
sipser4.20ndecidabilityh-tm.IS
m>aw> ( M is a deterministicTM and we LCM) )

theorem Atm is Toning - recognizable

proof :
-

l
.

check whether LM>
codes s DTM

if not reject an>Cw>

2 .

→ accept⇐ M accepts w

⇐
→ reject⇐ m rejects w

u

Nio the universal TM

it will loop on Lm> Lw>
⇐ M loops on W

Es E, → accept

A → reject
←r→

a

Mtf

A : check whether M is a DTM

if not loop
eln and am> to U

MY recognize ' ATM
.



How can we prove
that Atm is not

decidable ?

Definition 4.14 A set S is Coon take
-

if either

1
.

S is finch , or

2 .

I f : s → IN s .tf is l - land onto

Example
• S = 42hL HEIN } f : 2h

-ok

.
S = -2

't

f orders skins , lexicographically

e
S = Q rational number ,

P

s .- if i f

I 2 3 9 5 . - G



The sets of all binary skins, is countable

a) S = 10,11
"

E
,

O
,
I

,
O l

,
l l

,
00 I r -

- -

Theorem The set B of infinite binary
-

strings is uncountable

Pw sup pon b
, , baby -

- - by , but , - -
-
-

is a list of all infinite binary
strings

Define the infinite binary
string b " is follows ,

when 8*4 ) is the i
' the place is t

't

b
*
Ci ) = y

l if bili ) - o

o if bill -- I

Now b" cannot be in the
list above :

sup pon b's bj
.

then 6*81--1 - bgljltbglj ) fu
O



Observation : Every language over an alphabet -2
is a subnet of P (E' ) = set ofall sosnts of E

"

and with respect to the lexicographic
ordeny

WI cWh g
w
z g

- - - - -

• t I
*
each language how I corresponds

I - I

to a unique infinite binary
stains by .

when y
,
@ ye y

l if and only if wi E
L

o it - l l - wife L

corollary The set of all languages
over

a non -
trivial alphabet E is uncountable . Ikki)

Recall that Tonus machine , can
be

coded over the universal alphabet
and

state rut plus a few
extra symbols



let A - ha , in .
.
. . I

,

Q -

- I # is
,
- - - - I and

X --H' ii.
'

H' a' ii.
'

iii. ' R' ii.
'

s
' l

Then with -2 = X we can code all
TM

consider the lexicographic
ordering of strings in 2-

w
i own , us .

- - - Wp
,
,
- - - - - up

,

- - - - - cop
,

- - - - -
-

LM ,
> Lma> LM,>

This induces an orders , of a! ( (code , of ) Toning
machine ,

LM
,
7

,
smh> ,

-
- - -

conclusion: There are
countably many Tonks

machine,

e.
Each Tuning machine Louis

recognises

exactly one language , namely L@it

.
Recall that the number of language , over

an alphabet with at least 2 symbol
, is Uncountable .

.
Hence there are too ) many languages

that are Not Toning - recognizable .



theorem Atm is undecidable

ATM- km> aw> I miss
TM omd WELCH

Pi Soppon His
ATM which decides Atm

<m> → accept@ LMKW>C-Arm

<w>
H
→ reject am>Lw> d- Atm

Then we can un It to build the
TMD

← →accept→ reject
↳

*
- reject→ accept

D



'

* Ini: iii.it

D

D km>) : D 's action on input cm>

D (cm> ) = )
accept if cm> ¢ L@ I

reject it cm > C- Km )

Hmu

D ( LD>) =
acht if LD > of LCD ,I reject if CD> C- LDU

so LD> E LE ) LD> Ct LCD ) &

conclusion D cannot exist !

So It cannot exist



Matrix of TM 's

_s----LmimP<m#
emiti÷##÷:: .<m#

Entry <misery
.> = /

1 ifcmjSEL@iloothvw.n
• Suppon It exists

• Then D exists (just swapping accept
and rejectstate )

•
Hence D= Lmg for some Mi

in the list ofall TM
's

. But D disagrees with Mi on input
@ is

<mise L@e) ⇐ohMi> to LCD )
- Luis tf

. So D is not in the
lists and hence

does not exist ⇒ It does
not exist

⇒ Atm is not decidable



Theorem 4.22 L is Tonus. - decidable
-

q
L and I are Tuning recognizable

If : let m
't decide L .

M
* always stops and L@7- L

so M
't recognize , L and

MT recognises T :

←
→ ace→ reject

m*
→ ref→ accept

Fix

IT : let ML
,
Me recognise L respectively

I

wrong approach "

I
.

Ron ML on w

If M<accepts we accept
w

tf ML rejects we reject w

if Mc loops . . - - ? ?



we need to run M<and ME in parallel

-A1- accept

←[ Ma
- r

↳ -If
resetMe

-A-

M

M : simulates each of ML ,
ME one step at

a time Con different tapes )

as we L or wet one of ML ,
ML

will accept I reject after a finch#
of steps



theorem For every language L over universal alphas
.

exactly one of the following
holds

1) L and I are decidable

2) none of L ,I are
recognizable

3) L is recognizable but
I is not recognizable

or

I . .

-
-
- L .

-
- - -

IK D R Nr D= decidable

D * -
-

R - rbeutonsoftinbhidasa
R - - X WR = not oewsnkshd

NR - X *
* = possible
- = not possible

corollary IAM is not recognizable

AIm= ) Lw '> It . No prefix otcw 'S
codes ATM

or

2. Forevery Lm>
s.tcwb.cm>cus

we have w¢L@y
|


