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Abstract. When messages, which are to be sent point-to-point in a net-
work, become available at irregular intervals, a decision must be made
each time a new message becomes available as to whether it should be
sent immediately or if it is better to wait for more messages and send
them all together. Because of physical properties of the networks, a cer-
tain minimum amount of time must elapse in between the transmission
of two packets. Thus, whereas waiting delays the transmission of the cur-
rent data, sending immediately may delay the transmission of the next
data to become available even more.

We consider deterministic and randomized algorithms for this on-line
problem, and characterize these by tight results under a new quality
measure. It is interesting to note that our results are quite different from
earlier work on the problem where the physical properties of the networks
were emphasized less.

1 Introduction

We consider point-to-point transmission of data in a network. Transmission of
data is in the form of packets, which contain some header information, such as
the identification of the receiver and sender, followed by the actual data. For
obvious reasons, data is also referred to as messages.

When data to be sent becomes available a little at a time at irregular intervals,
the question arises on the sending side whether to send a given piece of data
immediately or whether to wait for the next data to become available, such that
they can be sent together. Sending the data together is referred to as Packet
Bundling.

The reason why this is at all an issue is because of physical properties of the
networks which imply that after one packet has been sent, a certain minimum
amount of time must elapse before the next packet may be sent. Thus, whereas
waiting for more data will certainly delay the transmission of the current data,
sending immediately may delay the transmission of the next data to become
available even more. In addition to reducing the overall transmission delay when
bundling messages, we also reduce the bandwidth requirement of the sender,
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since overhead due to packet headers and network gap is reduced. The problem
of making these decisions is referred to as the Packet Bundling Problem.

A very similar problem, the Dynamic TCP Acknowledgment Problem, was
introduced in [4]. Since it usually does not make sense to delay the transmission
of large amounts of data, the focus for packet bundling is small messages, and
acknowledgments to the receipt of packets are examples of such. The problem
was studied as an on-line problem [2] with the cost function being the number
of packets sent plus the sum of the latencies for each message. The latency of
a message is the time from when the data is available until it is sent. This is
known as the flow-time cost measure. An exact characterization of the optimal
algorithms for the deterministic and randomized case can be found in [4] and [6],
respectively.

The problem we consider is different from the Dynamic TCP Acknowledg-
ment Problem in two ways: we build on top of an accepted model for distributed
computing and, related to this decision, we also choose a different cost function.

To our knowledge, the currently most widely accepted model of computation
for distributed computing is now the so-called LogP model [3], which is tractable
from a theoretical point of view, but also realistic enough that good theoretical
algorithms are likely to be good in practice as well; on many different platforms.
The ingredients in the model are the latency L, the processor overhead in sending
messages o, the gap imposed by the network between messages ¢, and the number
of processors P. We refer to the original paper for a complete treatment.

Comparing the theoretical work of [4,6] with the model assumptions of [3],
the most noticeable difference is the lack of the gap or overhead parameter
in [4,6]. In their work, they allow packets to be sent arbitrarily small distances
apart. This significantly influences the results. With decreasing intervals between
messages, the latency of each packet contributes to the cost function. Thus, a
good algorithm would send frequently; very likely faster than possible in a real
world scenario.

We base our theoretical work on the LogP model, which means we respect
the physical gap and overhead. At times when messages become available sep-
arated by very small time intervals, the cost function of [4,6] would impose an
unreasonable large penalty, if the decision is to delay transmission, which leads
us to consider another cost function: the sum of time intervals when at least
one unsent message is available. In our opinion, this measure is just as natural
and it has the significant advantage that good and bad algorithms can be distin-
guished. Using the flow-time cost function in the model where the physical gap
or overhead is respected does not lead to interesting results. In fact, it has been
shown [5] that any reasonable deterministic or uniform randomized algorithm
has a competitive ratio of exactly two, where an algorithm is called reasonable
if it does not postpone the transmission of a message by more than the sum of
the gap and overhead values.

We analyze natural families of deterministic and randomized algorithms for
the problem and find the best among these.



2 Packet Bundling

Referring to the description of the LogP model from the introduction, since we
are considering the situation from the perspective of a single processor, there
is no reason to distinguish between gap and overhead, since the crucial value
is the maximum of the two. In the remainder of the paper, we normalize with
respect to this maximum, and assume that it is one (the important fact is that
it is different from zero).

Consider of the problem of a person A wishing to send small messages to
another person B. All messages have to be sent using the same, single messenger,
who uses one time unit for each delivery, i.e., when the messenger has left with
one or more messages (a packet), no messages can be sent for the next one time
unit.

When A decides to send a message, she can either send it immediately (as-
suming that the messenger is in), or wait some time (probably less than one) to
see whether other messages have to be sent, so that these messages can be sent
together.

The formal definition of the problem is as follows:

Definition 1. In the Packet Bundling Problem one is given a sequence o =
ai,--.,a, of message arrival times and is asked to give a sequence of packet times
P1,- -, Pm at which packets of messages are sent. All messages are considered to
be small, so that an unlimited number of messages can fit in a packet. The set
of messages sent in packet p; is denoted p;.

The packets should respect the following restrictions:

— All packet times should be at least one unit apart, i.e.,
Vi<m: pip1—p; > 1.
— All messages should be sent no earlier than their arrival time, i.e.,
Vi<n 3j<m: a; € p; Na; < pj.
If a packet is sent at time p;, then the set of messages contained in the packet
are considered delivered at time p; + 1.

The cost function measures the total time elapsed while there are messages
which have arrived, but have not been delivered:

Zi_n; ((pi +1) — max{(p;—1 + 1), min aj}>

where we define pg = —oo. For convenience, we identify a message with its
arrival time, justifying the notation a; € p;, assuming that these are distinct; if
not, p; can be thought of as a multiset.



We consider on-line algorithms. Thus, the algorithm is given the arrival times,
a;, one at a time, and has to decide the packet time at which the message
is sent before the arrival time of the next message (if any) is revealed. If the
next message arrives before the previously chosen packet time, the algorithm is
allowed to reconsider its choice. For any algorithm, ALG, and input sequence,
o, we let ALG(c) denote the value of the cost function when ALG is run on o.

The performance of deterministic algorithms is measured in comparison with
the optimal off-line algorithm, O PT', using the standard competitive ratio. OPT
knows the entire input sequence, when it decides when to send each packet, and
can hence achieve a lower cost.

An algorithm ALG is (strictly) c-competitive for a constant ¢, if for all input
sequences, o, the following holds: ALG(0) < ¢- OPT (o). The infimum of all
such values ¢ is called the competitive ratio of ALG.

The performance of randomized algorithms is measured likewise, though us-
ing the expected competitive ratio, E[ALG(c)], instead.

3 Deterministic Algorithms

In this section, we consider deterministic on-line algorithms for the problem.
Specifically, we consider the following family of algorithms:

Ax: When a message arrives, it is sent together with all mes-
sages (if any) arriving after this one at the earliest possible
time after k time units.

Without loss of generality, we assume that if A decides to let the messenger
leave at a certain point in time, and one or more messages arrive exactly when
he is about to leave, then he leaves without these new messages. If this is a
problem in a proof, then all messages arriving when the messenger leaves can be
considered to arrive € € o(1) time units later. Because of the infimum which is
taken in the definition of the competitive ratio, this will generally not alter the
result.

Theorem 1. The competitive ratio of Ay is:

i+ f0<k<
R<Ak>_{ 1+k , if¢p<k

where @ = 1+2\/5 ~ 1.618 and ¢ = ¢ — 1. The best ratio ¢ is achieved by Agp.

For a fixed algorithm, Ay, any input sequence for our problem can be divided
into phases as follows: Each phase starts with the arrival of the first message
after the previous phase has ended, and ends at the earliest possible time when
there are no messages to deliver and the messenger is in. In the special case
when the messenger returns at the exact same time a new message arrives (and
no other messages are due for delivery), the phase ends, and the new message
starts the next phase.



Lemma 1. For a worst-case sequence for Ay, we can assume that the messenger
carries only one message at a time.

Proof. The short proof [5] is omitted here due to space restrictions. a

Lemma 2. There exists a worst-case sequence for Ay where, if any messages
arrive when the messenger is out, they arrive exactly at the point in time where
the messenger leaves or returns.

Proof. We transform a worst-case sequence into a sequence with the desired
property which is still worst-case by repeatedly dealing with one message at a
time. The detailed proof [5] is omitted here due to space restrictions. ad

Proof (Proof of Theorem 1). Let us first consider the case when k < 1:

By Lemmas 1 and 2, a worst-case sequence can be assumed to consist of
phases of the form oy =0or o, =0,k k+1,k+2,...,k+(n—2), where n is the
number of messages. We separate each phase from the next by more than two
time units. By definition of Ay, this means that messages from different phases
cannot interfere, so relative costs can be calculated separately for each phase.

Ay’s cost is Ag(0,,) = k 4+ n, whereas OPT’s cost is

k+n—1 |, ifn>1

OPT(cy,) = { ) el
For n = 1, this gives a competitive ratio of % =k+1, and for n > 1, it
gives a competitive ratio of O’;’“ﬁ;‘)) = k_’f_;gﬁl, which is maximized for n = 2,

where —O‘L}?T('Z;i) = ’;—ﬁ =1+ 15
Comparing the two cases, we find that o9 is the worst possible for k < ¢,
whereas o1 is worst for ¢ < k < 1.
The case when 1 < k is similar [5], but omitted here due to space restrictions.

O
No deterministic algorithm has a competitive ratio better than Ag:

Theorem 2. Let ALG be any deterministic algorithm for the Packet Bundling
Problem. Then R (ALG) > R (Ay) = ¢.

Proof. We show how to construct an input sequence for ALG, where it has a
competitive ratio larger than or equal to .

The input will be given in a number of phases, each consisting of either one
or two messages. Between each phase there is a time interval large enough so
that neither ALG nor A, at the end of the interval has any messages to deliver,
nor are they at the moment delivering any messages.

Let us first consider phase o;, and let the first message in this phase arrive at
time a;, . Let k; be the length of the time interval ALG waits before it sends the
message. Referring to Theorem 1, we know for Ay, whether a worst-case phase
for Aj, has one or two messages. If it has two, another message is set to arrive
at time a;, = a;, + ki, if not, the phase ends.



Referring again to Theorem 1, the following holds for phase o;:

For k; < ¢, a phase consists of two messages. Whereas Ay, sends the second
message immediately after having sent the first, we cannot be sure that ALG
does too. Thus, the costs of Ay, and ALG are not necessarily the same (giving
inequality instead of equality between the first two terms).

Thus, for the entire input sequence, we have ALG (o) > ¢ OPT (o). O

4 Randomized Algorithms

We now consider a family of randomized algorithms solving the same problem.
Our deterministic algorithm family Ay chose a specific k& and sent a message
at the earliest possible time after k& time units. RAN D 5 chooses the interval it
waits at random.

RANDA: When a new message arrives and no other messages are
waiting, this message and later messages (if any) are sent
after a period of time chosen uniformly between 0 and A,
or at the first possible time hereafter.

We only consider algorithms with A < 1, since any algorithm, RAN D 5, with
A > 1 easily can be seen to have a competitive ratio larger than RAN D1.

One could also consider other families of randomized algorithms. Instead of
using a uniform distribution, we could have used an exponential distribution with
parameter A varying from zero to infinity (as in [6]), or a cut-off exponential
distribution described by the density function: f(§) = %e’%/ (1—e™t) for
0 € [0, 4], and zero otherwise. By careful examination both of these are for any
A easily shown to have a worse competitive ratio than the best member of the
RAN D p-family.

Without loss of generality, we will as with Ay assume that messages arriving
exactly at the randomly chosen time J when the messenger leaves will not be
delivered immediately. For A > 0, this does not make any difference to the
expected competitive ratio as § is chosen uniformly at random in the range
[0, A]. For A =0, RANDg and Ag are identical, and we can as for Ay consider
all messages arriving when the messenger leaves, as arriving o(1) time later
without any difference.

The competitive ratio for RAN D 4 is given by the following theorem.

Theorem 3. The expected competitive ratio of RAND A is

1 3 . 1

3team o H0<A<S
= 6A%+4A41 e 1 3/1
R(RANDA) ={ “iaiin » f3<A< {3

241, ifYL<ac<

3/1
The best ratio \é; + 1~ 1.397 is achieved by RAND YT



As for Ay, the theorem is shown by constructing a worst-case input sequence.
For a fixed RAN D A, any input sequence is divided into phases almost as previ-
ously: Each phase starts with the arrival of the first message after the previous
phase has ended, and ends exactly when, regardless of the random choices made,
there are definitely neither any messages waiting to be sent nor is the messenger
out. In the event that a new message arrives at the exact same time as the mes-
senger returns, and where no random choices would have made the messenger
arrive later, the phase ends, and the new message starts the next phase. Due to
linearity of expectation, it is enough to consider a worst case phase.

Lemma 3. Messages in a worst-case phase for RANDa are not further than
one apart, i.e., Vi : a;41 —a; < 1.

Proof. Let a; be the first message such that a;11 > a;+1. As all messages before
a; are at most one apart, OPT can send the messages ai,...,q; at time a;, so
that it does not incur any cost between time a; + 1 and a;41. This means that
the arrival of message a;41 (together with all other messages after message a;1)
can be shifted to any later time without increasing the cost of OPT.

Since message a; leaves with the messenger at time a; + 1 at the latest,
message a;+1 arrives either when the messenger is out or when the messenger
has returned (and then no other messages will be waiting at that time). The cost
of RAND, is maximal if the randomly chosen waiting time after a;y; is not
shared by time where the messenger is out, i.e., the cost is maximal if message
a;+1 arrives after the messenger returns, and thereby if the message is not in the

same phase, but in the next. |

Lemma 4. For a worst case phase with messages 0 = (a1 = 0),...,a;,, the

expected competitive ratio of RAND A is at most:

Proof. Follows directly from Lemma 3. ad
The following lemma shows that a worst case phase with o = (a; =0), ..., amm

and a,, < 1 can be assumed to contain at most two messages:

Lemma 5. For any phase with messages 0 = (a1 =0),...,a, and a,, <1, the
phase obtained by looking only at the first and the last message of o, o' = ay,a,,
has an expected competitive ratio which is no better, i.e.,

E[RANDA()] _ E[RANDA(o")]
OPT(c) —  OPT(d)

Proof. As a,, < 1, we have OPT (o) = OPT(0') = am + 1. For RAND 5, we
consider two cases. Assume that the messenger leaves with the first message (and
other messages if any) at time 4. If a,, < d, then the cost of o is the same as for
o'. If § < a,,, then message a,, is not sent until the messenger leaves the next
time. This point of time is determined by 4, A, and the first message, a;, with
0 < a;. If we leave out the messages before message a,, (but after message a;),
then on average the messenger does not leave earlier the second time. ad




Furthermore, as the next lemma shows, if a,, < 1, then in addition to assum-
ing that m < 2, we can assume that a,, € {0, A}. Note that for A > 0, as = 0,
i.e., 0 = 0,0 has the same expected competitive ratio as ¢ = 0. For A = 0, the
sequence o = 0,0 is the same as 0 = 0, A.

Lemma 6. A worst case input sequence for RAN DA with two messages, o =
(a1 = 0), a2, where ay < 1, must have ay € {0,A}. This gives the following
lower bounds, of which at least one is an upper bound for all input sequences
O =ai,...,0y, where a, —a; < 1:
o = 0 has an expected competitive ratio of
A

1+ —.
Jr2

o =0,A has an expected competitive ratio of ¢, where

C:{%+2(A3+1) , AL

6A244A41 .
IA(AFT) if A>

N D=

Proof. For 0 = 0, the expected competitive ratio is %Dé)(o)] =1+

For 0 = 0, as, we prove the result by case analysis.
Let § be the (now fixed) randomly chosen time at which RAND A sends the
first message (and the next, if ag < J). The expected cost of RAND 4 is:

0 5 ifa2§5
k(a2,5)26+1—|— 1 , ifd<as<d+1-—A
14 (@td O r 51— A<a <1

This can be rephrased to a form which is more convenient in the proof:

14 (20D g <d<ag+ A1

k(a2,5)25+1+ 1 s faa+A-1<d§<ay (1)
0 , faa<d< A
The expected cost of RANDA is EIRANDA (0)] = % fo (azg,0)do, Whereas

A k(az,0
A(a2+1)
Let us first consider the case when A < % If 0 < ay < A, then the first
case of k(ag,d) in equation (1) becomes empty, since ag + A — 1 < 0. Thus, the
expected competitive ratio is

OPT (o) = as+1, giving an expected competitive ratlo ofc(az) = [,

( )_f0a2(5+2)d5+f£(6+1)d5_%2+A+a2_i+§+l—%
€\82) = AL+ a2) T A ta) AT 1tam

Since A < 3, this is easﬂy seen to be maximal for ay as small as possible, i.e.,
as =0, and c( ) = —|— 1. Let us then consider the case when A < ap <1 — A.

Jl@E+2)ds 242
Al+a)  1+as

c(az) =



This is again maximal for as as small as possible, i.e., it is at most ¢(A) =

% + ﬁ' The last case is when 1 — A < aq < 1:

J2(6 +2)ds 4 [y2taTt axtAs1=d g _2+24 (az4A-1)?

c(ag) =
( 2) A(l + ag) 1 + ag
This is maximal for as as large as possible. We have ¢ (1) = %A + 1, which is,

however, smaller than the results found previously.
The case when A > % is similar [5], but omitted due to space restrictions. O

Lemma 7. Let o0 = (a1 =0),...,an be any worst-case phase for RAN D A with
A>% and 1 < ap, <1+ A, then

E[RAND A(0)] < A% +2A +ap, — 1
OPT (o) - Alam +1)

Proof. As before, let § be the now fixed randomly chosen time at which RAN D 5
sends message a; (and all other messages arriving no later than time 4, if any).
The worst-case cost of RAN D A can be described as follows:

am+2 , fd+1<ap
w(a)g{am+A+1 L ifa, <541

This gives an expected worst-case cost for RAND 4 of at most % fOA w(d)do =

2 . .
%, whereas OPT(0) = an, + 1, since o is a worst-case phase. O

Proof (Proof of Theorem 3). Lemma 6 states lower bounds for RAN D » which
are the best possible for phases ¢ = (a; = 0),...,a,, with a,, < 1. By Lemma
4, if a,, > 1, a worst case input sequence has a competitive ratio less than %

For A < %, Lemma 6 is enough, since the input sequence 0, A has an expected

competitive ratio of § + m >3

For A > 1, by Lemma 4, any input sequence with a,, > 1+ A has an

29
expected competitive ratio of at most E}Iﬁ;ﬁ

on the expected competitive ratio for a,, € (1,1 + A]. It is easily shown that

{A+3 A2+2A+am—1} { A 6A2+4A+1}
max < max

1+= = _ = -
A+2° Ala,+1) T 4A(A+1)

Lemma 7 gives a similar bound

So, either 0 or 0, A is a worst case sequence, and Lemma 6 gives the result. O

5 Concluding Remarks

We have considered a new cost function instead of the cost function which is
almost a standard in theoretical analysis of this type of problems, namely flow-
time. With the new cost function, algorithms can be distinguished effectively,
whereas using flow-time, this is not possible while respecting the LogP model



assumptions. The behavior of the optimal off-line algorithm can be a little pecu-
liar, however. If we consider sequences where n messages arrive less than one unit
apart, nothing in our cost function encourages the optimal off-line algorithm to
send any messages until the nth message has arrived.

While the behavior of an off-line optimal algorithm is secondary to the ability
of the total set-up to distinguish between good and bad on-line algorithms, our
results are robust enough that the behavior of OPT could be altered. Assume
that we change the cost function such that when a message has been waiting
for one time unit (or equivalently, has not been delivered two units after it
became available), a strictly higher penalty is imposed. This will encourage a
different behavior, where messages are sent earlier. However, O PT can still send
all messages with the same cost. It will send at time ¢,, immediately after the
nth message has arrived (as before), but it could also send at all times in the set
{tn, —i]i € N;t,, —i > 0}.

The cost of all reasonable on-line algorithms as defined in the introduction,
including the cost of Ay for k < 1and RAND A for A < 1, will also be unchanged
since none of them will wait more than one time unit before sending. Thus, our
results hold for this more general type of cost function.

Finally, our algorithms can in principle be built into any operating system,
though the ease with which this can be done depends on the exact design of the
operating system in question, in particular on the availability of an extra timer
to support interrupts from our algorithm. We have concrete plans to try out one
of our algorithms by building it into the new Occam Operating System [1].
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