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up
:

•
there are u

candidate, for a job

• you interview
them one by one

• after interviewing
the i'th candidate

you
must decide immediately

whether

you
will hire person

i

•
If you

had previously hired a
candidate j

j < i and
want to hire candidate

i

you
must fire candrdahj again

60€ : hire the
best candidate while

spending as
little money on

the process



• We can ignore the
cost of interviewing as we must

interview all candidates .

• assume it cost, eh
to hire a person

( no matter whether we later
tire the person

asaiu )

•
Then we want to minimize m.cn

when

ur is the # of persons
we hire

Worst can : we hire all so cost n.ch

Thappen if 9-1<9-5 . -
- < 9-

n

when

9- e. is
the quality of the i

' th candidate

How do we avoid this ?

Randomize the order in
which we

interview the candidates

worst can still the same
but what

about the expected cost ?



let a
, ,a , , . . - ,an

be a random permutation

of the candidates

✗ , = {
1 if we hire candidate i

o
else

✗ = É ✗ c.
is the number of candidates

i=i we hire

cost of process is
X.ch

When will we hire candidate
i ?

If this is the best
we have seen

so far so p (Xel )
= ÷



ECH=EiÉ✗i )
= FEW;)

d- I

= ÉPIXEI )
E- I

=É÷
d- I

= tan -1011 )

so ECX) c- OC Inn )

Newpwb6m:_
How to construct a random permutation ?



www.5.3-permuhbyoortinslA )
1. n ← IAI

2. For ie 1 tondo

Plile Random / I ,n3 )3.

y sort A using Pao keys

5 return A

Lem plpiit-pjjv-k-iaj.sn ) >_ 1-LP
: Aij is the

event that Pci )=PCj )

pcrtij )=¥
A _- U Aij
k-icjc.ir

PCA )=p( VAI ;) a- [ plrti;)

k-icjc-nk-icja-n-2-E.in?- < d-
Kiger



↳mma Permute by sorting produces

a uniform random permutation when

all the priorities PGI ,
PGI

,
- -

,
Pcn ) are

distinct .

p : soppon first
that Pak Pak .

- - cpcn )

we want to show
that the permutation

I 23 .
- n

occurs
with probability ÷

For 0=1,2
,
.
. ,n let ✗ i

be the event that

A- E) receive , the
i ' th smallest P

-
value

Then we seek pain Xzn .

.

.nl/n1plXinXzn.-nXn)--plXi)plXalxp.plxz1Xinxz1-.-.plXnIX,n.-nXn-i)plXi-n
, plxalxi-nt-iplxi-alkn.nl/i1-- ¥



Hence

pH ,n . . .nl/n)--plXp.plXalxp....p(XnlKn..nXn-i)--1-nn-.i.-z-iI---nT
.

Same argument works for
an arbitrary permutation

0410127 . - oln ) of 1,2 .
- n :

- The element with index
och ha , probability ÷

of receiving the
lowest P - value

.

The element with index
oci ) ha , probability ¥ ,

of receiving the i ' th lowest P - value

etc ☐
.

Permute by sorting run , in
time Olulosu )

but only works if all
P - values are distinct

otherwin we must repeat
the algorithm

Expected # of repetition
is at most

¥ = ¥ = ÷, a- 2

can we do better ?



Randomize .in place (A)

n c- IAI

For iei ton do

swap
AED with A [Random limb

Return A
Random )

i*É
IF-
fixed swap

then

Definition A k - permutation of an n -ntA

is any
ordered k - subset of A

Then an Pln ,k) = of the



lemma5.SI Randomize in place produces a
random permutation

p : we prove
the follow .us loop invariant

④ I just before iteration i of
the for loop

every C- it - permutation of
A ha , probability

d- it 1) !

I
of being the elements

in

A [ 1
,
.
.
.

it] in
that order .

We start with it
and the only parish

0 - permutation is ¢
and it has probability

1 of to -miss the first
o elements of

A

can also take it has
ban can as

every
element has probability ÷ of landing

in position 1 of A



Maintaininsli:

* I assume that after
iteration i- i each C- 1) - permutation

appears a ,
the elements in A [1,2, . . , i - 1)

in that order

with probability

Consider a particular i- permutation
⇐ xn . - xp

and define

events E
,
and En .

E
,
: A [1,2 , . . ,i-13--6×1×2

. - ✗i- i> after i
- l steps

Ea : in ith itemHou Ati] become , equal
to Xi

By €1
'

we get p(E.) = and

p ( Eal
E

,
) = ¥ ,

( there are n - iti choice , for Ati) )

so PIE ,nEz) =p (Ea /
E
,
) - PCE , )

= . !÷
.

=

so ⇐ I hold > after i steps
if it

holds after i - i step ,



In i=n -11

(1) =) ALT ,2 , - -
n) - <xixz . - - Xu> for free

permutation chin
. - his with probability

←I = :÷=n÷ ☐
.


