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/ ‘ Problem Definition ' \

Messages ( ) are sent in packets (m).

\
A > —— B
/
\LNetwork
B : > —— N

Messages can be bundled to reduce cost.
® 0 —ai,as,...,aq, messages.
® Di,P2,...,Pm, packet times.

e p, is the set of messages contained in packet 7.
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/ ‘ Competitive Ratio I \

The standard quality comparison model for on-line (mini-

mization) problems:
ALG(0) <cOPT(o)+0b

ALG is c-competitive, if this holds for all inputs o, and

fixed constants b and c.

The competitive ratio of ALG is the infimum over all con-

stants c for which ALG is c-competitive.

For randomized algorithms, the expected cost is used:
E|ALG(0)] <cOPT (o) +b

(oblivious adversary).
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[Dooly, Goldman, Scott: STOC 1998]
Dynamic TCP Acknowledgment Problem.

Cost function

all messages a

or formally

m

nm+(1—n)z Z (pi — aj)

1=1 a; €p;

Optimal 2-competitive deterministic on-line algorithm.

[Seiden: STOC 2000]

e
e—1

Lower bound of for randomized on-line algorithms.

[Karlin, Kenyon, Randall: STOC 2001]

e
e—1

Optimal

N

randomized algorithm.

/ Previous Work' \

77 ) # Of paCketS _|_ (1 o T]) Z (tadelivered o tafarrival)
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/ 'LogP Model I \

[Culler, Karp, Patterson, Sahay, Schauser, Santos, Subramonian,

von Eicken: PPOPP 1993]

LogP: a communication model for distributed computing.

m
@/ \

Processor1l |= = = =| Processor P

e Network latency, L.

e Processor overhead, o.

e Network gap, g.

e Number of processors, P.

Our focus: max{o, g}.
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/ 'LogP Model I \

The consequence of this:

We cannot start sending packets during “gap-time”

Message arrival

l Gap-time
/—/F\
I L
Message arrival Messages delivered

Delivery starts
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/ ‘ Flow-Time Cost in the LogP Model I \

Costis

m

m+z Z (pi + max{o, g} — a;),

1=1 a; Ep;
but now we require:

[pit1 — pi| > max{o,g}.

Results

Any deterministic algorithm has a competitive ratio of

at least 2.

Any “uniform” randomized algorithm has a competitive

ratio of at least 2.

Any “reasonable” algorithm has a competitive ratio of

at most 2.
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/ Cost: another attempt I

Measure the total time elapsed while there are
available, undelivered messages.

Formally,
Z (pi +1) — max{(p;—1 + 1), min a;}
i=1 AL

Important requirement: |p; 11 — p;| > 1 for all 4.

Minor remarks:
® Po = —

e max{o0, g} normalized to 1.

N
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/ Deterministic Algorithms I \

Family Ay:

A message is sent at the earliest possible time af-
ter £ time units (all available messages at sending

time are bundled).

Theorem The competitive ratio of Ay is:

1+, f0<k<¢

R (Ax) =
14k ifp<k

Best ratio  is achieved by A..

(gp:%zl.GlSand@:gp—l)
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/ Deterministic Algorithms I \

Proof of Theorem

First analyze structure of worst-case seqguences:

For a worst-case sequence for Ak, we Can assume

that each packet contains only one message.

There exists a worst-case sequence for A where, if
any messages arrive during gap-time, they arrive at

the beginning or the end of gap-time.
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/ Deterministic Algorithms I \

Proof of Theorem

For £ < 1, a worst-case sequence can be assumed to be

of the following form:
® 01 =0
e 0, =0,kk+1,k+2,....k+(n—2)

The competitive ratio becomes:

Ak(O'n) . k+1, ifn=1
OPT (o) kiﬁp ifn>1

Maximized for either n = 1 or n = 2 (depending on k):

OPT(03) k+1 1+ k

The proof for &k > 1 is similar.

11
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/ A Is Optimal I \

Theorem Let ALG be any deterministic algorithm for the

Packet Bundling Problem. Then

R(ALG) > R (Ag) = ¢

Proof Construction of input sequence:
e Give one message at time O.
e Let k be the time ALG decides to pack and send.

e If £ < , then give another message at time k

(otherwise, send no more messages).

By insight from previous Theorem,

ALG(0) = Ay(0) = Ag(0) = .
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/ Randomized Algorithms I

We can randomize this in different ways.
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Uniform density gives the best competitive ratio.

N
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Family RAN DA

R(RAND,) =

2

2

N

/ ‘ Randomized Algorithms — RAN DA I \

When a new message arrives and no other mes-
sages are waiting, this message is sent at the ear-
liest possible time after a period of time chosen
uniformly between 0 and A (all available mes-

sages at sending time are bundled).

Theorem The expected competitive ratio of RAN D A is

Bestratio 5> +1 ~ 1.397 is achieved by RAN D YT
2

/

1 3 : 1

2 T 3a+D) it0 <A <3
6A%24+4AA+1 e 1 1

\ AIA(1+A) if 3 <A< i/;

2 +1 ifi’/ggAgl
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/ Randomized Algorithms I \

Proof of Theorem

Again, analyze the structure of worst-case sequences.

At the core are sequences 0 = 0, as, where ag < 1.

Sending a4 at J, cost is

k(ag,8) =0+ 1+

’

0 y 1fa2§5
< 1 L ifd<ap<i+1-A
] 4 2220 - if 511 - A <ap <1

\ Y

which leads to the expected ratio

! i/Ak( 5)do
a2+1A 0 a}27

implying as = 0 or ag = A.
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For packet bundling in the LogP model:

Open problem

Concluding Remarks I \

Flow-time cost cannot distinguish between reasonable

algorithms.
New measure based on network interface activity.
Found an optimal deterministic algorithm.

Found a better randomized algorithm from a natural

family.

s RAND o1 the optimal randomized algorithm?
2
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