
More NP - complete problems from Sipw
7.5 and Corman 34.5

3-SATEpvertox.co#
We have already seen

that 3-SAT Epclique Ep Independent
E Vertex -cover

Here we give a
direct reduction from

3- SAT to Vertex
- cover

.
Given an instance Fe GAGA

- r - Acm of 3- SAT with
variables X

, ,xL, .
-

, xn

• Let Ken + 2in and
construct a graph G

- Gtf ) with 2n -13in vertices

• Each variable Xi
is represented- by g-q

in 6

Each Clann Cj is represented by o--
in G

o E

04
o connections between

these in G :

-g q
O 03suppose C

,
- KNIN Xs ) , then z④g-go,

→ Vs

do this for each damn
too;

Example
. f- lxix-avxdnlxivxavxjncxivxi.VE,)
T

,
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X
,
XT X , XT Xz Is Xi XI XI



Claim Gtf ) has a VC of gin n -12M :

- F f is satisfiable

Easy : Every
vertex cover has size at least n -12in

( 2 pr Clann
triangle

o

and I pr
variable edge

0

IT suppon f is satisfied by the truth
assignment t : ht

, .
. ..int → IT.FI

"

construct UEV@I by adding vi. to U if
this -T

adding To to U if
this -- F ( tho )

-T )

Now U covers all edges
of the kind Vi

- VI ie En
]

For each Clann
triangle Zj at least

one of the
blue edges e

leaving it is now covered by U as Cj is
satisfied by t

g-
←T

O

,
add these two

to U

0

Now U is a vertex cover
and IUl - ne 2M



My suppose G has s VC X s .tk/--nt2m

Then lxnloi.it/--lnf-.iEEnJ

and X ha , exactly 2 vertices from Zjforjetm
)

set off ;) - T iff vie X
ie En)

Then q is a satisfying
truth assignment ,

i

that is
,

each Clann Cj ha ,
at least one

•I# one
of then inktmeliten"

y °

.

✓ \d•eX so true

•
-

otrue literal one of then
in Cj o in X

i %•-% !-8.

t.o.tt#..X*. ""
X

,
XT X , XT Xz Is Xi XI XI



Subsets
input : (sit> whens is a

set of non -negative integers and Ezo
is an integer

Question Does there
exist s 's s such that I.sir

- t ?

Theorem subnet- sum is NP-complete
-

I 1
.

Subnet-some NP : certificate is a
set s's s .

sit Easy -
- t

2. we show 3-SATEp
Solent- sum

let f - Gaga . .
a cm be a 3-SAT

instance with variables
X. is , - - in

we construct an instance
LSE> of

subht - son such
that

f- is satisfiable LS ,
ESE Sosntsom (

ISIS : EEE -
t )

n
M

-

consider numbers fan
lo and set

t - l l . - 144774

Each variable Xi of f
is represented by Vi

Wo th

Xi
C

Vi = o . - - o lo - - o . . .
I
. - -

- o l in ooo j if Xi
litemlot Cj

ve
'
e o . - ol o . .

-o . .
.fi : . . . o l in

"

poo ji⇐ Ee. hkmlotcji

Each Clann Cj is represented
by Sg ,Sj. when

S = Oo . . - - o o - -
-olio -

- - o idea : V i can make a 4

s = Oo .
- -

- o o . . . 020 . - - O / in column j if and only if
at least one of the rows

corresponding to the
literal ,

in Cj is in s
'



Example f -- lxirxivxdnhivxzvxjalx.hnEslalxirxvxs )

..Yo"×8← x.et

⑨← Yet
-fi://ffffff.ru.-→
=

44

Claim f is
satisfiable⇐ LS

,
t> C- Subnet

-soon

⇒ For i c- ED
: if Xist add ri

toS
'

etn add ri
' to s

'

For j c- Em)
if Cj has I tnuhhml

adds
, is ,

' to S
'

if Cj ha ,
2 fine

litembald Sj to S
'

if Cj has
3 true

literal , adds,
tos

'

⇐ assume s
'

es satisfies ⇐f --
t

set x i ←T if vie
s
'

Xi ← F if of
E s

'

This is a satisfying truth
assignment since

we must have at least one I in upper partof
column

for Cj O
.



Hamilton cycle
-

input -

a graph G -
- (V ,

E )

Question : does 6 have a cycle C with
VCC ) = V ?

Theorem Hamilton ayah is NPC

Ftl . Hamilton cycle E NP : certificate
is a permutation

942 .
- - on Srt o, vie ,

E E for it ,
2 . -

n - I and 0, on
C- E

2 .

Vertex - cover Ep
Hamilton cycle

we will un the following
so - called gadget w

.

¥
.

¥¥÷÷÷:*

.
Let LG

,
k> be an

instance of vertex -cover

where G - IV ,
E )

. For each edge
UVEE take a copy

War of W

. Fix an ordering of
the neighbours around

• U
'

l u2each vertex "-V
u .÷;←%¥I¥'

dial



For all u EV connect www.wuuh
,
. . . , wuu.dk' as follows .

Nuu' Waal Wuudla)
• . . . . . . .

S is a fixed set

' Ii::::

• O O O

Sl Sz si Sh

s

Note that Wani = Www so it appears
in the

chain for u and in the
chain for Ui

claim resulting graph G
'
has a hamilton

cycle ⇐ G ha , a vertex cover
of sink

Example r

-

T fI 089
z

• •

r

. ÷ : : : :
..

: : :

÷¥
D.



-

2

iq:* :
4 i

:*.#k - 2
pink is a Hammar

t

in G
' corresponding ④

to the VC 3433 in 6 .

Suppose U -
ha

, ,Uz ,
- -

Ual is a Vertex cover in
6

let C - s ,P, Sapa - - - su , Pa. , sakes ,
be the cycle we obtain

a ) indicated in the example
above

,

that is

Pi traverses
the sadsrt ' Way;

,
Wu

,
.
.
.

Wu
,quail

in that

order and inside

Nuovo
'

Po. uns all vertices
if void U

and otherwin Pi un, only one sick
of Nui!



Suppon now that
G
'
has a Hamilton meh C

Thr n t s ha , no edge , so c is of the form

Si
,
Qi

, SiaQi -
- - SiuQiwsi ,

•
C picks up all

vertices inside each Wav

•
Ww is only connected

to other Wav ' or Wwv v is

the edges of the
chain corresponds

to

the neighbours of either
u or V

• So each Qij←
chain for some vertex Uj

• By symmetry we can
assume

that

Qij starts
at the first of the

W 's for ki and
ends at the

last one

• 44
,
uh -

-
- cent is a vertex cover

of 6



TSP input : A complete graph kn and w : Elka ) → young;
''ve

-

and an integer k

Question : Doe , then
exist a Hamilton cycle of

weight E K ?

Theorem TSP is NP - complete
-

Put 1
.

TSP E NP

Certificate is a permutation of
the vertices

corresponding to a
Hamilton cycle of

weiiht E
k

2
.

Hamilton ayah Ep
TSP

kn
f

a- HEH
• ~ coot

•
O

-
-
-
- • O

T.

G w@ j , = 41 if
i jet EG)

G has a Hamilton ayah
o if ijettd

K - o
I
✓
I Hamilton cycle of wishto

in In
,
w)


