal atter giver nul, ellern- 0 = 0, og altsa n:1 = 0:0, sa er det umiddelbart
indlysende, at to nuller, omend de aritmetisk betragtet stir i et lighedsforhold, dog har ethvert
geometrisk forhold til hinanden. Da altsa nullerne kan have ethvert forhold til hinanden, s benytter
man sig, for at angive denne forskellighed, med rette af forskellige tegn, iser nir man skal undersgge
det geometriske forhold, som foreligger imellem dem. Men i infinitesimalregningen gor man ikke
andet end at beskzftige sig med undersegelsen af det geometriske forhold mellem forskellige uendeligt
sma storrelser, og man ville da havne i den sterste forvirring, dersom man ikke betegnede disse uende-

ligt smé storrelser med forskellige tegn.

$ 86

Nir man alts3, sadan som det er s@dvane i analysen af det uendelige, med dx betegner en uendelig
lille storrelse, si er rigtignok bade dx = 0 og adx = 0, hvor a betyder en hvilken som helst endelig
storrelse. Men ikke desto mindre er det geometriske forhold adx:dx et endeligt forhold, nemlig a:1,
og de to uendeligt sméd storrelser dx og adx ma, omend de begge er = 0, ikke forveksles med
hinanden, nar det kommer an pa undersegelsen af deres forhold. P4 lignende méde forholder det sig,
nar forskellige uendeligt sma sterrelser dx og dy forekommer. Thi selv om begge = 0, sa er deres
forhold dog ikke kendt, og i bestemmelsen af forholdet mellem hver to sidanne uendeligt smi
starrelser bestir hele differentialregningens anliggende. Hvor ringe end i pvrigt nytten af den slags
sammenligninger ved forste gjekast synes at vere, s stor er den ikke desto mindre, og man lerer dag

for dag at indse den mere og mere. .
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Da altsa det uendeligt sma virkelig er intet, sd er det indlysende, at man hverken foroger eller
formindsker en endelig storrelse ved at addere eller subtrahere en uendeligt lille sterrelse til henholds-
vis fra den. Er altsa a en endelig og dx en uendeligt lille sterrelse, si er sivel a + dx som a - dx og
i det hele taget a + ndx = a; for forholdet mellem a + ndx og a er et lighedsforhold, hvadenten man
undersoger dette aritmetisk eller geometrisk. For det aritmetiske forholds vedkommende er dette
ibenbart, for da ndx = 0, si gelder at a + ndx - a = 0. Men hvad det geometriske forhold angar,
si bliver det dbenbart af det forhold, at (a + ndx):a = 1. Heraf folger den generelt antagne regel, at
de uendeligt smé storrelser forsvinder over for de endelige storrelser og altsd, nir man beskzftiger
sig med disse, kan udelades. Herved bortfalder ogsa fuldstendigt den kritik, at analysen af det
uendelige skulle fjerne sig fra den geometriske skarphed, da man intet udelader untagen det, som
virkelig intet er. Man kan derfor med rette hzvde, at man i denne del af den hgjere matematik
iagttager den storste geometriske skarphed, saledes som man finder den i de gamles skrifter.

$ 88

Da den uendeligt lille storrelse dx faktisk er = 0, sa ma ogsd dens kvadrat dx?, dens kubik dx® og
enhver anden potens med en positiv eksponent vere = 0 og altsa ogsa forsvinde over for en endelig
storrelse, men ogsa den uendeligt lille sterrelse dx? selv forsvinder over for dx. Thi dx * dx* og dx
star i et lighedsforhold, hvad enten man sammenligner dem aritmetisk eller geometrisk. Med hensyn
til det forstnevnte er det hevet over enhver tvivl, men hvad det sidstnzvnte angar, s er

(dx £ dx?):dx =1 +dx = L

P2 lignende vis er dx + dx* = dx og i det hele taget dx £ dx*! = dx, for sa vidt n er et positivt tal.
For det geometriske forhold (dx + dx™'): dx =1 + dx®, og felgeligen, da dx" = 0, et lighedsfor-
hold. Hvis man derfor, som det sker ved potenserne, kalder dx en uendelig lille storrelse af 1. orden,
dx? en uendelig lille storrelse af 2. orden, dx® en uendelig lille storrelse af 3. orden osv., s springer
det i gjnene, at de uendeligt smé storrelser af de hejere ordener forsvinder over for de uendeligt sma

storrelser af forste orden.

$ 89

P3 lignende vis viser man, at de uendeligt sma storrelser af 3. og hejere orden forsvinder over for de
uendeligt sma sterrelser af 2. orden, og at i det hele taget de uendeligt sma storrelser af enhver hojere
orden forsvinder over for de uendeligt sma sterrelser af en lavere orden. Er f. eks. m et mindre tal
end n, si er adx™ + bdx" = adx™, da dx"er forsvindende i forhold til dx™.

£-2
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Af de utallige arter af transcendente eller ikke-algebraiske storrelser, som integralregningen stiller
til radighed, har vi i indledningen til analysen af det uendelige kunnet undersege nogle hyppigt
forekommende arter af disse storrelser, nemlig dem som lzren om logaritmerne og cirkelstorrelserne
frembyder. Da vi nu har gjort s& tydeligt rede for disse storrelsers natur, at man kan betjene sig af
dem i regningen lige sé let som af de algebraiske storrelser, s vil vi i det nervarende kapitel opsoge
disses differentialer, for at deres beskaffenhed og egenskaber kan erkendes endnu tydeligere. P4 denne
made vil tillige vejen til integralregningen, som €r den egentlige kilde til de transcendente storrelser,
blive banet.

$179

I forste rekke kommer altsi de logaritmiske sterrelser eller sidanne funktioner af x, som foruden
algebraiske udtryk ogsa indeholder en logaritme til x eller en funktion af samme, i betragtning. Da
nu de algebraiske storrelser i den forbindelse ikke kan frembyde nogen vanskelighed, s& kommer det
udelukkende an pa pavisningen af differentialet af logaritmen til enhver funktion af X. Men omend der
gives sire mange arter af _omﬁmgﬁ., s vil vi dog her for nemheds skyld kun betragte de hyperbolske
logaritmer, og vi kan begr@nse 0s dertil, fordi logaritmerne i forskellige systemer har et konstant
forhold til hinanden, og man altsa af den hyperbolske logaritme meget let kan udlede en hvilken som
helst anden logaritme. Er nemlig den hyperbolske logaritme til en funktion p = In(p)”, sa er logarit-
men til just denne funktion i et andet system = min(p), hvor m betyder det tal, som udtrykker forhol-
det mellem logaritmerne i dette system og de hyperbolske. Udtrykket In(p) skal derfor i nzrvarende
undersogelse stedse betyde den hyperbolske logaritme til p.

" Euler bruger betegnelsen 1 p i stedet for In(p)

$ 180

Vi vil altsd opsege differentialet til den hyperbolske logaritme til x og i den forbindelse s&tte y =
In(x), siledes at vardien af differentialet dy skal bestemmes. Sztter man nu X + dx i stedet for x, sd
gar y over iy + dy, og derfor bliver

y + dy = In(x + dx) og dy = In(x+dx) - In(x) = In(1 + dx/x).
Fra indledningen til analysen af det uendelige er imidlertid kendt, at

In(1+ z) = z-22/2 + 2/3 - 2"/4 + osv.
og satter man derfor dx/x i stedet for z, sa bliver

dy = dx/x - dx¥/2x* + dx’/3x’ - dx*/4x* + osv.
og da alle folgende led i denne rakke forsvinder over for det forste, sa bliver

dln(x) = dy = dx/x ’
og folgelig differentialet til enhver anden logaritme, som forholder sig til den hyperbolske som n:1,
= ndx/x.

$ 181

Hvis altsa der er givet logaritmen til en eller anden funktion af x, som vi vil kalde p, altsd In(p), s&
finder man ad just denne vej, at differentialet til samme = dp/p, og siledes fas til bestemmelsen af
differentialerne til logaritmerne folgende regel: Man soge differentialet til sterrelsen p, hvis logaritme
er givet, og dividerer samme med denne storrelse p. Denne regel fremgér ogsa af udtrykket

(p° - 1%/o0, til hvilken vi ovenfor har reduceret logaritmen til p. Lad w = 0, s& bliver, fordi

In(p) = (p* - 1)/w, din(p) = d(1/w p¥) = p'dp = dp/p, idet w = 0. I den forbindelse skal bemerkes
at dp/p er differentialet til den hyperbolske logaritme til p, séledes at man alts, hvis den almindelige
logaritme til p er givet, skal multiplicere differentialet dp/p med tallet 0,43429448.. etc.

622,
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Takket vere denne regel kan man meget let finde differentialet til logaritmen til enhver funktion af
x, hvilket falgende eksempler vil bekrafte

I Ery = In(x), sd er dy = dx/x
II Ery = In(x"), si s@tte man X" = p, siledes at altsd y = In(p). Folgelig har man da
dy = dp/p , og da dp = nx"'dx, si bliver
dy = ndx/x

Just dette fremgar af logaritmernes natur. Thi da In(x") = nin(x), s er ogsd din(x") =
ndIn(x) = ndx/x

111 Ery = In(1+xx), si er dy = 2xdx/(1+xx)
v Ery = In(AV({1 - xx)), sherday = -In¢/(1 - xx)) = -4In(1 - xx), dy = xdx/(1 - xx)
A Ery = In&xV( + xx)), sierday = In(x) - %In(l + xx),
dy = dx/x - xdx/(1 + xx) = dx/(x(1+xx))
VI Ery = In(x + V(1 + xx)), sa bliver

dy = (dx + xdxV(1 + x))/((x + V(1 + xx))
= (xdx + dx/(1 + X)) + V(1 + xx)V(1 + xx))
og da telleren og n&vneren er delelige med x + V(1 + xx), sa bliver
dy = &xM(1 + xx)
VI Ery = AV-1)In(xV/-1 +V/(1 - xx)), si s@tte man xV-1 = z. Da altsd nu
y = (IV-1)In(z +V/(1 + z2)), si erp.gr.a. det foregdende at dy = (IW-1)dzWV (1 + z2) og
da dz = dxv/-1 si bliver
dy = dx/V( - xx)
Omend altsd den givne logaritme indbefatter imaginzre storrelser i sig, bliver dog desuagtet
differentialet til samme reelt.

$ 183

Hvis den sterrelse, hvis logaritme er givet, bestar af faktorer, s lader logaritmen selv sig dele i flere
andre. Er f. eks. y = In(pqrs), si bliver, day = In(p) + In(g) + In(r) + In(s), dy = dp/p + dq/q
+ dr/r + ds/s. Opsplitningen finder ligeledes sted, hvis den sterrelse, hvis logaritme skal
differentieres, er en brek. Er nemlig y = In((pg)/(rs)), si bliver, day = In(p) + In(g) - In(r) - In(s),
dy = dp/p + dg/q - dr/r - ds/s. Ej heller potenserne frembyder nogen vanskelighed. Thi er y =
In((p™q™)/(r*s?)), sa bliver, da y = min(p) + nin(q) - pln(r) - pin(s), dy = mdp/p + ndq/q - dr/t -
pds/s.

I Ery = In((a + x)(b + x)(c + x)), sa bliver, fordi da

y = In(a + x) + In(b + x) + In(c + x), si bliver
dy = dx/(a + x) + dx/(b + X) + dx/(c + X)

II Ery = %In((1 + x)/(1 - X)), sd blivery = In((1 + X) - *lIn((1 - x) og altsa
dy = %dx/(1 + x) - Yadx/(1- x) = dx/(1 - xx)
I Ery = %In(“( + xx) + x)/(/(1 + xx) - X)), shery = wIn/(1 + xx) + X) - 4In¢/(1

+ xX) - X), og altsd
, dy = %dxV(1 + xx) + %dxV(1 + xx) = dxV' (1 + xx)
Just dette differential finder man endnu lettere, hvis man bortskaffer den irrationale nzvner i breken
ved multiplikation i tzller og nevner med v/(1 + xx) + x. Si far man nemlig
y = BInV(1 + xx) + xf = In¢V(1 + xx) + x)
og deraf er pa basis af det foregdende kendt, at
dy = dx#(1 + xx)
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v Ery = [/ + %) + V(- )¢/ + x) - V(1 - X)), s& sette man telleren i denne
brok V(1 + x) + V(1 - X) = p, og n@vneren V(1 + x) -V(1 - x) = g, hvorved man fir
y = In(p/q) = In(p) - In(q) og dy = dp/p - dg/q. Da nu
dp = dx/(V(1 + X)) - dX/(2V(1 - X)) = Ax6/(1 + x) - V(1 - )V - xx)) =
-@&QAN,\ (1 - xx)) og
dq = d/@V(1 + x)) + dx/(2V/(1 - x)) = pdx/(2v(1 - xx)), sa bliver
dp/p - da/q = -qdx/2pv/(1 - xx) - pd/(2qY/(1 - xx)) = (pp + 49V (2pq(1 - x¥)), og
dapp + qq =40gpq = 2x, sé bliver
dy = -dx/xV(1 - xx)) , .
Dette differentiale finder man imidlertid pé en lettere méde, hvis man forvandler den givne logaritme
pa folgende made :
y = In[(1+ V(1 - xx))/x] = In[l/x + V(1/xx - 1)],
idet man nemlig multiplicerer teller og nzvner med V(1 + x) + V(1 - x). For satter man i den
forbindelse 1/x + V/(1/xx - 1) = p, sé bliver
dp = -dx/(xx) - dx/(V/(L/xx - 1)) = -dx/(xx) - dx/(xxv/(1 - Xx)) .
= -dx(1 + v - 59\009\2 - Xx) og altsi fas, eftersomp = (1+ V(1 - xx))/x,
dy = dp/p = -dx/(xV/(1 - xx)) som fer.

$ 184

Da nu de ferste differentialer, dersom man dividerer dem med dx, bliver algebraiske storrelser, sa
lader de nestfolgende differentialer sig let udlede efter forskrifterne i det foregaende kapitel, forudsat
at differentialet dx betragtes som en konstant sterrelse. Saledes er, hvis man satter y = In(x),

dy = dx/x og dy/dx = 1/dx

ddy = -dx¥/x*  og ddy/dx? = -1/x*

dy = 2dx*/x° og dy/dx® = 2/x°

dly = -6dx*/x*  og diy/dx* = -6/x%, etc.

og hvisperen algebraisk storrelse, og y = In(p), sa er ogsa, omend y ikke er en algebraisk storrelse,
dog dy/dx, ddy/dx?, d’y/dx’ etc. algebraiske funktioner af x.

$ 185
Efter saledes at differentiationen af logaritmerne er blevet forklaret, si lader de funktioner, som bestar

af algebraiske og logaritmiske storrelser, sig let differentiere, og lige sa ringe vanskelighed frembyder
de storrelser, som alene er sammensat af logaritmerne. Folgende eksempler vil gore dette tydeligt.

I Ery = In(x)?, si s&tte man In(x) = p. Danuy = p?, si bliver dy = 2pdp, og dadp =

dx/x, sa er
dy = (2dx/x)In(x)

II P4 samme made bliver, hvis y = In(x)*, dy = (dx/x)In(x)""! ‘og hvis altsi y = VIn(x), s&
er, da n=14, dy = dx/(2xVIn(x))

11 Er endvidere p en eller anden funktion af x og y =In"(p), sa bliver dy = (ndp/p)In*" (p).
Da nu differentialet af p kan findes af det foregaende, s er derved ogsd differentialet til y
kendt.

v Er y = In(p)in(g), og er p 0g q funktioner af x, si er i henhold til den ovenstidende om

faktorer givne regel
dy = (dp/p)in(q) + (da/q)In(p)

\" Hvis y = xIn(x), s4 finder man efter den selvsamme regel
dy = dxln(x) + xdx/x = dxIn(x) + dx
VI Hvis y = x"In(x) - (1/m)x™, sa finder man, nar man opseger differentialerne til delene, at

d[x"In(x)] = mx®'dxIn(x) + x™'dx og d[(1/m)x"] = x™!dx. Det giver altsa
dy = mx™'dxIn(x)
ViI Ery = x"In*(x), s& bliver dy = mx™'dxIin*(x) + nx™'dxIn™(x)

6
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VIII Forekommer logaritmer til logaritmer, f. eks. hvis y = In(In(x)), sa s&tte man In(x) = p,
hvorved y = In(p) og dy = dp/p. Men dp = dx/x og altsd bliver dy = dx/(xIn(x)).

IX Ery = In(In(n(x))), sd bliver, hvis man s&tter In(x) = p, y = In(In(p)) og altsd ifelge det
foregdende eksempel dy = dp/(pln(p)). Da nu dp = dx/x, sd bliver dy =
dx/[xIn(x)In(In(x))]

$ 186

Efter denne forklaring af logaritmernes differentiering vil vi skride til de eksponetielle storrelser, eller
til de potenser, hvis eksponent er en foranderlig sterrelse. Af den slags funktioner af x, lader differen-
tialerne sig finde ved differentiation af logaritmerne pa folgende méide. Skal differentialet af a* findes,
s s@tte man y = a, hvorved, nar man tager logaritmerne, In(y) = xIn(a). Differentierer man nu, sd
bliver dy/y = dxln(a), og altsd dy = ydxln(a); og day = a5 s bliver endvidere

dy = a*dxIn(a), og dette er det sogte differentiale af a*. Pa lignende made finder man, hvis p er en
funktion af x, at differentialet af den eksponentielle storrelse a® er aPdpln(a).

$ 187

Just dette differentiale kan imidlertid ogsi umiddelbart afledes af det, der blev sagt i indledningen om
de eksponentielle sterrelsers natur. Lad der vere givet udtrykket a?, hvori p skal betyde en funktion
af x, saledes at, hvis man s&tter X + dx i stedet for x, p overgar til p + dp. Satter man derfory =
a®, s bliver, hvis x gar over ix +dx,y +dy = Pt og altsd dy = a?*® - a? = aP(a® - 1). Men
nu er det vist, at man kan udtrykke enhver eksponentiel storrelse a* ved folgende razkke

1 + zin(a) + Z2In(a)/2 + Z2In’(a)/6 + etc. Folgelig bliver a® = 1 + dpln(a) + dp’ln*(a)/2 + etc.
og a® -1 = dpln(a), fordi samtlige de folgende led forsvinder over for dpln(a); og der galder folgelig
at dy = d(@®) = afdpln(a).

Differentialet af en eksponetiel starrelse er altsi et produkt af den eksponentielle starrelse, af
eksponentens differentiale dp og af logaritmen til den konstante storrelse a i den tznkte eksponents

variable potens.
$ 188

Er altsi e tallet, hvis hyperbolske logaritme er =1, si er differentialet til e* = e*dx. Betragter man
derfor dx som en konstant sterrelse, s bliver differentialet til e*dx = e*dx’, og dette er det andet
differentiale af e*. Ligeledes bliver det trdje differentiale = e*dx’. Er derfor y = €™, s bliver dy/dx
= ne™; ddy/dx* = n’e™; diy/dx® = ne™; dly/dx* = n‘e™ osv. Man ser heraf, at det forste, det andet
og de felgende differentialer af e™ udger en geometrisk progression, og at dmy/dx™ = n"e™, og folge-
lig at d™y/(ydx™) er en konstant storrelse = n™.

$ 189

Hvis den til en variabel potens opleftede storrelse selv er en variabel storrelse, s finder man
differentialet deraf pa en lignende made. Lad p og q vere funktioner af x og y p?. Tager man nu
logaritmerme, si bliver In(y) = qln(p), og differentierer man, sa bliver dy/y = dqln(p) + qdp/p,
hvoraf der fas at dy = ydgln(p) + yqdp/p = pdqin(p) + gp*'dp, fordiy = p*.

1l
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OPGAVE 1.
Chauchy on the derivative as a limit

Diskutér Chauchy's begreber, iser
ndifferentialet”, og sammenlign med
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pa

OPGAVE 2.
Chauchy on Maclaurin's Theorem.

Diskutér igen Chauchy's begreber,
herunder hans modeksempel (70), (71).
Hvilken definition af f'(x) gores suspekt
med dette eksempel ?

Kilde XVIII fra A mocanm.woow in Classical Analysis (ed.

G. Birkhoff), Harvard University Press, Cambridge Mass.

1973, pp. 1l-11.

2. Cauchy on the Derivative as a Limat.}

THIRD LESSON
Derivatives of Functions of One Variable

When the function y = f(z) is continuous between two given limits of the variable
z, and one assigns a value between these limits to the variable, an infinitesimal
increment Az of the variable produces an infinitesimal increment in the function

¢ “Imaginaire "’ has been translated ‘‘ complex™ throughout this book. Cauchy uses z for z,

z for r, and V1 for i
7 In modern notation, let A = lim sup,-« | an
t A. L. Cauchy, Résumé des legons . . . eur le calcul infinitézimal (Paris, 1823); Oeuvres (2), 1V,

292ff, 27ff. Our translation has been adapted from the translation by Evelyn Walker (E. W.) n
Smith, Source Book.
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itself. Consequently, if we then set Az = h,% the two terms of the difference quotient
[“rapport aux différences ]
) by _feth) —f=)

Az h

will be infinitesimals. But whereas these terms tend to zero simultaneously, the ratio
itself may converge to another limit, either positive or negative. This limit, when it
exists, has a definite value for each particular value of z; but it varies with z. Thus,
for example, if we take f(z) = 2", m being a [positive] integer, the ratio of the in-
finitesimal differences will be

(z + h)™ — m{m — 1)

— m -1 m-2p Ve m.\s|~“
\« man 1 e e Pt

and it will have for [its] limit the quantity mz™ %, that is to say, a new function of
the variable z. The same will hold generally; only the form of the new function which
serves as the limit of the ratio [f(z + h) —f(z)}/h will depend upon the form of the
given function y = f(z). In order to indicate this dependence, we give to the new func-
tion the name derivative [ fonction dérivée ] and we designate it, using a prime,
by the notation y’ or f "(x).3

FOURTH LESSON
Differentials of Functions of a Single Variable

Let y' = f(z) remain a function of the independent variable z; let & be an infinitesi-
mal and % a finite quantity. If we set b = ok, « will also be an infinitesimal quantity,
and we will have identically

flz+h) —fz) _ flet ak) — f(z)
h ak ’

whence one concludes that

fo+ k) —f@) _f@+h 1@,
@ h )

(1)

The limit toward which the left side of equation (1) converges as the variable « tends
to zero, the quantity k remaining constant, is called the differential of the function
y = f(x). We indicate this differential by the symbol d, as follows:

dy or df(x).

It is easy to obtain its value when we know that of the derivative y’ or f'(z). Indeed,
taking the limits of the two sides of equation (1), we shall find generally

(@) df(z) = kf'(z).
In the special case where f(z) =z, equation (2) reduces to

va dz = k.

2 Cauchy uses ¢ for h and k for k.
9 The phrase ** fonction dérivée " and the notation f’(x) were due to Lagrange.
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Thus the differential of the independent variable z is just the finite constant k.
Granting this, equation (2) becomes

(4) df(z) =f'(z) d=

or, what amounts to the same thing,

(5) dy =y’ d=.

It follows from these last [equations] that the derivative ¥ =/'(2) of any function
y = f(z) is precisely equal to dy/dz, that is, to the ratio of the differential of the func-
tion to that of the variable, or, if one wishes, to the coefficient by which the second

differential must be multiplied in order to obtain the first. It is for this reason that we
sometimes give to the derivative the name of differential coefficient.*

3. Cauchy on Maclaurin’s Theorem®

NINTH LESSON

Theorems of Maclaurin and Taylor

When, in some interval and for values of g satisfying 0 <0=<1 [*“inférieurs a
J’unité **], one of the [two] expressions

(1) i f™(0z)[n!,
) (1 — By~ f™(8z)f(n — 1)!

tends to zero [ décroit indéfiniment "] as n increases, then, setting n = © in equation
(8) or (61) of the Eighth Lesson, one finds that

3) F@) = f(0) + af'(0) + 2% "(O)j2! + & (O3 -

Therefore . . . the [infinite] series whose general term is the product Zf™(0)/n! is
convergent in the given interval, and its sum is f(z). This is Maclaurin’s Theorem.

[Cauchy then illustrates Maclaurin’s Theorem by the examples e?, cosz, sin %,
arctan z, and extends it to Taylor’s Theorem. He remarks: < It is essential to observe
that the formulas of Maclaurin and Taylor are valid not only for real but also for
imaginary values of the function f(z),” and illustrates with the power series expan-
sions for cos z + i sin z and e**(cos bx -+ 1 sin bx).]

TENTH LESSON

Rules for the Convergence of Series.
Application to Maclaurin and Taylor series.

[Cauchy first establishes, not too rigorously, some general tests for convergence
and divergence. He then uses these tests to justify the following result.]
TuroreM 3. Let f(z) be any real or complex function of the variable z, and let

s After this Cauchy gives the rules for differentiating various elementary functions: algebraic,

exponential, trigonometric, and inver.e trigonometric. (E. W.)
1 A. L. Cauchy, Legons de calcul différentiel (Paris, 1829); Oeuvres (2), IV, 364, 384-385, and

391-395.



B, = | f™(0)/(n!)|. Let moreover ¢ = lim sup §,'", or also the limit (if it exists) of
the limit B, ,/B,. Then the Maclaurin series [whose terms are]

31) f(0), zf'(0), 2°f "(0), z°f"(0), ...

will converge for all [real or complex] z with |z| <1/®, and divergent whenever
|z| >1/O.
[Theorem 4 presents the analogous result for Taylor series.]

Arguments similar to those which we have just used to establish Theorems 3 and 4,
when applied to Taylor series instead of Maclaurin series, lead immediately to two
other theorems which we are going to state.

THEOREM 5. Let f(z) be a real or complex function of the real variable z, b a real
or imaginary constant, and y, the modulus of the expression f*(z)/(n!). Let more-
over? y = lim sup u\ N|oﬁ if it exists, the limit of the ratio y, . ,/y, . Then the Taylor
series

(64) f(@) + hf "(z) + B3f "(2)/2! + B3 "(2)[3! 4 - - -

will converge if [h| < y~!, and diverge whenever |A| >y~

Ezamples. If we take for f(z) any of the three functions e*, cos z, or sin z, then
y =0 and y~! = oo. Therefore the series (64) will converge for all finite A, real or
complex, as we have already remarked.

If we take for f(z) one of the functions log z or z*, then y =1/|z| and y~* = |z].
Therefore the (Taylor) series (64) will converge as long as || < ||, as is known.

One might think that the Maclaurin series [of f(z)] always had f(z) for sum, when
it was convergent, and that when all its successive terms vanish f(z) itself vanishes.
But to become convinced of the contrary, it suffices to observe that the second con-
dition holds if one sets

(70) fla) = e~ 1/,
and the first, if one sets
(71) g(z) = e~ e~ 1/,

However, the function e~1/*? does not vanish identically, and the series derived from
the first supposition has for sum not the binomial e~** + ¢ ~1/%, but its first summand.

As to the rest, one easily recognizes that a real or complex function f(z) cannot
be the sum of a convergent (power) series, ordered by ascending powers of z, unless
this series coincides with the Maclaurin series [of f(z)]. Indeed, let

(72) fl@z)=a+ax+az*>+azz®+ .
Differentiating this equation repeatedly with respect to z, and observing® that Eq.

2 In Cauchy’s words: “ the limit toward which, as n increases without limit, the greatest values
of y,t/» tend.”

3 Note that Cauchy casually assumes here that a convergent power series can be differentiated
termwise.
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(12) of Lesson 3 holds even in the case where the polynomial has an infinite number
of terms, we obtain

fl@)=a;+ 20,2+ 3a,2% -
(73) f'@) =1 20,42 3a2+ -,
fT@)=1-2-3a;+--.
Hence, setting z = 0, we obtain from Egs. (72) and (73)
(14)  fO)=ao, [f(0O)=a;, f(0)=1"2a,, f70)=1-2 3a,, etc.,
and consequently
(75) % =f0), @ =f'0), a=f"0)2, ay=f"(0)3,

etc. Now, substituting into formula (72) the preceding values of a,, a,, a,, ...,
we are evidently led to the Maclaurin series for z.

One can prove in the same way that the function S(z + k) cannot be the sum of a
power series arranged in order of increasing exponents, unless this series is the Taylor

series of f(z).
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I sin "Resumé des legons données a l'école polytechnique sur

le calcul infinitésimal" fra 1823 gav Cauchy en ny definition

af integralet, der 1 drhundredret forud var blevet defineret

som det omvendte af differentialet.

Nedenstaende oversazttelse stammer fra Judith V. Grabiner "The
Origins of Cauchy's Rigorous Calculus", MIT Press, Cambridge

1981, s- 171-174.

1. Hvordan defineres integralet ?

2. Gennemgd Cauchy's bevis for at integralet af en
wOSﬁHbcmHW mﬁ&ﬁﬁﬁOb over et begrznset interval eksisterer

3. Papeg to basale sztninger som bruges camsaww det bemazrkes.

4. Hvilken fordel har Cauchy's definition frem for
den tidligere definition af integralet som det omvendte af

&mmnmbﬁmuom‘mmmﬁonosu .

Suppose that the function y = f(x) is continuous with
respect to the variable x between the two finite limits
x = xo,x = X. We designate by Xy, Xz, -+, Xa—y NEW values
of x placed between these limits and suppose that they
either always increase or always decrease between the first
limit and the second. We can use these values to divide the
difference X — x, into elements

(y x ix?x.nlxr.«ulxf...,klaal_,

which all have the same sign. Once this has been done, let
us multiply each element by the value of f(x) correspond-
ing to the left-hand end point [origine] of that element: that
is, the element x; — Xo will be multiplied by f(xo) [Calcul
infinitésimal has the misprint f(x)], the element x, — x, by
f(x1),... and finally the element X — x,-; by f(x,y):
m:ﬁ:Q :

(2) S=(x - xq) f (x0) + (x3 — x) flqg) +-
+ A»\.l kal-.v'\ﬁkal—v

be the sum of the products so obtained. The quantity §
clearly will depend upon

Ist: the number n of elements into which we have divided
the difference X — xy:

9nd: the values of these elements and therefore the mode
of division adopted.

It is important to observe that if the numerical values of
these elements become very small and the number n very
large, the mode of division will have only an insignificant
effect on the value of S. This in fact can be proved as
follows.

If we were to suppose all the elements of the difference
X — x, reduced to a single one, which would just be that
difference, we would have simply that

(3) §=(X- xo) f (¥o)-



When instead we take the expressions (1) for the elements
of the difference X — x,, the value of S, determined in this
case by equation (2), will be equal to the sum of the

elements multiplied by a mean of the coefficients f(x,),
,\‘Akluv\»nkwv,ﬁ ] ,\N.«-ILAI

Moreover, since these coefficients [the f{x¢)] are par-
ticular values of the expression f1x, + 0..X — v, 1] for values
of 0 between zero and one, we can prove by arguments
similar to those used in the seventh lecture [in proving the
theorem about bounds on the differential quotient: see the
appendix, p. 169] that the mean in question is another
value of the same expression, corresponding t0 a value of ¢
between the same limits. We can then substitute the follow-
ing for equation (2j:

() S=(X—=x0) flxg + O(X = x51],

where 0 will be a [nonnegative] number less than one.
To go from the mode of division we have just con-
sidered to another in which the numerical values of the
elements of X — xq are still smaller, it suffices to divide each
of the expressions (1) [that is, the (x4 — x4_,}] into new
elements. We must then replace in the right-hand side of
equation (2) the product (x; — x,) f(x,) by a sum of simi-
lar products, for which sum we may substitute an ex-
pression of the form (x; — x¢) fIxo + Oy (x, — xo:]. where 0,
is a [nonnegative] number less. than one: note that we
will have a relation between this sum and the product
(x1 — xq¢) f(xp), which is similar to the relation that exists

between the values of § given by equations {4; and (3:.
Similarly, we must substitute for the product ix, — Xy
JS(xy) a sum of terms that can be written in the form

CJI&L\T.+m_?.~l.«_:,$.:m89 mmwm:amwmmswﬁmm
[nonnegative] number less than one. Continuing in this
way, we finally conclude that in the new mode of division

the value of S will be of the form

* Cauchy had defined a mean
of a set of elements

i, ... as, which he desig-
nated by M(a, -~ - a,), 10 be a
quantity included between
the minimum and maximum
of the elements of the set. At
this pointin the discussion of
the integral. to justify the
conclusion quoted above,
Cauchy referred to the Cours
d'analyse, Theorem 111,
Corollary (see the edition of
Cauchy’s Qeurres, series 2,
vol. 3, p. 28). This corollary,
restated in modern index
notation for clarity, is as
follows: Suppose we are given
a set of » quantities all having
the same sign: { 5. 35,... 74l

Consider another set

iay, ..., 4, of n quantities,
and recall that their mean
M(a, - - a,) is included be-
tween the minimum and
maximum of the g;. Then
the corollary states

a ¥+ asy+ - + gy 1y =
(n+ +rgMa,- g,
Applying this to the
problem in the text, let

a = flxe_ k=12 .n.
andletyp = xp — x4 k=
L2, on=1, 3=

X — x,_,. Using the
corollary, Cauchy's conclu-
sion is f(xy)/x; — x4 + -+ +
S X = xpeys =

(Y =) M fixg: - fix,_ ).
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(31 8= (x = xo) flxabo (x1 = xg)]
+ = x) Sl +0i(x, —x)]+
+ ﬁ.dw - .«:I—.,v,\,T.:I_ + %:liﬁ.f - kal_:.

[in equation (3) we set
Sxo + Oo(xy — x0)] = fix)
S+ 00— x) 1= fix) £ &,

+

m?

.\.T.a\._ |+. m.._I_A‘m. - .w.:i_: ”,\Akal_v H En—1,
we can derive

6) S=(x— ».ih\?i T &l + (o —x)[f(x) &)
+oo A+ (N =y, Sl t+e

RPN ne )

Then, working out these products,

(7)) §=(x = xS (%o} + (xg — x) f{x) +-

+ A.ﬂ.ll .x.:l_wu\_n.sl.—w H mOA\«.— — Xg! K

el —xh 2tV = ).

We mayv add that if the elements v, — v v, — vy,
...y X — x,—; have very small numerical values, each of
the quantities + &. * €,..., + €,— will be very close
to zero, and therefore the same will be true for the
sum F & {x; — xp) F &lty—x £ EamilN = xaoa 0.
which is equivalent to the product of X — x, by a mean
between these quantities {the g: again, Cauchy has used
the corollary about means]. Granting this, when we com-
pare equations (2) and (7) we see that we would not
change perceptibly the value of § that was calculated by a
mode of division in which the elements of the difference
X — xo have very small numerical values if we went to a
second mode of division in which each of those elements
was further subdivided into others.

Now suppose that we consider two separate modes of
division of the difference X — xp, in both of which the
elements of the difference have very small numerical
values. We can compare these two modes with a third
mode, chosen so that each element, from either the first or
second mode. is formed by bringing together several ele-
ments of the third mode. To satisfy this condition, it suffices
for each of the values of x placed between the limits xp and
Xin the first two modes to be used in the third: and we can
prove that we change the value of § very litile in going from
the first or the second mode to the third—and therefore. in
going from the first to the second. Thus/when the elements
of the difference A — x, become infinitely small. the mode
of division has only an imperceptible effect on the value of
S and, if we let the numerical values of these elements
decrease while their number increases, the value of § ului-
mately becomes, for all practical purposes [sensiblement],
constant. Or, in other words, it ultimately reaches a certain
limit that depends uniquely on the form of the function
f(x) and on the bounding values xo,.Y of the variable x.
This limit is what is called a definite integral.
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Leibniz (1684): If any continuous transition is
proposed terminating in a certain limit. then it is pos-
sible to form a general reasoning. which covers also
the final limit.

Newton (1687): The ultimate ratio of evanescent
quantities . . . [are] limits towards which the ratios of
quantities decreasing without limit do always con-

verge; and to which they approach nearer than by any

attain to. till the quantities are diminished in infinitum.

greater than the ratio of 2x to a while o is any real

proaches to the ratio of 2x to a as its limit.

given difference. but never go beyond, nor in effect

Maclaurin (1742): The ratio of 2x + o to a con-
tinuaily decreases while o decreases and is always

increment, but it is manifest that it continually ap-

D'Alembert (1754): This ratio {a: 2y + z] is al-
ways smaller than a: 2y, but the smaller z is, the
greater the ratio will be and, since one may choose z
as small as one pleases, the ratio a: 2y + z can be
brought as close to the ratio a : 2y as we like. Conse-
quently, a : 2y is the limit of theratioa: 2y + z.

Lacroix (1806): The limit of the ratio (1, — u)h
. is the value towards which this ratio tends in pro-
portion as the quantity A diminishes, and to which it
may approach as near as we choose to make it.

Cauchy (1821): If the successive values attributed
to the same variable approach indefinitely a fixed
value, such that they finally differ from it by as little
as one wishes, this latter is called the limit of all the
others.

| PRI ey 3 e

Euler (1748): A continuous curve is one such that
its nature can be expressed by a single function of x.
If a curve is of such a nature that for its various

parts . . . different functions of x are required for its
expression, . . . ., then we call such a curve
discontinuous.

Bolzano (1817): A function f(x) varies according
to the law of continuity for all values of x inside or
outside certain limits . . . if [when] x is some such
value, the difference f(x + w) — f(x) can be made
smaller than any given quantity provided w can be
taken as small as we please.

Cauchy (1821): The function f(x) will be, be-
tween two assigned values of the variable x, a contin-
uous function of this variable if for each value of x
between these limits, the [absolute) value of the differ-
Lence f(x + @) — f(x) decreases indefinitely with a.

Dirichlet (1837): One thinks of a and b as two
fixed values and of x as a variable quantity that can
progressively take all values lying between a and b.
Now if to every x there corresponds a single, finite y
in such a way that, as x continuously passes through
the interval from a to b, y = f(x) also gradually
changes, then y is called a continuous function of x in
this interval.

Heine (1872): A function f(x) is continuous at the
particular value x = X if for every given quantity €,
however small, there exists a positive number ng with
the property that for no positive quantity m which is
smaller than m, does the absolute value of f(X % m)
— f(X) exceed €. A function f(x) is continuous from
x = atox = bif for every single value x = X between
x=aandx = b, including x = aand x = b, itis
continuous.

' L2l 1897

To shape a good function theory is not a task for a beginner, no matter how gifted.
First, one must gain a command of all that is known about Analysis, and work
through all relationships, even the most highly developed ones, which are known
or have been stated. Only then can one think of shaping a theory of functions which
governs and clarifies all. By its nature, such an undertaking can only be the crown

of a mathematical lifework.*

182 Hcine, dic Elemente der Functionenlehre.

Werlh dorl nicht existire, wenn dic Abscisse, durch 7 getheilt, cine irratio—
pale Zahl ist, konnle nur so lange als herechligt gcelien, als man den lrralio-
nalitiiten nicht ecine selbslindige Existenz beilegte. (Durch die numerische
Berechnung der Summe wird man sizh ibrigens bei Bericksichligung einer
geringeren Anzall » von Gliedern dem Millelwerthe, bei einer belicbig grossen
dem Werlhe vor oder nach dem Sprunge uiihern. Die Anndberung an den
Mittelwerth kann man durch cin grosseres » nur dann vergrossern, wenn man
for die kritische irrationale Abscisse cinen solchen rationalen Werth gesetzl
hat, der dem wahren Werlhe derselben hinlinglich nabe kommt).

)

§. Bedingungen der Conlivuitit.

1. Definition. Eine Function fiax) heisst hei einem bestimmlen einzelnen
Werthe = X continnirlich, wenn, fir jede noch so klein gegebene Grosse
¢, eine anderce positive Zahl 7, von solcher Beschalienheit existirt, dass [ir
keine posilive Grosse 7, die klciner als 1, ist, der Zahlwerth von f{Xiq)—vf(X)
das & uberschreilet. .

1. Folgerung. Zwci Funclionswerthe fir Argumente x, welchie zwischen
X—y uud X+ licgen, konunen sich hichslens um 2¢ unterscheiden.

Erlauterung. Yine Function isl nur cin Aggregal von cinzelnen Werthen
(A, §. 1, Del); ein Zusammenhang zwischen denselben, so dass ein Werth
sich aus den Werthen in der Umgebung crgicht, wird crst durch die Conti-
nuitil hergestelit

1. Lehrsalz. *) Ist einc Funclion [(x) bei x = X conlinuirlich, so
bilden fir jede Zahlenreihe z,, «, clc., die das Zeichen X besitzt, auch
[(x), fias), elc. eine Zahlenrcihe mil dem Zalhlzeichen f(X); und umgekehrt,
wenn fir jede Zahlenreihe ay, ., elc., dic das Zeichen X Desilzt, auch
[ix), f{z), elc. eine Zahlenrcihe mil dem Zeichen fiX) bilden, so ist [(x)
bei =X continuirlich.

#) Den Satz, dass dic Function nur und immer continuirlich ist, wenn f(X)—f(®.),
fiir jede Zahlenreihe von X beliebig klein wird, mit scinem Beweise, entlehne ich dem
Hetrn Cantor. Wihrend ich mich hier auf Functioncn mit einer Veréinderlichen be-
schriinke, hat Hlerr Canfor allgemein Functionen mehrerer Verinderlichen bebandelt;
or wird zeigen, dass dicse unctionen dic Continuitit, welche ich an einer anderen
Stelle (Dieses Journal, Bd. 71, S. 361) einc gleichmissige nanote, besitzen, wenn sio
in jedem einzclnen Punkte gewisse Bedingungen erfillen. Den allgemeinen Gang des
Beweises ciniger Sitze im § 3 nach den Principien des Ilerrn Weierstrass kennc ich
durch miindliche Mittheilungen von ithm selbst, voo Herrn Schwarz und Cantor, so dass
bei diesen Beweisen nur die Durchfihrung im Iinzelnen von mir berrithrt.

&
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. Elljs:zz::rre“isle;nsk Jede Zahlenreihe z,, z,, etc. lasst lsich mit Iilfe
! ,w”dec"a:. TM” X+, etc. darstellen. Ist nun die Funclion con-
o Heih,e ' 7v " ir jede gegebene.Gr(‘)sse ¢ (B, §.2, Def. 1) die Glieder
Worn e I; /‘,n, fclxunfer n[.lherubsmken, so dass, von einem gewissen
schreilel. Dies«; l;iffére;q’;i:/’sf%ﬁnai- 1‘ lf(li'r"lz'—f]((f) e o e
: : i 4 s = beliebig klein nel
;lzl;;:fmune Glied einer E!emenlarreihe, f(x,)—f(;), f(:zrg)—onAl"(;n el:."n :ie:-lc?:
lzeichen daher Null wird. Andererseils ist es auch (A, §. 3, ]3e[' i; gleich
T - e

[F(@), flx), ele.]—f(X),

wodurch der ersle Theil bewiesen ist, namlich die Gleichheit

. [X) = [flz), fiz.), ele.].

snv(liirle:ll;.; r:rrf.uel(lit n;r;]die .Funclion die vorsiehende Bedingung, welche bhe-
Z:hlzeic]]en XJ is[e J'n(l e)nrellrne .’1;|,”-'E~33 ele. ohne irgend eine Ausnabme, deren
folgt daraus ihre (H}()lr‘](:)‘llji!’i((XV)\:“/(le‘))Tﬂ'X), o o i st S
oo (58 ot 1)( .Wi l;[]‘ e némlich, wcn-n man c¢ine bestimmte Zahl
die Bedingur:g del3 Con'tinu,iliit eerfﬁf;trl semi:]ln au‘(':hd emelZahl R

der G » wiirden also noch immer W
;ﬁﬂ::::icrei;]; ZXI.SUPOH? fir welche f(X+%)~f(X) iber & bleibt, s(l) :::rlf?li
8 . l‘OS'Sf‘} von 7, ein solcher Werth von 7 (unler diesem 7,), fi
welchen obige Dilferenz nicht kleiner als ¢ ist, gleich +/. Fir einen?];; fb 0
i;‘:‘)szfm Werl,h' von 5, mige die Differenz bei n = »" nicht kleiner als :‘seirsl(?
o TIH:I: Z'Illl gizlst;l;]e?‘er Hallte des frﬁhe.ren (dem Vicrlel des erslen) mage die;
e o i;d ]en, u s. f. -D.a die Werthe von 1, eine Elemenlarreilie
o T Xasstilbe mit (flen kleineren) %', %", #'", elc. der Fall; es wirden
vorst;”en’l’ohn:;;;:;z_heufé Zahle(m:eihe Ty, T, elc. mit dem Zeichen X
oo i Vomusselzun; f(z)~f(X), flw)—f(X), elc. unler ¢ sinken —
e SiZé rLﬁcrlnji(;t:l.] mhllir{l)i;znu::’whche.Funclion f(z) ist [ir jedes = bekaunt,
- Sownis p ein .erll? dieser Verinderlichen gegeben ist.
gogebens Grouvor o m"ne irrationale, durch die Reihe z,, z., x,, elc.
B o m”,x, - e(ogen s y.z‘, g, ele. ralionale Zahlen vorstellen,
Dy i o ¢ ,;lei;}:n c,‘ um weniger als' L, %, 4, elc. unlerscheiden.
gleichnamigen y nur um Glieder einer Elementarreilie ver—

schieden sind, so ist auch (7
(A 0 ¥ ot
S5 Tome 1) (A, §.2, Del. 2) X gleich [y1s 925 ele), also (B,

Heine, dic Elemenie der Funclionenlehre.
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[IX) = [flnds [(ga), ete.].

folglich bekannl.
3 Lehrsats. Jede ganze Polenz x" ist bei jedem einzclnen Werthe

= X continuirlich.
Reweis. Es sei wiederum X
Def. 1 dass

= &, T, elc. |, woraus folgl (A, §- 3,

X - [m'{v.‘ . ]

sei. Dies st aber (B, §.2, Lehrs. 1) dic Bedingung der Conlinuitat far eine
Function [{w) =" bei X.
9. Folgerung. Jede ganze Funclion ist bei jedem cinzelnen Werthe

der Veranderlichen continuirlich.
Es ist sinz bei jedem einzeinen Werthe © =

i

4. Lehrsolz. X con-—
tinuirlich.

Beweis. Man hal nachzuwcisen, d
reihe bilden, und zweilens, dass das Zeichen derselhen sin X ist.
dass die Reihe sin X —sinx,, sinX—sin,, elc. ecine

ass sinx,, sinw,, clc. eine Zahlen-
Beides folgt,

wenn man gezeigl hat,
In der That wird aher sin X —sinx, oder

X -, X — - _".(.t & - ele. )
e o]

elemenlare ist.

mil wachsendem z beliebig Klein.

& 3. Bigenschaften continuirlicher functionen.

1. Definition. Einc Funclion [(z) heissl continuirlich von © =a bis
x = b, wenn sie bei jedem cinzelnen Werlhe @ = X zwischen x=a und z=10,
rihe @ und b, continuirlich ist (B, §. 2, Def. 1); sie heiss
gleichmdssig continuirlich von x =@ his z=h, wenn fir jede noch so kleine
gegehene Grosse ¢ cine solche posilive Grasse existirl, dass fir alle posi—
tiven Werthe 7, dic kleiner als 7, sind, f{z£n)—[(x) unler & bleibt. Welchen
Werth man auch x geben moge, pur vorausgeselzl, dass und z+7 dem
Gebicle von a bis b angehoren, muss dasselbe 1, das Gelorderle leisten.

1. Lelrsals. Jede ganze Polenz von = ist zwischen irgend welchen
gegebenen Grenzen gleichmassig conlinuirlich.
Da ‘w+7)"—a”, jedenfalls unler dem Producte aus 7 und
Grenzen fesien Grosse bleibt, so lisst sich diese Dil-
von 7 beliebig klein machen.

mil Einschluss der We

Beweis.
ciner in den gegebenen
ferenz offenbar fir alle @ durch denselben Werth

\\-£



Heine, dic Elemente der Functionenlehre

185

1. Folgerun
9. Jede ganze Function i i
: ist 2z iebi
Grenzen gleichmissig continuirlich. wichen heliebig gogebenen
2. Lehr i i ir j
I Func“s;ztz.f( lzesfxtzt eine (fiir jedes einzelne x) von a bis b conti
n f(x) far zwei zwischen o i )
und b liegend
n o ! nde Zah =
q = x, enlgegengeselzte Vorzeichen, so verschwi : G
zwischen liegenden Werth von z l

Beweis. *) Es moge
) n r,—x = . ‘s
nun die Zahlen ° @ =0 und fiz) posiliv sein. Man hilde

ndet sie fiir einen da-

9 s
T3 = Ty — T, = ]
5y Ty=wyko, @= hd
allgemein 2 > mEand 8 °
Tyyr = T, i E"‘;T’

und zwar gill, bei der Bild
! ung von x,,, aus z, d iti
B, : : ' T . das positive ode i
Lo lc;‘en, je nachdem f(x,) das posilive oder negalive Vorzeichen l:‘ r"legta“ve
er Functionswerth f(x,) fir ir, i o ines
- ' gend ein n Null, so bedarf d i
weileren .Bewelses, weshalb dieser Fall ausgcschlo;sen bleibt o St keines
) Die ,.éahlen x,, T,, elc. bilden eine Zahlenreihe, da (.A §. 1, Def
B.,;:il;m,,,lwxe aus den vorstehenden Gleichungen durch eine g;nz.eljc o
u , . p . m "
oo nfg% hervorgeht, selbst im ungiinstigsien Falle, wenn namlich die F‘unc‘z'[:)Lale
ir ‘ ; i e
wac})sendemm;_,ﬂ ;:,,;).elcl.{], &, sdmmtlich dasselbe Vorzeichen besilzen nn'fit
eliebig klein wird. Das Zahlzei i ’
: : . e i i
P S ichen dieser Zahlenreihe sei
Wire dies nicht Null i
. , So ist es eine besti : i
u . immte Zahl, d i
D:;l 1bllcle nun eine solche Grgsse 7,, dass f(X+17)—f(X)’<lfe /(1163 o
als. )s ltmd :ehme n so gross, dass «,, x,,,, elc. sich von X ‘um , §.' ”
D : . J w
2 Z, unterscI eiden, wodurch f(X) sich von f(z,), f(x,,,), elc. um we“fge"
. . . " " ' N
o nterscheidet. Dann ist die Differenz f(:z:)~/"(:1‘_‘1) ‘kleiner lmier
man nun ¥ so gross, das ") emge o
e man (das?d. 5 s /'(:r,,) und f(z,.,) entgegengesetzte Vor-
eichon habon (42 ies immer erreicht werden kann, wird unten gezei L)
uchlet ein, dass f(x,) selbst klei ithi e 5
o il eleieh 4 5o iner als 2¢, mithin £(X) kleiner als 3e,
Wiirde aber, wie
. y gross man auch fiir ein besti i
- o . estimmles » die Z:
o (; f(:;"“,;) immer dasselbe Vorzeichen wie x, behalten. so sei x d'e"’h? .
J : lbe . be y . diejenige
eihe mit dem niedrigsten Index, von welcher an die Vorzii "ligc
chen

) Es schien zweckmissig, selbst auf Kosten der Kiirze

trisc . .
he Anschauungen auszuschliessen. beim Beweise geome-
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der Funclion f(z) nicht mehr wechseln, so dass sie also it ., Tujrs €€
Da f(a,) und f(x) cenlgegengeselzic Vorzeichen hesilzen,
folglich haben sicher f(@,—1) und f(=,) enl-
die posilive oder negative Einheit,
nach diesen Vorausselzungen,

—ad27", cto.,

dieselben bleiben.
so ist m wenigstens gleich 2
gegengeselzle Vorzeichen. Bezcichnel «
je nachdem f(@—1) posiliv oder negaliv ist, so wird,

p = gy F 0T @ = T I @ 0 = g

folglich
T, = —ad" (f [ S R PR 71—)

lic rechte Seite, welche das Zeichen von « hesilzt,
so duss das Zahlzcichen X der oben gebil~
s wirde das allgemeine Glied a, dieser
nithern, und dabei hillle dic ganz be-

T
Mil wachsendem e sinkl (
unter jeden Grad der Kleinheil ,
deten Zahlenreihe genan T, wiire.
Zablenreibe sich also @, helichig
slimmle Grosse f(m,_,) das Zeichen von «, f(x,) das entgegengeseizie.  Dies
ist, wegen der Conlinuitdl von [{x), nicht moglich.

2. Folgerung. Sobald @ cine posilive ganze
2 —a 0 keine ganze, folglich keine ratio-

nicht quadratische Zahl

bezvichuet, besitzt die Gleichung
s hat aber dic linke Seite fir gewisse verschicdene Werlhe

v

nale Wurzel.
also die Gleichung eine irrationale Wurzel.

von x enlgegengeselate Vorzeichen,
Hicrdurch ist hewiesen, dass nichl alle Zahl
reduciren, sondern dass es anch irrationale Zahlen gicbt. (A, § 5).

3. Lehrsals.  Einc Funclion [(x), dic von x==a his =15 so be=
schalen ist, dass zwischen je awei Zahlen o, und x,, wie nahe sie auch
elche f(x) verschiedene Zeichen

seichen sich auf ralionale Zahlen

gewihlt werden, noch andere licgen, lar w
hesilzt, ist discontinuirlich.

Beweis. Wire sie conlinuirlich,
& von x gleich 2& Es lissl sich dann
) —fE) <5
Zwischen ¢ =£ und o= &4y, dindert f(z) das
&1, verschwinden

so sci sie fiir cinen bestimmicen Werlh
eine Grosse 7, so hestimmen, dass

Jir jeden Werlh o unler 2.
wischen, fiir cinen Werth & =

N
Zeichen, muss demnach daz
von Null hichstens um & unterscheidel,

(B, § 3, Lelrs. 2), so dass f(¥) gich
also nichl 2¢ sein lann.

4. Lehrsats. Wenn die (fir jedes einzelne z)
liche Funclion fiz) von &= a bis &= b nie negaliv, aber zwischen diesen Grenzen
Klciner wird als jede angehbare Grasse, s0 crreicht sie auch den ‘Werth Null.
Da f(x) far jedes heslimmle auch cinen bestimmien Werlh
r als jede angebbare

D
<

von z = ¢ bis z=b conlinuir—

Beweis.
besilzt, so kann e¢s fiir ein solches = nur dann kleine

&
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Grosse sein, wenn es dort verschwindel. Es seien nun z, und 2, zwei der-
artige Zahlen, dass zwischen ihnen andere liegen, fir welehe f(z) beliebig
klein wird; behilt man die Bezeichnung im Bewocise des zweilen Lehrsalzes
bei, bildet also Zahlen «,, «,, ele. durch die dort angclihrien Recursions—
formeln, in denen uber die Wahl des unbestimmt gelassenen Vorzeichens
noch das Nihere angegeben werden soll, so konnten zuniichsl x = x,, ode
@ =ux,, elc., v =u,, solche Stcllen sein, an denen [(z) beliebig klein wird.
Dann verschwindel es aber an diesen Slellen, wie aus dem Eingange dieses
Beweises ersichtlich ist, und der Salz wire bewiesen. Es handelt sich also
nur noch um den Beweis, wenn die Function weder fiir x;, noch fir 2, ele.
verschwindet, wie viele von diesen Zahlen man auch bilden moge.

Dic Zablen «, [ir welche f(x) belicbig klein wird, sind entweder
grosser als «;, oder kleiner als «;, oder zum Theil grosser, zum Theil
kleiner. Im ersien Falle bilde man x, aus x; mil Halfe des posiliven Vor-
zeichens, im zweilen mit dem negativen, im drillen, wie willkirlich fesigeselst
wird, mit dem positiven. In édhnlicher Art wird x; aus a,. gebildety u. s, £,
so dass eine Zahlenrcihe z,, x,, elc. mit dem Zahlzeichen X entstchl; ich
zeige, dass f(X) Null ist. )

Wiire es nicht Null sondern 3¢, so bilde man, wie im zweilen Lehr-
salze, 7, und nebme » so gross wie dort, d. h. so gross, duss =,, x.,,, clc.
sich von X um weniger als , unterscheiden. Sind nun z, und =z,,, Werthe,
zwischen denen Zahlen x liegen, fir welche f(x) beliebig klein, z. B. <T¢,
wird, so kann f(X), welches sich von allen Zahlen f(x), wo X—n,<Zx <X+,
um weniger als & unlerscheidet, hochslens 2¢ und nicht 3e sein. Wirde
es aber kein » geben, wirde man also von «, an immer zu grisseren oder
immer zu kleineren Werlhen z,,,, «,,,, elc. gelangen, so sei «, das letzle
von den zu bildenden x, welches resp. einen kleineren oder grosseren
Werth besitat, als das vorhergehende; ..., ..., etc. sind dann sdmml-
lich resp. grosser oder kleiner als a;,, und bilden eine wachsende oder

abnebmende Reibe von Gliedern, welche aber immer
T

unler oder iber
w1 bleiben.  Man findet durch dieselbe Rechnung wie bei dem zweilen

Lehrsalze in dem entsprechenden Falle, X==,_,. Wilrend f(X)=f =z,
einen bestimmten Werth 3¢ besilzt, wirde daher f(x) beliebig klein sein
missen far Werthe =, die beliebig nahe an z,_, liegen, namlich zwischen
X=ux,, und x,, wie gross man auch z nimmi.

Dieses ist aber, wegen
der Continuitdl von f(z), nicht moglich.

24 %
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%Y r alle i Werthe von T =@ bis
3. F I TUng enn eine (i‘u all emzelnen ert ) \ b
. olge 2 - X ’ ) ]
r = { (.()nti]nuil liche ¥ unclion nicht llbel'ﬂ“ g\elcl\e Wer the besilz ,.) 50 f(ile cht
.S : T \ el von & ein Maximum un enso i -
el i / h c el aximu d Oh em Minimum
i | mnen besllmm\ n ‘Wer . iNze n Wer the
* " hrsalz enn die von =40 bis = b (fm alle emndne )
D Leh . W i : X
T [ clio x ur i(ﬁ en € mt‘lnen 'erth N der ZW\SCI\C a un
IR T ¥ \ ) { d inze W - ‘ |
conlinul liche Funclion, f( . ! - < i nah
ciner r'\li(mi\lcn oder il‘l'ianﬂi\lCl’l L(Ihl X hegl . WO ) CL <. X "), Vr\/(e ) 13 C-
. \ aber X hinaus aber pOSlllV W\ld., s0 isl X —0

man auch X kommt, nicht posiliv, o eder

Beweis. Bs sci @y, Tus cle. cine Zahlenreihe fur X,
cweis. Hs sci T, T
. . ivd
simmtlich—unter X liegen sollen. l‘)‘(um V\.I(I v
o e et LL " wglich sein
ann es wegen der Conlinuilat von f(z) unmodg s

T . I verschiedenen negaliven

1 gt iz u
weil es dann cinen bestimmi angebbaren, von N e sser
Werlh besisse, wahrend fix) solbst fir den kleinslen W , S

erlit besd N

Is X v racht I]()Ch der oraussclzung, p silly ist. E b yl daher nur u gy
als v 1199 \Y S ( S eil d C b

- ﬂ)? f“’ilsz; Fine von @ =« bis w=10 (fiir alle cinzelnen Werthe)
). eNTsatz- *

conlinuirliche Function [ () ist auch gleichmassig continuirlich, (ILS, L§.ei3I:eD§:lc1h)é
Beweis. Bezeichnel 3¢ cine heliebige Grosse, §0 ex1s' ir o ot
Zahl, dass von w ==« bis zu ihr hin [{x) —f(e) 1\.bsolul \_i&((;;igb SPY
der .dics leistet, ist der gr()sl:slc fm(l lmllchzh'ln,;nigilhecl:hf\ﬁ(:)ndm il o
. 3 Lehrs. ). Dieser Werth set @, In 4 : : man e
iisk}(;ic gx'(’,)ssle), welche bewirkt, dass von o=, bis Efxe;(:t::zﬁ;nf(z)n‘aiflcx)n__vun
bleibl. So fahrt man fort; kommt man nach einer s "
Operalionen 71 @, = b oder findet, dass f(‘w)*f(ai,_.), W
noch nicht 3e aberschreilet, so ist der Salz bevu.esen. .
s bliche noch der Fall brig, dass kein n €Xi ,G e e
eine unendliche Reihe von wachsenden rolsse dere;
die. unter b liegen. Dicse Reihe wire w.dunn eifne Zucl;‘le;\::\i;gr,jedes .
Zahlzeichen X sei; hervorzuheben ist ihre lalgenscha' L'., njon o esshallen-
die Gleichung besteht: fla,.)— (@) :3;.nigiu:l:>c: z;terscheideh e
i ( —77) um :
hei%’? f:dass g\iizllz;Clldiz‘);aﬁi(i\ ;)— 7, und X mogen von/ der obigen)th:lil:i‘j;;
Zei\h;. ]”m“’ Topr, ele. fallen, s0 dass (B, §..25 l*holg. I)D/:ém,z..‘;u)anrE:; hegonde
als 2¢ wire, wahrend es andererseils 3¢ sc.m m\.lssle.l; o sontmuiliche.
Annahm e ist daher unmoglich, und die Function eine gleichm

Halle, im October 1871.

dass also die

(Grossen x,, &, el

e e ——



