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Halting problem : HALT -- Ism>cw> I MisaTM and

M stops on w
}

Theorem 5. I HALT is undecidable

-

P : suppose
the TM R decides HALT

we show that
this would imply

that Atm is decidable

⇐ ⇒
A : if cm> is not

atm

then an
'
> - cm>

A Else <mi> is TM
that

has L@ it =L@ land

s - t m' loops on
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not in L@
'
I

am> any - accept
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aw>
A
- reject
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Mr is a decider for Atm {



Eth - km> I Misa TM and L@1=01

theorems Etm is undecidable

p : Soppon S is a TM which decides ETM .

We will uns

to construct a decider for
Atm and reach a

contradiction .

Lm> 6,
B : check whether an>

code ,

→ at TM .
if not output

Mw ATM
with L@w) -X

B
i fix> is a Tm

output TM

Mw with
L@why

if welly

0 ifWELCH

Mw : 1. check if input x equals W

2 . If xtw reject

3 . Eln
simulate Mouw

and accept w i ft
M accepts w

ans →ace - reject
→ ⇒
es

B - reject- accept

s 't
s

s
't decide, Atm I



Consider again the TM B :

⇒

Es

B

we made it such that
the outputdew>

satisfies L@w , = y
0 it well@ I

3Wh if we LCM )

The construction works
no matter what L@ w

) is

when W E L@ ) as long as we
have

L@w) to⇐
we L@ I

becairn this is
what we need

to be able to un s

to decide Atm
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if wet L@ )

E
*
if we km )



Remain Efm is Tuning recognizable

Ey-m = ) Lw> / Either aw> is not ATM
or a>em> for some Tue

with KMHO)

Here is how to recognise
Efm :

I
.

check whether Lw> codes
a Tm

if not accept < w
>

2 .
let M be TM

cooled by Lw>

3 . simulate
M on

strings over
2-
*
( input alphabet of

m)

in lex order
in 1 parallel

'
:

For i =L , 2 , - -
-

simulate M for i steps
on stains ' w , ,wz ,

. .
-wi

according to the
lex order wi ,wring

-
- -

stop once a string
is accepted

Note that if we heh then the algorithm

above will stop after
at most p steps where

p - Max ht ft ) and
M accepts w int steps

and we wq

Corollary Efm is
not Turing recognisable
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M : goes
directly to its reject

state

no matter what
the input is

( including empty input )

so Otto
,
a) - 9- reject Fa

E T

L @01=0

Mzx : goes
directly to its accept

stab

no matter
what the input is

Stoia ) - 9-accept Fae M

L@ -2*7 = E
't



EQTM = fan ,
> cm.> I M ,

andMa are Tms set L@ i -
-knit

theorem EQpm is undecidable

p : we show how to
'

reduce
'

Eton to EQTm

Soppon MEA
decides EQtm ,

then we can make
the

TM m
't :

÷ -accept

Es - reject
MEQ

m#

M
't
is a decider for Eton I

can we formalise the idea of

using a hypothetical T M X
to solve a

known undecidable problem ,
hence proving

that X cannot exist ?
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Definition 5.17
-

f : I
*
→ I

*
is computable if I TM Mf

which started with w ends with flu ) on
its

tape : qow qaafcw )
Note that Mf always stops

!

Example 1. f : IN → IN f@ i = 82

2.Mf takes a , input a
string hw> and

a. check whether hw>
is a TM description

b
.
If yes Mf change, Lw>

Em> to an' > when

M
'
loops on all string,

that M does not accept

c . If notMf outputs the string
hw>

So Mf calculates
the function

f : aw>→ Cw
'

>

when LW'S is the out pot from Mf

Note Mf is the same as
the TM A cue

and to prove
HALT is undecidable .



Definition 5.20
-

let A ,B be languages .
We say that

A is mapping reducible
to B if I a computable function

f : -2*-2-2
"
s .

t we A ⇐of@ IE B

we write A EMB and call f a reduction of Ato B

A f B
zxI

"

#

Example < my am><mop

is a mapping reduction from Erm to EQtm

theorems If AS B and B is decidable ,

then A is decidable

M

⇒ ¥,
- accept

- reject
Mf MB

MA

If MB exists and AEmB then MA decides
A



Corollary 5.23 A Em B and A undecidable
- a

✓
B is undecidable

Theorem 5.28 As B and B. recognizable
M

H
✓
A is recognizable

corollary 5.29 AE B and ft not
recognizable

M

H
✓
B is not recognizable

Recall that Efm = Law> I either w is notatm or <w>em> foraTm with
KMHOI

We have seen that Erm is recognizable

claim Atm EMEIM

Given LM>Cw> we construct cm 'd s .
t n'wi sa Tm and

L@ '

w
) = f

0 if M is not a TM
or Misa

Tm but well@ I

[
*
otherwin ( we LCM ) )

Now LM>Lws C- Atm ⇐ and> C- Erm

clearly am>Cw>
f-

> can
is computable

(we can s ton code , of Tur
's My and Mz* in

the TM

which computes f )



Remain A EMB A- Emts

let f be such that we A⇒ f@ IEB

then we A-⇐ wet A-⇐ of@ lot B.⇐ f@iEB

SO WEE ⇐ f@ I C-B-

theorems None of Egm and EQTm are recognizable

Prout : we know
that AIM is not recognizable

so it suffice,
to prove

that AImEmEQpmandAImEmEQIn

By the remark
this the same as showing

Atm Em Eaton and Atm Em EQtm

AtmEm EQTM : Gwen am> cues construct
Aws -t

L@w 1=10
if w¢L@ I orcus

nota Tm

-

-2K if WE Ld )

Then Lm>Cw> C- Atm⇐ <min> <My> C- EQtm

Atms EQtm : Gwen can>aw>
construct Ftw as above

-

Then am>Lw> C- Atm tmw> LM -2*7 C- EQtm


