
S ipso section 7.4
Cook - Levin theorem

-

Theorem7.37_ SAT is NP - complete

proof : we have argued
that SAT C- NP : the certificate is a

satisfying truth assignment .

Recall : NP =3 L l L is decided. by some
NDTM in pot time}

We need to sin. ow A Ep SAT for every AE NP

let A C- NP and let N be a NDTM
that decides A

in time Nk minus a constant,
when n is the sizeof

the input

A tableau for N on the string w
is an

nkxnk table showing

N 's tape in step, 1,2 ,
- - -
nk for of

N's computation on w
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Note that if now i corresponds to an accepting

configuration
,
then now j - row i fo

- all jzi

duthetab6#Every accepting configuration of
Non w corresponds to

lanaeceph-ngcompotutioubranohfornou.pt/-enu
: N accepts w ⇐ I am accepting

tableau for Non w

our goal : construct a SAT formula of
from Nandu

such that of is satisfiable
⇐ Ian accepts

tableau

for Nou w

• let N have state ht Q ,
tape alphabet r

set C = Qu Toh# I

• Cf will have variables
Xi

, j . s ,

when is je Link) .- 4,2 -
- -
nhl

and se C

ee Each of the nth .
nk -- nhk entries of a tableau is called a

cell

and cell Ei , j) denotes
the content of the

th cell

so cell Eiij) E C

•
The variables xi.jp

will indicate the content of
cells :

celltip = s Xi,j , s
= I and Xi

, j ,too
ft E Cs-

t Ets



The formula of consists of 4 susformulas

& = chew A 9start a 9more ^ 9accept

E. : Express, that at any time ,

each

cell has precisely one symbol from
C

Pak - ÷¥t ! is a l vii.shield

% : Expresses
that N starts in the

configuration four
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4accy Express that at least one
row of the tableau

contains an accepting configuration for
Non w

4 accept = V Xiii itaccept
i.jeong



%o should express
that the rows of the tableau change

according to N 's transition take

Monwmplicah
We must ensure that from one row in the

tableau to the next

the cells can only change
according to

what N can do in

one step
.

E.g if reading
head is more than one cell away from a

given cell , then
this cell is unchanged in

the next

iteration
.

Solution : un 2×3 window , I# just called a
✓ window below
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N B : we do not give a complete description

of legal

windows
,
but you should

be able to argue
whether a seven

window is legal
,
band on

N 's from , this table .

it I did
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claim7.4.ltf now I ~ start configuration of Nou w and

every
window of the tableau

is legal
,

then each

row of the
tableau ~ config that legally follows

the predecessor of
that now

.

Pwoti Consider two consecutive now , j and jt I called

Upper and
lower confisomhvs

• In upper every
cell i.j containing a tape symbol x

and which is not

adjacent to a state symbol has a window i 1¥27 9,2 C- To#I

so cell is j also contains × in
now jt I
_#

R al Io X bin

• if upper
= # - -

- - aqs . - -
- - # then the window

1¥51 mimic , what N will
do so if upper conf's is legal

- then so is the lower
configonhis

• By induction and
the fact that the first row

is

the star hug configuration of Nou w ,

the row, in

the tableau corresponds to con n wht . configurations of Nou w

O .



Construction of cfmove : The formula needs to correspond to

- all windows of the
tableau anlessl

Informally :

Yimou
,

=/) ( the jl -window is legal )
.

i c- END

icjcnh j . , j jet

when fiji -window = ii. ITH

Not a SAT formula
But we can formulate that a window

is Usat wins

Gomiabhs 1¥73
LEG

jl -window
is legal

Y

q¥¥;!!!!!! 'a? "iiiazmiijti .sn#si-i99aKxsiasaxitsi.nid
For a legal window a

,
.
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-AGE C so at most

klb legal windows (far less )



We have shown

4 = hella Cfstwtn Honored @accept is satisfiable

I
N accepts w ⇐ WE A

Remain , to prove
that given N ,

w we can
construct Cf

is polynomial time i INI tlwl

Note that for fixed AENP ,
N is also fixed so

INI is a constant

• # variables in 4 is n
"
# lol E O ( n

" )

• I clstut l E O ( nh )

e 19 accept C- Oln
"
)

. I claw It E O ( n
" ) as Icl is a constant

or I Cfmovel is 0 ( n
"

) as # legal window
, only depends

on N 's transition
table

we ignores factor 0 ( log n ) to
handle indices

"
I y l E O ( n

"
lo su ) which is

polynomial in Iwl

We have show that A Ep SAT
and A C- NP was

D.
arbitrary so SATE NPC


