
Coding Turing Machines -

The Universal Tuning Machine

Universal alphabet :

A
"
-

- ha
, .ae ,

as , . . .
. -

- I 00 set

Universal state set :

Q
't
- 17

, th , Gs ,
-

- - -
- I w set

Given a TM M - (QE
,
tis

, Gottauftrej )
when I@ I = r and IMI -- t

Rename Q to ft , th ,
.
- -Art and

r to ha , .am .
. - tael

conclusion : Every TM M has an equivalent TM m
'

with Qlm
' ) E Q

't prefix and Mui) E T
*

prefix



Un binary numbers 9-
z
- Gu

, 95=9101

codefora.TN#aooomeM is deterministic )

List of tuple , of the
kind ( lotiiaj ) , lots ,9q ,

} ) )

where } c- 312,451

when r=IQ@ 11 and
t - I Must

we may 9000mi 9- info Cinhil) ,
9-
rt
- 9-accept and 9- r

- 9- reject

and now we can contr the
code of Ma,

< m> = ( 14,9 ,) , G-fiaq ,

R )
,
44,927,1- i - i -D ,

. .
-

,
Hr

-
nah ,

Hsiu ,4)

Similarly we can code strings
WET

"
:

If W - aza ,aza,
then Lw> = (az )Ca , ) , Cam ,

Caz )

So we can code all Toning Machine,

using the alphabet

E- I' iii. 'd. ' a' ii.
'

iii. ' n' ii.
'il



Universal Turing machine U

Take , input of the form

< m>aw >

and um 3 tape , to simulate
Mon w :

initially : tape 1 Dsw>

tape 2 DLM>

tape 3 D 9-
c

one step of simulation
:

-

Let q = state
on tape 3

a = symbol under
head on tape I

Find entry for ft ,a ) on tape
2 and perform changes on

tapes I and 3 :
I f entry is ( lot ,a) Lp ,

b
,
L)) then

new symbol on tape 1 is b and head moves left

newstate on tape 3 is p

I f p - fry ,

then U enters its accept
state and stop,

I t p = fr ,
the U enter , its reject stats and stops



Easy to see that :
-

U accepts Injects cmKw>

A
V
M acceptsInjects W

and the deterministic TM
M

loops on w if
and only if U loops on cm>cus



Enumerators

Turing machine with an output tape

←
first sting pointed

>
winwas was . - - -

E starts on the empty sting,
and

✓
Was forever

E
From time to time

E points a string

wi on
its output tape

LEC ) = I w I w is printed by E f ← over w time

L is enumerable if L = LE ) for some
enumerator

E.g . he 302
"

In > o ) is enumerable

Theorem 3.21 L is enumerable
-

an
V L is recognizable

( L =L@ j for some
DTM M )



Proof
(

next sting pin holds E

v
"

.

".

restart

on input hw> the TM ME starts
•

the enumerator E on the empty
string

.
whenever E prints a string w

'

,
ME

compares w
'
with W

- I f w e w
'

, ME accepts w

Eln it restarts E and waits for mxt

string w' printed by E

clearly L@ E) E LE ) since ME can

only accept w if it is pnuhd by E

Also LE ) E L@ e ) since

W E LE ) ⇒ E eventually points w .



I let L =L@I for a DTM m

let -2 be the input alphabet form
and order the stains , in

Etta
,

Si
,
SL

, Sg -
- -

- Su
,
she ,

-
- -

- -

lexicographically

Em : For i -- I to co

simulate M for i steps on

each of the strings S, , Sa . . , Sinone ily
ie , step

and prints ; if M accepts
it

in less than

# s
,
# Sh# . - - #si # ← strings listed lexicographically

on one of Em's tapes

Soppon M accepts w after p steps and

W = Sh Ch
'
th string in lex order of

Ex )

Then Em will print w in every
round n

where n z ma x Ip ,
4

So w E L@ I ⇒ Em prints w Coo many times )

and Em only point , strings from
L@ I

Hence LEN =L@ I



Hilbert 's to '

th problem
-

D= Gap> I p is a polynomism with an
integral root

/
ex of pdynomiom
plxiy ,

21=6×332 - 8xyz t 2g226

X -- y -2=1 is a
root as p ( l , I , l ) = 6 - 8 t 2=0

Hilbert asked for an algorithm
to decide D

It turns out that no such
algorithm exists !

Simpler problem
D

,
= 4404 p is a polgnomiom over

one
variable x

which has an integral
root

I

Both Dan D ,
are
To ring - recognizable as

a
NDTM

Can guess a solution when one
exists

.

A deterministic Tm for D ,
can check for x in

°
,
I
,

- I
,
2
, -2,3 , -3 . - - -

This Tm can be turned
into a decider since

P (x) -- c ,Knt Cir
" - te . . + qxtco has a root

if and only of it has a root x El
-Eth?7 ,

. . . ,
hellYI

Hence the TM only needs to check values in this interval



Church -Turing thesis

¥::::::÷:::
We can un encodings al a

cm> and Cw>

for all decision problems

A =La> I G is a
connected graph }

56> = (o , is ,
. -

, rn ) ,

Ce . ) ,Ced , .
.
.

,
Cem)

when Lei ) -- Cui
,
wi ) for some pair

Ui
,
wie lo , is , -

-%) of distinct

vertices

Given 26 > a DTM can
check whether

Lw> c-A by performing a Breath . First
- search

from o

,


