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7.4 Polynomial reduction, and

N P - completeness .
-

Definition let A
,
B be language , ooo -2

-

A polynomial reduction from
A to B is a

function f : -2*-52
" such that

I
.

x e A ⇐ f @ IE B

2 .
Then exist a positive integer kik (A ,

B) such that

feel can be calculated
in time 04×14

If such a function exists ,
then we write

A Ep B

very similar
to mapping

reductions

[
*

[
* important difference :

A f B we only have

polynomial time tof -
→

calculate f



Lemmy If A- Ep B and BEP
then AEP

p : Sopp on that AB decide , B in
time 0 ( ne ) and

CA
.

compote , f sof . xeA ⇐ FEIEB
in time ( nk )
-

new

then

EA -its AB

•

→
a
# accept

, reject )

x FEI

" IH * leolnh) AB produces answer
in time

0 ( Heil
'

) = Of@44--0 ( nch )

# IM
,
→ accept

→ reject
CA - IB AB

AA

AA accepts x ⇐o AB accepts feel

⇐ xe A

so AA decides A in polynomial time



Recall that ,
via the universal alphabet , we can

that all language , in NP are coded
over the

same alphabet E .

Definition 7.34 A language L is called
NP-complete

- (written LG NPC )
if

1
.

LE NP

2 .

VL
'
C- NP : L' Epl

Y÷i:t÷::t÷÷¥:tt÷:w
theorem If LE NPC

and L Ept

p :

then I C- Npc

- f g
got

•TH .
. s

i
n x gtfo ) )

L L L

K f I g.Cfe ,) tell SCHNEE

Hence L' Ept tf L' ENP



A boolean variable X takes two values true and false CT, F)
Sometimes write n as I and 0

The negation I of a boolean variable X
is

I =/
true if x -

- faln

faln if x e- true

A truth assignment to a
boolean variable X is an assignment

of a value true or false
to X

SATISFIABILITY ( SAT )
-

fwy boolean variables 4,42 , - - - g Xu

and Clann , c
, .cz , .

. . ,
cm over

the literals

x. it
,
Kit

,

- - -skin e.g Ci -- (Xi
,
vii.vxizvxi )

Owen : doe, then
exist a truth assignment

"

4 : h Xuxa , . . . , xnl
→ IT

,
Fl
" such that

F - C , nczn .
. -

a cm is true ?

SAT :

certificate is just a
truth

assignment of sit each
C ,

evaluate,

to true . Given af we
can

check

in time off 1) whether f- is true
and 9 .



Theoremlcook-h.eu# SATE NPC

we prove
this in a separate lecture .

3- SAT : SAT restricted to each clause
having exactly

-

3 literals .

e. s f- ( X ,
vxavx ,) n CI , vxzvxs )

n ( x.vxivxslncxivxzvxs )

( 9 : IX. iris) - s ITT ,
TI satisfies f)

Theorem 3- SAT E NPC
-

Foot 1
.

3-SATE NP is clear certificate
= good truth assis

ment

2 .

We prove
that SAT Ep3-

SAT

we show how to transform
an instance f-- C ,

ncza . -
a C of SAT

over the variables x , ,xa, . . - Xu
into an instau f 's Cia . . -

a Cmm , of 3-SAT

such that F is satisfiable F' is sah 's trash

we call f (f
'

) a
'
yes

' in stam of SAT
( 3-SAT )

" f f (F
'

) is satisfiable (
ha , a satisfying truth

assignment

Method replace each Clann Cj
whom tenth

- by seven I equivalent
( no of literals )

is E3

Clann )
.



14174 : Ci = ( h ,
vicar . -via ) 624 hi lihml

-

over 34 .
. - in

,
I , - - in }

Introduce new variables Y
, ,Yz .

.
.

. Yu- z private to this clause Ci

and replace Ci in f by

X ( X , vinyl ) n (5 , vizvyz)a(5jVXyvy ,)n . . - nl5n
-yvdh.zvk.sk/5h.svtn.ihk)

claim X
,
is true ⇐ at least one of

the Xj's is true jerk
]

Ici 1=2 : Ci -- ( X.via) →X:(X ,
vlizvz ) n ( divine )

claim X
,
is true ⇐ at least one of d

, .ch
is true

Ci = ( X ) → Xi -- (Xvxvy ) a (
dvxv5)a Hurry )akvEv5)

claim Xi is true ⇐ o
X is true

So f-- Cincy . - acm Is f 's Hakan . . -aim

satisfies 4:14 .
. . ,xhl -s IT, Fl

" satisfies f

#
Every extension of g

to the new vanishes
in f

'

satisfies f
'

Id we can
calculate f

'

from f in polynomial
time

measured in If



Clique Given ( G
,

h> when 6 is a graph and k E 74

Does G have a k - clique ?

Clique E N P : certificate is a n tot k vertices

✓

ii.92 ,
- - via of

6 sit

✓

iqocp is
an edge of 6 for all f.PE 31,2, -- let

ftp.

3-SAT Ep CLIQUE

pivot first by an example
to show icks :

Cz
C
3

f- (x. v E.) alxivxcvxsalxirxivx ,)

x¥iE x
,

-

- F

Xz -- T

Cl X ,
-T

X,
• X

,÷##i÷÷i:"""r

.

i

assignment
• Xs



General construction
-

Given an instance f= C
,
ncza - - a Ck

of 3- SAT where Ci = (hi ,vhlizvtig
)

with hi
;
Elkin . .

,
Xu

,
I

,
- -

- in}

Construct an instance cook> of

CLIQUE as follows :

✓ ④ = kiniriririisl
when viii. rim , rip

correspond to

the litem b Xi
, ,
Xia

,
Yi
,
respectively

E@ I =/ vi. j voi , ji lit i
' and hi

; this .
I

Think of vi. j as being
labelled

by the literal Xi ;

( as in the example )



claim G ha , a k - clique f is satisfiable

⇒ let It be a k - clique
in G

.

Then

• I Hn loin
,
vi.ziri.SI/--lV-ic- 11,2. - - ,

let

•

If a vertex labelled Xj
is in It ,

then

no vertex of
H is labelled I,

set y (x ; ) =/
T if some vertex of It is

labelled x ;

F- if some vertex of
His labelled to

ore
no vertex of His

labelled by Xi or Io

Cf is a satisfying truth assignment
:

we set at least one literal tree in each Clann Ci

⇐ :

Sopron p : tix , ,xa. . . , x. I→ IT, Fl
" satisfies f

e pick one true
literal hi

;
in Ci f- i -4,2 ,

- - ik

•
For ii. I to k

put the vertex labelled by Xij in
H

•
It is a h - clique

Given f ( Clann , an variables )

we can
construct CG ,

h> in time 0471
'

)



Definition The complement of a graph G--wie)
is the graph E -- (V ,

E) where
.

ur c-E WEE

*:
km

Definition let Ge (V, E) be a graph

Asus at WE V is independent if no

edge we E has Hail nw 1=2 ⇐
UNE

W )

÷÷÷÷÷÷÷i÷÷n¥¥
TIndependent net is

NPC

P : I
. clearly IS

C- NP

h .
CLIQUE Epp IS :

X iss clique in G X is independent in E

LG
,
k ) C- CLIQUE ⇐ o CE ,

k> C- Independent at

polynomial reduction
0



Definition A vertex cover in a graph G -- wie )

-

is a subnet UEV sit . Hunt n UIZI fave E

① a

:÷÷÷÷÷÷÷÷i±:÷ a

Theorem VERTEX - COVER C- NPC
-

Proof : . Vertex - cover E
N P

certificate is a
set UEV

5.t removing
U kills

all edge,

• INDEPENDENT SET Ep VERTEX
- COVER

X is independent in G

if
VIX is a vertex

cover
in G

( G , G) E INDEPENDENT
- SET

so I
✓ D

.

(G ,
IV@H - at> C- VERTEX

- COVER



Polynomial reductions seen so far :

S AT Ep 3
- SAT Spc L l QUE Ep INDEPENDENT - SET EPVERTEX

-COVER


