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Randomized divide R conquer

: median finding andQuicksort

Given 5--39,92 ,
. . .

, an } a
set of distinct numbers

Detinihin-ofmedian-ots.lu
hen n -2kt 1 to - some integer

k then the media
sots

it the kit 'st element
in the sorted

order

aiiaiin-aiirai-efaiu.in .
- - cain of s

o
when n --2k is even we define the

k
'th

element aik to be
the median

Median Problem

Given a set 5 = ha , in .
. - an } consisting

of n distinct

numbersFindthemedi.no/-S&
Easy if we may unsorhns .

This requires

Nwosu ) (as you will see in
DM 553 )

can we do it faster ?



Recall the pivoting idea in quick
sort CQS )

• Chon an element a c- S

Lin the standard QS
this is the last

element

of s )

•
construct the following partition

of s

☒? 1€
s
- St

•

Sort 5 and St
recursively

Try the same idea for
the median (call itm )

assume n =
26+1

☒? 1€
s
.

- St

if 1551 = k then a is the
unborn m

if 1$
-

I >k then
misthektlbt elementof

5

of 1$
-Kk then mis the

k-11-(1-1551) 's t

element of 1st I



Contusion : we need
to solve the more general

select Gok )

Given 5--19 , in - -an } all distinct
numbers and

k c- 11,2 - - n }

Find the element ain ( k
'
the element in

theg.µ,a
So median of S is the return

of select Is ,
E)

when u is even one
select ( S ,

¥ ) when u is odd

select (Sak) :

c-hoonasphttoac.es
SI-hajc-slajcac.li,
51--4ajeslaj >ail

If 151 = k- l then
return ai

Else if 1512k then
return select 15, k )

Else return select 1st ,
k - (1+151)



clearly selects ,k) returns
the k

'

th element of s

what do we want from
a splitter ?

• we always make at most one
recursive call

Cto either 5 or St ) . So we reduce
the problem sin

be the sizeof the
discarded set each time

a
Ideal situation 1514511 which would

(almost )

half the problem sin in
each step

• Suppon we can guarantee
min 4151,15412 En

for some 06<1 .

Then the running blue
Tcu ) on input

of size n satisfies

1- (n ) ETCC-E) n ) +④-
Wo- k beside , recursive

calls

• TG )sent d- E)cut G-E)Est . - -

= Cu [ It 11
- E) +C-914 . -

.
]

< on Éci -e)
i
= on¥, , = ¥ E. n

c- 0

This is linear time !

Randomselects,h ) : Choon the split
to ai

uniformly at random fuss



Randomselects,h ) : choonthespbttoai

Uniformly at random fans

we expect to reduce
1st by a constant fraction

in each round
Central

☐-☐
p P p

middle

firstly thots last 44

Ots in sorted insorhd of sin

order
order sorhdordr

- Half of the elements of s are
central Linton

middle half

• If ai is central we
eliminate ? Yy of the

element , Ñml_- belongs to middle
set )

☐ ☐•i☐
--

one of these is

eliminated



Pharis

phan j : actual sets
'
satisfies ftp.thclsyep-epin

we start in phanj -0

If we Choon a central splitter
while is phsnj the

phan ends as s
'
- as

" with

Is
" Is ¥1s

' / £ (F)
it!n as Is

' Is#i.
u

(not that we could
skip several phan ,

and go
to plan jts

for some s > 1)
The probability that we Choon a

central splitter is £

so the expected number of splitter
we pick in phenj

is ÷ =L ( if we ever arrived in
that phsn )

Define random variables to ,X , ,
- - Xi ,

. -

so that Xi is
the # step , done

by the algorithm in plan i. Then

✗ = ✗otX,-1kt . - .
is the # steps in

the algorithm

In phanj the input Sj
ha , sinat most (F)I. n

so at most c. (F)in steps per iteration ( recursive
call)

in phan j



We expect@t most)
2 iterations in plan j so

E (Xj ) a- 2cm (F)
I

Hence ECX) = ECEX;)
j

= [Elxj )
j

I 2cm -21¥)i
j

12cm É 1¥
"

=
2cm (¥) = seen

6=0

Conclusions the expected
waning time of

Randomselect light is
Ocu )



than IQs (5) = quick sort on s when pivot is
a random element from S

Same analysis a) above

• small change : if
the chosen ai is not central

then pick a new
random ai

☒ / The expected
# of repetitions before we

have

a central splitter is 2 (a) probability
of good )

splitter = 1h

This gives us

(13-19) The expected running
time on S excluding

recursive call , is 0( n )

Divide sub problems into types

Type j : the actual sets
' satisfies n .

"
< Is

' Isn . Eep

Bg (☒ the expected
work on s

'
minus recursive

calls is 0 ( n#F) ② I

wcneedtobon.cl#suJpwbkusottypejIObnrvation:-all subproblem, of type j
are dioµ

since the came from suspwbbm , of type , jl
when jlcj



As sub problems of type j an disjoint
and each have

size at least 4)
it.lu

,

then an at moot

n.tl#j-u-- (f)
""

subproblem, of type j

By @ 1 the expected time spend
on
each subproblem

of type j is 0 (
n#Ii )

Then an utmost (E)
it '
subproblem , of

tsrej

so expected time on
all of these is

0 ( n . (F)i.
+1) = 0 ( Eu ) = 0 In )

Then an at most to syn
= ollosu )

different type, so

(13-21) The expected running him for
RandQS

tonantotndistinctnuw.tnis 0 (nlosn )



cormen7.4.LUt ✗ be the number of companions
made by

Rand Qs on a
sit Sof is distinct

numbers

Then ✗ is a random variable

let 2
,
< 2< <

. - . < zu
be the sortI

order of the

elements in S and let
the random

variable

✗ ij
= I if Zi and zj are compared

in the algorithm and

✗ ij
= 0 otherwin

Note : Zi and Zj can only be compand if one

of these is the pivot call comparison,
are with the pivot)

so ✗ = -2✗ ij
lsiajsn

let Zij --34,2 :-c , , - - ijl
Then Zi and Zj an compared precisely

if Ziorzj is
the first pivot drones

from Zij



The probability of this is ÷g= 2-j- i -11
Now we ne that p(Xi; -4 ) = ¥71
So E(Xi,)=j÷ ,

and hence

ECX) = E E "Éi¥ik;]
= ÉÉECK;)
i= , j_- in

= i¥¥÷ ,¥+12 take k=j- i

=ÉÉ÷u
E-I bet

a EE
c- i 6--1

< 2 É
'

Hln)
f- I

< 2h It@ I = 0 ( n
/ osu )

conclusion The expected # comparisons
in RandQs

is Ocnlosu)


