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Arc-disjoint spanning sub(di)graphs in digraphs*
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November 14, 2011

Abstract

We prove that a number of natural problems concerning the existence of arc-disjoint directed
and “undirected” (spanning) subdigraphs in a digraph are N'P-complete. Among these are the
following of which the first settles an open problem due to Thomassé (see e.g. [1, Problem 9.9.7]
and [5, 4]) and the second settles an open problem posed in [5].

o Given a directed graph D and a vertex s of D; does D contain an out-branching B rooted
at s such that the digraph remains connected (in the underlying sense) after removing all
arcs of B ?

e Given a strongly connected directed graph D; does D contain a spanning strong subdigraph
D’ such that the digraph remains connected (in the underlying sense) after removing all arcs
of D'?

Keywords: Paths and cycles, branchings, spanning trees, NP-completeness, arc-disjoint subdi-
graphs.

1 Introduction

Notation not given below is consistent with [1]. Paths and cycles are always directed unless otherwise
specified. For a digraph D we denote by V(D) and A(D), respectively, the set of vertices and the
set of arcs of D. An (s,t)-path in a digraph D is a directed path from the vertex s to the vertex .
A digraph D = (V, A) is strongly connected (or just strong) if there exists an (z,y)-path and a
(y,x)-path in D for every choice of distinct vertices x,y of D, and D is k-arc-strong if D — X is
strong for every subset X C A of size at most k — 1. The underlying graph of a digraph D, denoted
UG(D), is obtained from D by suppressing the orientation of each arc and replacing multiple edges
by one edge. A digraph D is connected if UG(D) is a connected graph. If D = (V| A) is a digraph
and X C V then we use the notation D(X) to denote the subdigraph of D induced by the vertices
in X. We shall often use the shorthand notation ¢ € [m] for ¢ € {1,2,...,m}.

An out-branching B in a digraph D = (V, A) is a connected spanning subdigraph of D in which
each vertex z # s has precisely one arc entering it and s has no arcs entering it. The vertex s is the
root of Bf. The structure of digraphs with arc-disjoint out-branchings from the same root is well
understood due to the following important result by Edmonds.

Theorem 1.1 (Edmonds) [9] A digraph D = (V, A) with a special vertex s has k-arc-disjoint out-
branchings rooted at s if and only if there are k-arc-disjoint (s,v)-paths in D for every v € V — s.

Using flows in networks, it is easy to check whether a given digraph D with special vertex s has k
arc-disjoint (s, v)-paths for every v € V —s (see e.g. [1, Section 5.5]) and thus checking whether D has
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has k arc-disjoint out-branchings from s can be done efficiently. Furthermore, the proof of Theorem
1.1 by Lovész [11] implies that there is a polynomial algorithm for constructing a set of k arc-disjoint
branchings when they exist (for details see [1, Section 9.3]). Similarly packing edge-disjoint spanning
trees in undirected graphs is also well understood, namely there is a (more complicated) necessary
and sufficient condition for the existence of k edge-disjoint spanning trees in a graph G.

Theorem 1.2 (Tutte) [13] A graph G = (V, E) has k edge-disjoint spanning trees if and only if, for
every partition F = {X1, Xa,..., Xt} of V into non-empty sets, the number ex of edges intersecting
two of these sets is at least k(t —1).

Furthermore, it is a celebrated result due to Edmonds that using any algorithm for matroid parti-
tion, in polynomial time, one can check whether the condition above is satisfied and find k-edge-disjoint
trees if it is. For details see e.g. [12].

Motivated by the fact that both the existence of arc-disjoint out-branchings from the same root in
a digraph and the existence of edge-disjoint spanning trees in a graph can be decided in polynomial
time and that both problems have good (polynomially verifiable) characterizations, Thomassé posed
the following problem around 2005, a positive solution to which would be a first step for providing
a link between Theorems 1.1 and 1.2. The problem is well known in the community and has been

published on the Egres open problem list for several years!.

Problem 1.3 (Thomassé) Find a good characterization of directed graphs D whose underlying undi-
rected graph UG(D) has two edge-disjoint spanning trees such that one of these is an out-branching
rooted at a given vertex in D.

Clearly the existence of such spanning trees is equivalent to the existence of an out-branching rooted
at the given vertex s such that removing the arcs of this branching leaves a connected digraph. In the
case where we replace “out-branching” by “a path with specified end vertices s,t” and “connected”
by “existence of a path in the underlying graph between s and ¢ the problem is NP-complete as was
shown recently by the first author and Kriesell.

Theorem 1.4 [4] It is N'P-complete to decide for a given digraph and specified vertices s,t of D
whether D contains a directed (s,t)-path P such that UG(D — A(P)) contains a path from s to t.

The proof of Theorem 1.4 does not generalize to the case of directed spanning trees. Furthermore,
the fact that in Problem 1.3 we want spanning subdigraphs and that one of these does not have to
respect the orientation of the arcs could indicate that there might be a nice characterization or at
least a polynomial algorithm for testing the existence of a non-separating out-branching. However,
we are going to prove the following which implies that such a characterization does not exist unless
P = N'P. Our proof technique does not apply to the problem of Theorem 1.4 because we strongly use
the fact that at least one of the two arc-disjoint digraphs we are looking for is a spanning subdigraph.

Theorem 1.5 [t is N'P-complete to decide for a given digraph D = (V, A) and a vertex s € V whether
D contains an out-branching BT such that UG(D — A(BY)) is connected.

We shall also prove that a number of related problems are NP-complete. In particular we prove
the following. A digraph is k-regular if every vertex has precisely k-arcs out of it and k-arcs into it.

Theorem 1.6 It is N'P-complete to decide whether a 2-reqular digraph D contains a spanning strong
subdigraph D' such that UG(D — A(D")) is connected.

This result may be considered slightly surprising, given that if a positive solution exists, then the
number of arcs in D’ and D — A(D') is either n and n, or n + 1 and n — 1, where n is the number of
vertices of the given digraph, that is, either D’ is a hamiltonian cycle or it has just one more arc than
a hamiltonian cycle.

It currently appears on the Egres open problem page: URL http://lemon.cs.elte.hu/egres/open/Category:Trees_and_branchings
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Figure 1: The clause gadget H(r).

2 Main proofs

We shall use reductions from 3-CNF satisfiability (3-SAT) and Not-All-Equal 3-SAT (NAE-3-SAT).
Recall that a boolean formula is in 3-conjunctive normal form, or 3-CNF, if it is expressed as an AND
of clauses, each of which is an OR of exactly 3 distinct literals. In this paper, by 3-SAT we mean the
problem of deciding whether a boolean 3-CNF formula F is satisfiable (that is whether there exist
a truth assignment t to the variables of F such each clause of F has at least one true literal). By
NAE-3-SAT we we mean the problem of deciding whether a boolean 3-CNF formula F has a truth
assignment such that for each clause there is at least one literal which is true and at least one literal
which is false. Note that this is equivalent to saying that both F and its negation (obtained by
negating all literals in the clauses of F) can be satisfied by the same truth assignment ¢. It is well
known that both 3-SAT and NAE-3-SAT are NP-complete problems (see e.g. [10, page 259]).

Proof of Theorem 1.5: The reduction used here uses the same type of variable gadget as the
one used in the proof of Theorem 1 of [8]2. We shall show how to reduce 3-SAT to the problem of
Theorem 1.5. Let H(r) be the digraph (the clause gadget) on 7 vertices {ar.1, ar.2, ar.3, by 1,br.2,br.3, ¢
and arcs Gy ;by i, by iGr g, Crar g, Cbyr i, i = 1,2,3 (see Figure 1). Let W{u, v,p,q] be the digraph (the
variable gadget) with vertices {u,v,y1,¥2,...Yp, 21, 22,...%¢} and the arcs of the two (u,v)-paths
UY1Y2 - - - Yp¥, UZ122 . . . Zqv. Note that we allow min{p, ¢} = 0 but p + ¢ > 1 must hold.

Let F be an instance of 3-SAT with variables x1, o, ..., x, and clauses C1,Cs, ..., Cp,. We may
assume that each variable z occurs at least once either in the negated form or non-negated in F. For
each variable x the ordering of the clauses Ci,Cy, ..., C,, induces an ordering of the occurrences of
the literal & and the literal Z in these. With each variable x; we associate a copy of Wlu,, v, pi, gi]
where the literal x; occurs p; times and the literal T; occurs ¢; times in the clauses of F. Identify
end vertices of these digraphs by setting v; = u;41 for ¢ = 1,2,...,n — 1. Let s = w; and t = v,.
Next, for each clause C; we take a copy H; = H(j) of the clause gadget and identify the vertices
aj1,04,2,a;53 of H; with vertices in the chain we build above as follows: assume C; contains literals
involving the variables x;, zy, z;. If C; contains the literal z; and this is the r’th copy of the literal x;
(in the order of the clauses that use literal z;), then we identify a;1 with y;, and if C; contains the
literal Z; and this is the £’th occurrence of literal z;, then we identify a; 1 with z; ;. We make similar
identifications for a; 2, a; 3. Finally we add all the arcs tc; for j € [m]. This concludes the description
of the digraph Dx with special vertices s,t. Let D’ be the subdigraph induced by the union of all
the vertices from W u;, v;, pi, ¢i], © € [n]. Recall that by the identifications above D’ contains all the
vertices a;,, j € [m],r € [3]. See Figure 2 for an example.

Claim 1 D’ contains an (s,t)-path P which avoids at least one vertex from {a;1,a;2,a;3} for each
j € [m] if and only if F is satisfiable.

Proof of Claim 1: Suppose P is an (s, t)-path which avoids at least one vertex from {a; 1, a;2,a;3}
for each j € [m]. By construction, for each variable x;, P traverses either the subpath @; =

2which again uses ideas from another proof.
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Figure 2: A schematic picture of Dz where F has variables x1, 22, 3, 24 and clauses C1 = (T1 V z3 V
x3),Co = (21 Va2 Vxy),C5 = (T1 VI3 V T3). For convenience only some vertices are labelled and the
2-cycles of the type a;;b;;a;; are shown as one undirected edge.

UiYi1Yi,2 - - - Yi,p; Vi Or the subpath P; = u;2;12:2...%,4,v;. Now define a truth assignment by set-
ting x; false when P traverses @; and true if P traverses P; for ¢ € [n]. This is a satisfying truth
assignment for F since for any clause C; at least one literal is avoided by P and hence becomes true by
the assignment (the literals traversed become false and those not traversed become true). Conversely,
given a truth assignment for F we can form P by routing it through all the false literals in the chain
of variable gadgets. o

Claim 2 Dz has an out-branching B} such that Dx — A(BY) is connected if and only if D’ contains
an (s,t)-path P which avoids at least one vertex from {a;1,a;2,a;3} for each j € [m].

Proof of Claim 2: Suppose first that there exists B such that D — A(BT) is connected. It follows
from the structure of Dx that the (s,t)-path P in B lies entirely inside D" and since t¢; is the only
arc entering c;, all arcs of the form tc;, j € [m] are in Bf. Now it follows that P cannot contain all of
{aj1,a;2,a;3} for some clause C; because that would disconnect the vertices of H; from the remaining
vertices in D — A(BT). Conversely, suppose that D’ contains an (s, t)-path P which avoids at least
one vertex from {a;1,a;2,a;3} for each j € [m]. Then we form an out-branching B by adding the
following arcs to P: all arcs of the form tc;, j € [m] and for each clause Cj, j € [m] and r € [3] if
P contains the vertex a;, we add the arc a;,b;, and otherwise we add the arcs ¢;b; ,,b;,a;,. This
clearly gives an out-branching B} of Dz. It remains to show that D* = Dr — A(BJ) is connected.
First observe that D*(V(D')) contains either all arcs of the subpath w;y; 1yi2...ipvi or all arcs
of the subpath u;2;12;2 ... 2i4v; for each i € [n] and hence it contains an (s,t)-path which passes
through all the vertices w1, us, ..., un,t. By the description of P above, for each clause Cj, j € [m]
and r € [3], if P contains the vertex a;, then D* contains the arcs ¢;b;,,c;a;, and if P does not
contain the vertex a;, then D* contains the arcs c;ja;,,a;,.b; . Now it is easy to see that D* is
connected and spanning. o
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Theorem 1.5 now follows by combining Claims 1 and 2. o

In the proof of Theorem 1.6 we shall use the following result due to the second author (the result
is mentioned in [1, Section 13.10] and in [7]). Since a proof has never appeared in print before and the
proof of this result plays an important role in the proof below, we include a proof here for completeness
(the proof is a refinement of the proof of Theorem 6.1.3 in [1]).

We recall from [1] that a k-path factor of a digraph H is a collection of k vertex disjoint paths
that cover all vertices of V/(H)

Theorem 2.1 It is N'P-complete to decide whether a 2-reqular digraph D contains a pair of arc-
disjoint hamiltonian cycles.

-~ PDDDDD

Figure 3: The gadget H(x,y,z). The vertices are ordered from the left to the right and labelled as
indicated in the left part of the Figure [1, Figure 6.1].

Proof: We will reduce the Not-All-Equal 3-SAT (NAE-3-SAT) problem to the problem of deciding
whether a 2-regular digraph has two arc-disjoint hamiltonian cycles. Consider the following digraph
H(x,y,z)

V(H(ZL',’IJ,Z)) = {xivyiazi D= 17253745 576}5
{xiyi,yizi,zixi 1= 1,2,3,4,5,6}U

{w25 00, Y9541, 252541+ §=1,2,3,4,5}

2
T
&
<
N
N~—
I

(see Figure 3). It is easy to verify that the digraph H(z,y, z) has the following properties:

(i) There is a unique hamiltonian path P of H(z,y, z) starting at x1 (y1, 21, respectively) and this
terminates at xg (ys, 26, respectively). Furthermore, when P denotes this hamiltonian path from 4
to x¢ then H(x,y,z) — A(P) has a unique 2-path factor RU S and R is a (y1,ys)-path and S is a
(21, z6)-path. Similarly, when P is a hamiltonian path from y; to yg or from z; to zg.

(ii) Let P U@ be a 2-path factor of H(x,y,z) such that the path P starts at 1 and the path
Q starts at y; and both paths end in the set {xg,ys,26}. Then P terminates at g and Q at ys.
Furthermore, H(x,y,z) — A(P) — A(Q) is a hamiltonian path starting at z; and terminating at zg.
Similarly for the pairs z1, 21 and y1, 21.

(iii) Let PUQ U R be a 3-path factor of H(x,y, z) such that the paths P, @ and R start at z1, y1
and z1, respectively and all three paths end in the set {xg,ys, 26} Then P, @ and R terminate at xg,
ye and zg, respectively. Furthermore, after removing the arcs of PUQ U R we obtain 6 vertex disjoint
3-cycles with no arcs between them.

That (iii) holds is obvious. To see that property (i) holds it suffices to check that the unique
hamiltonian path starting in x1 in H(x,y,2) IS T1Y1212202Y2Y323T3T4Y42425T5Y5Y626Te and that
after deleting these arcs the unique 2-path factor of the remaining digraph consists of the paths
Y1Y222232424T52L6Ys and 2121 X223Y3YaYs2526. We leave to the reader to verify the (ii) holds (again
the paths are unique and easy to construct).
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Figure 4: An illustration of the digraph Dz for the formula Z = (v1 V02V u3)(v1 Vs Vus) (01 Vua V U3).
For convenience only the six important vertices of each H; is shown and in the middle column of each
H,; we show the 3 literals in the order they appear in C;. Thus the top literal corresponds to the two
top vertices etc.

We are going to use H(x,y,z) as a building block in a bigger digraph below and since we will
only connect the vertices x1,xg, Y1, ¥s, 21, 26 to other parts of the digraph, we will use the names
x,2',y,y', z, 2" for these below and denote the subdigraph by H(x,2',y,v, 2, 2’).

Consider an instance Z of NAE-3-SAT with variables v1,...,v; and clauses Ci,...,Cp. Since
we require that every clause contains both true and false literals in any satisfying truth assignment,
we may assume that every variable and its negation appear in Z as literals (otherwise we can add
negated copies of some of the clauses). Construct a digraph Dz as follows: start from a disjoint union
U=HiUHyU...UH,y, where H; = H(aj,a},b;,b, cj,c;) and a;,bj, c; are the literals in Cj, j € [p].

VRSB
For every variable v the ordering of C1,...,C), induces an ordering Cy 1,...,Cy p, of the clauses
containing the literal v and an ordering C5 1, ..., Cp 4, of the clauses containing the literal v. Based
on this ordering we join the vertices of different pairs among Hi, Hs, ..., H, as follows (where we

denote the clause gadget corresponding to the clause C, , by H, ): For each variable v and r < p, —1
we add an arc a—f from H,, to H, 1 where a equals one of the vertices a;, ., b, ., ¢, . depending
on whether the first, second or third literal in C,, is equal to v and S equals one of the vertices
@y, r+1;bv 41, Cv,r+1 depending on whether the first, second or third literal in C, ;41 is equal to v.
Similarly, for each variable v and r < gz — 1 we add an arc a—/3 from Hy , to Hy 1 where a equals
one of the vertices af; ., b ., ¢;; . depending on whether the first, second or third literal in C, ;- is equal
to v and 3 equals one of the vertices a1, b5,r41,Cs,r+1 depending on whether the first, second or
third literal in C% 11 is equal to ©. See Figure 4.

Next we add 2k new vertices w1, w1, Uz, wa, . .., U, W where the vertices u;, w; correspond to the
variable v;, for ¢ € [k]. Each vertex u; dominates one vertex in each of H,, 1 and Hy, 1, namely one
of the vertices ay,,1,bv;,1,Cv;,1 depending on whether v; is the first, second or third literal in Cy, 1
and one of the vertices ag, 1, b5,,1, cp;,1 depending on whether v; is the first, second or third literal in
Cy,,1. Bach vertex w; is dominated by one vertex from each of Hy, p, and Hgy, g, , namely one of the
vertices a;hpvi , b;iﬁpvi , C'/Uiqpui depending on whether v; is the first, second or third literal in C., p,. and
one of the vertices ag,,q;, , bs;,45, » Co,,45, depending on whether v; is the first, second or third literal in
Cti.g5,- Finally, we add the arcs wju;—1, wiu;+1 for every i € [k], where ug = ug, Upt1 = u1.

It is easy to verify that D is 2-regular.

Suppose 7 is a ’yes’ instance of NAE-3-SAT and consider a satisfying truth assignment ¢. Note
that the complementary truth assignment ¢ (where we set a variable true if and only if it is false in
t) is also a satisfying truth assignment for Z. We will show how to construct arc-disjoint hamiltonian

cycles C, C" of Dz based on the values of the variables in t. For each variable v; such that v; is true



1 in ¢ we let C' contain the arc wju;y1, the arc from u; to Hy, 1, the arc from Hy, p, to w; and all

> the arcs from Hy; » to Hy; p11, 7 =1,2,...,py; — 1 that were described above corresponding to the
s occurrences of v; in the clauses Cy, 1,...,Cy, P, - For each variable v such that vy is false in ¢ we let
«  C contain the arc wyuyi1, the arc from uy to Hy, 1, the arc from Hf,hqﬂf to wy and all the arcs from
s Hg,r to Hyppp1, 7 = 1,2,...,q5, — 1 that were described above corresponding to the occurrences
s of vy in the clauses Cy, 1, ..., C’@fy%f. Similarly (except we use arcs from w; to uj_; for all j € [k],

7 where indices are taken modulo k) we define C’ from the truth assignment ¢.
8 Since every clause is satisfied by t, the cycle C uses vertices from each digraph in the disjoint union
s HyUH;U...UH,. By the properties (i) and (ii) of H(z,y,z) above, if s (1 < s < 2) literals are
1 satisfied in a clause C; by ¢, all vertices of the corresponding digraph H; can be used in C' due to
u the existence of an appropriate s-path factor in H;. Thus, C is indeed hamiltonian. Similarly C’ is a
2 hamiltonian cycle and it is arc-disjoint from C' by the way we constructed it.

13 Suppose now that Dz has a pair of arc-disjoint hamiltonian cycles C, C’. Tt follows from (iii) above
1 that none of the cycles C,C" passes through any H; more than two times. Hence if we set v; true if
15 C uses the arc from u; to H,,,; and false otherwise, then we obtain a truth assignment ¢ such that
1 both ¢ and ¢ satisfy all clauses of Z (a literal will be set to true if and only if C' uses the arcs of Dz
v that correspond to this literal). o

Vs U3

U1
V4

Figure 5: A 2-regular digraph @ with no hamiltonian cycle.

1w Lemma 2.2 The digraph Q in Figure 5 has the following properties.
20 (i) Q has no hamiltonian cycle.

a (i1) Q contains the strong spanning subdigraph induced by the arcs {viva, vavs, V3V4, V4U5, U5U1, UaUg, Vg1 }
2 which is arc-disjoint from the connected spanning subgraph of UG(D) formed by the arcs
2 {v1ve, V65, V5V4, V43, V3V

2 (#1) There is no strong spanning subdigraph Q' of Q such that Q — A(Q') is connected and both of
2 the arcs v4v3,v4v5 are in Q.

2 Proof: We leave it to the reader to make the easy check that ) has no hamiltonian cycle. That
2 (ii) holds is easy to verify so it only remains to prove (iii). Let @’ be any strong spanning subdigraph
s of @ which contains both of the arcs vyvs,v4vs and assume that @ — A(Q’) is connected. Then
20 precisely one of the arcs v3vy, vsv4 is in Q. Note that, by (i), Q' must contain 7 arcs and @ — A(Q")
s must be a spanning tree of Q). Therefore all vertices in Q' except one have out-degree one and all
s vertices in @’ except one have in-degree one. Suppose first that Q' contains vsvs. Then vzve & A(Q")
» and vivy € A(Q'), which implies that v1vs € A(Q’) and vavs € A(Q’). Therefore vavs € A(Q') and
» @ — A(Q') contains both vyvs and vsve a contradiction to @ — A(Q’) being a spanning tree of Q.

u So @' contains vsvy but not vsvs. Analogously to above we note that vsv; € A(Q') and thus
s vev1 € A(Q'), which implies that vgvs & A(Q'). As vsvs & A(Q') we note that vsvy € A(Q'). As
s Q— A(Q') is connected @' cannot contain the arc vovz but then {v1, v2,v6} has out-degree 0 in @', a
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contradiction. o

Proof of Theorem 1.6:

Consider an instance Z of Not-All-Equal 3-SAT (NAE-3-SAT) with variables vy, ..., v and clauses
C1,...,C, such that every variable and its negation appear in Z as literals and let Dz be the digraph
constructed as in the proof of Theorem 2.1.

We form a new digraph W from Dz and a copy of @ as follows: fix a vertex € V(Dz) and delete
the two arcs zy, xz to its two out-neighbours in Dz. Delete the two arcs v4vs, v4v5 from @ and add
the arcs xvs, xvs, v4y,v4z. Clearly W is a 2-regular digraph. We claim that W has a spanning strong
subdigraph D’ such that W — A(D’) is connected if and only if Z is satisfiable and by the proof above
we know that this happens if and only if Dz has two arc-disjoint hamiltonian cycles. Suppose first
that Hy, Hy are arc-disjoint hamiltonian cycles of Dz. Without loss of generality H; contains the arc
2y. Thus we obtain a strong spanning subdigraph D’ of W such that W — A(D’) is connected by
replacing the arc xzy by the arcs {vyva, vavs, v3v4, V1Y, TU5, V51, VoG, Vev1 } and the arc zz (which is
in Hy) by the arcs xvs, v4z.

Conversely, suppose that W has a spanning strong subdigraph D’ such that W—A(D’) is connected.
First observe that when we replace back the arcs {zy, xz,v4vs, v4v5} for the arcs {zvs, zvs, vay, v4z}
D’ splits up into disjoint strong spanning subdigraphs R of Q and S of Dz, respectively. This implies
that D’ uses exactly one of the arcs xws,zvs. If both of these arcs are in D’ then the fact that
W — A(D’) is connected implies that Q — A(R) must be connected, contradicting Lemma 2.2(iii). It
follows from the fact that @ has no hamiltonian cycle that R uses 7 arcs and since W has 2(n+6) arcs
and n + 6 vertices we get that S is a hamiltonian cycle of Dz. Therefore D’ cannot contain both of
the arcs vqy, v4z. Furthermore, it follows from (iii) in the proof of Theorem 2.1 that S cannot traverse
any H; more than twice since if it did then W — A(D’) could not be connected as Dz — A(D’) would
contain many vertex disjoint 3-cycles and we have only two arcs coming from {v1, va,v3,v4, U5, U} tO
connect these. Thus we can use S to define a satisfying truth assignment for Z just as we did in the
proof above. o

3 Further results and related open problems

In the digraph Dz used in the proof of Theorem 1.5 the vertex s is a source (has in-degree 0) and
hence is the only vertex from which an out-branching can start in Dz. Thus the proof of Theorem
1.5 shows that the following holds.

Theorem 3.1 [t is NP-complete to decide for a given digraph D whether D contains some vertex s
and an out-branching BY such that D — A(B7) is connected. o

It is easy to check that the proof of Theorem 1.5 still works if we add the arc ts in which case the
digraph Dz becomes strongly connected. Hence we have shown the following.

Theorem 3.2 [t is NP-complete to decide for a given strongly connected digraph D and a specified
vertez s of D whether D contains an out-branching BT such that D — A(BY) is connected. o

Clearly, by Theorem 1.1, every 2-arc-strong digraph has an out-branching B such that D— A(B7)
is connected for every choice of the root s. On the other hand, there exist strong digraphs D with
UG(D) arbitrarily highly edge-connected and a vertex s which can reach all other vertices by a directed
path and yet D has no out-branching B s.t. D — A(BJ) is connected. To see this take a directed
path P = ujusus...ur and add all arcs u;u; where j <4 and both ¢ and j are even or both odd. This
has no good out-branching from s because every B} will use all arcs on P.

Theorem 3.3 The following problems are all NP-complete
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(i) Given a digraph D and s,t € V(D); does D have an (s,t)-path P such that D — A(P) is
connected?

(i) Given a digraph D and s,t € V(D); does UG(D) have an (s,t)-path P such that D — A(P)

contains an out-branching rooted in s?
(i1i) Given a strong digraph D; does D contain a cycle C' such that D — A(C) is connected?
(iv) Given a strong digraph D; does D contain a cycle C such that D — A(C') is strong?

(v) Given a strong digraph D; does UG(D) contain a cycle W such that D — A(W) is strongly
connected?

Proof: Let F be an instance of 3-SAT with variables x1,xo,...,z, and clauses C1,Cs,...,C),, let
D% be the digraph that we build as in the proof of Theorem 1.5, except that instead of using H(j)
as the clause gadget for C; we use a directed 6-cycle a;1d;1a;2d;20;53d;3a;1 as clause gadget and
where the vertices a;,1,a;2,a;3 are identified with vertices of the variable gadgets as we did in the
proof of Theorem 1.5. Define D’ as we did in the proof of Theorem 1.5. To prove that problem (i) is
NP-complete, it suffices to note that if P is an (s,t)-path in D% such that D% — A(P) is connected,
then P does not use any arc from any of the clause gadgets. Now it is easy to see that D% contains
such a path if and only if D’ contains a path which avoids at least one vertex from {a;1,a;2,a;3}
for each j € [m] and we are done by Claim 1. If @ is path between s and ¢ in UG(D%) such that
D% — A(Q) contains an out-branching, then @) does not use any arc from any of the clause gadgets.
Again this and Claim 1 easily implies that (ii) is NP-complete. To prove that (iii) is NP-complete we
consider the digraph D* that we obtain from D% by adding the arc ¢s. Then the argument above for
(i) shows that D* has a cycle C such that D — A(C) is connected if and only if F is satisfiable so (iii)
is NP-complete. To prove that (iv) and (v) are NP-complete we consider D** which we obtain from
D* by adding a new vertex ¢’ and the arcs tt',t's. By the choice of clause gadget, a cycle C such that
D** — A(C) is strong is a cycle formed by an (s,t)-path P in D’ and the arc ts with the property
that P avoids at least one vertex from each of the sets {a;1,a;2,a,3} and now we can apply Claim 1
to see that (iv) is NP-complete. Finally, observe that UG(D**) has a cycle W such that D — A(W)
is strongly connected if and only if W is formed by an (s,t)-path P in D’ and the arc ts with the
property that P avoids at least one vertex from each of the sets {a; 1, a;2,a;3} and again we can use
Claim 1. o

It was shown in [3] that there is a polynomial algorithm to check whether the underlying digraph
UG(D) of a given strong digraph D contains two vertex disjoint cycles C,C’ such that C is also a
cycle in D. On the other hand it was shown in [6] that the same problem becomes NP-complete if we
do not require that D is strong.

In [7] the authors posed the following conjecture and proved it for semicomplete digraphs where
N = 3 is necessary and sufficient (a digraph is semicomplete if it has no non-adjacent vertices).
Recently [2] the conjecture was also confirmed for locally semicomplete digraphs and again N = 3 is
best possible for this much larger class of digraphs. A digraph is locally semicomplete if and only if
the in-neighbourhood and the out-neighbourhood of every vertex induces a semicomplete digraph.

Conjecture 3.4 [7] There exist a natural number N such that every N-arc-strong D contains two
arc-disjoint spanning strong subdigraphs.

A (much) weaker version of this is the following.

Conjecture 3.5 [5] There exist a natural number K such that every K-arc-strong digraph D has a
strong spanning subdigraph D’ such that UG(D — A(D'")) is connected.
References

[1] J. Bang-Jensen and G. Gutin. Digraphs: Theory, Algorithms and Applications, 2nd Edition.
Springer-Verlag, London, 2009.



19

20

21

22

23

24

2]

J. Bang-Jensen and J. Huang. Decomposing locally semicomplete digraphs into strong spanning
subdigraphs. J. Combin. Theory, Ser B, to appear.

J. Bang-Jensen and M. Kriesell. On the problem of finding disjoint cycles and dicycles in a
digraph. Combinatorica, to appear.

J. Bang-Jensen and M. Kriesell. Disjoint directed and undirected paths and cycles in digraphs.
Theoretical Computer Science, 410:5138-5144, 2009.

J. Bang-Jensen and M. Kriesell. Disjoint sub(di)graphs in digraphs. Electronic Notes in Discrete
Mathematics, 34:179-183, 2009.

J. Bang-Jensen, M. Kriesell, A. Madalloni, and S. Simonsen. Vertex-disjoint directed and undi-
rected cycles in general digraphs. submitted, 2011.

J. Bang-Jensen and A. Yeo. Decomposing k-arc-strong tournaments into strong spanning subdi-
graphs. Combinatorica, 24(3):331-349, 2004.

A. Bernath and Z. Kirdly. Finding edge-disjopint subgraphs in graphs. FEgres Quick Proof,
2010-04.

J. Edmonds. Edge-disjoint branchings. In B. Rustin, editor, Combinatorial Algorithms, pages
91-96. Academic Press, 1973.

M.R. Garey and D.S. Johnson. Computers and intractability. W. H. Freeman, San Francisco,
1979.

L. Lovasz. On two min—max theorems in graph theory. J. Combin. Theory Ser. B, 21:96-103,
1976.

A. Recski. Matroid theory and its applications in electric network theory and in statics. Springer-

Verlag, Berlin, 1989.

W.T. Tutte. On the problem of decomposing a graph into n connected factors. J. London Math.
Soc., 36:221-230, 1961.

10



