
1. 4 Non regular languages
-

How can we prove that a language
is

not regular ?
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NB Every fruit language is regular ?
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Theorem 1.70 ( pumping lemma )
-

Let A bear solar language
over E

Then Ip C- IN such that

V SEA with Isle p Ix , y ,
2E-2

#
such that
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Prot : Let M be a DFA s.tl@ I -A

and let p= #
States in M

.

• since I sleep some state of
M wast

be repeated while M
reads s

• let g- be the first
state which is repeated

as M rads S
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holds as we can repeat y

O or more
times

2 - holds as we read
at least one

symbol .

between the first
two

occurrences of ez

3
.

holds by the choice of 7

( and the pigeonhole principal
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How to un the pumping
lemma to

show that a language L isnt regular
:

Note that L must be infinite and hence

contain arbitrarily long stays as otherwise

it is regular

Proof by contraction ( seen as
a game against

an adversary )

o Supp on L is
regular ④ I

•

Then L - L@ ) for some DFA
M

let p be #
stats in M

•
We Choon a string SEL

with ISIZp

( designed to get a
contradiction )

• The adversary gives a portion
s = Xyz satisfying 2 .

and 3
.

in Theorem 1.70

•
We find a value is.tl . does

not

hold → contracting I



Example 1.73
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← Suppon
B is regular . let m

be a DFA
with LCM ) -- B and

let p

be # state , of
M

.

• We Choon s =
OPIP

.
The adversary pop

ons a partition
S = Xy 2

satisfying 2 . and 3
.

that is
,
ly I > o

and Kyl Ep

• As lxylep we must have y =
or

O O - - O O l l - - - - l

for some r so . IT

Now XZ = OP
- r IP ¢ B

contradicting l
.
of Them 1.70

Conclusion : B is not regular



Recall the language , Lz and Ly :

↳ = ha
" b " I nzol

Ly - ha" 8
" I n E 281

• Lz is the same as B if we
do

0 → a
,

I -s b

So same proof shows
that Lz is

not regular

• Ly = Lz n Lz (LE hwehacsillwl >271

Can we conclude anything
about Ly

from that ?



↳ = Ly u land
"

In Etoile ,
- -2711

It

= Ly u X
X

X is regular

Suppon Ly
is regular

Then Lz is the onion
of

two regular languages
and

hence it is regular ,
contradiction

as we have shown
that ↳

is not regular

¥ Ly is not regular



Example 1.74
-

C -- I weho.IM/#ocwl-- #fl )

Suppon
C is regular and

let M be a DFA

with L@ I - C
and let p=#

stats of M

e W C Choon s =
OPIP

.
The adversary pop

ons a partition
S = Xy 2

Satisfying 2 . and 3
.

that is
,
ly I > o

and lxylsp

• As lxylep we must have y =
or

for some r so .

Now Xz = OP
-RIP ¢ C

contradicting 1
.
of Them 1.70



alternative proof using clown properties of

regular languages :

If C is regular then
C. not

't
is regular

but B - Cn 0*1
" and we know that

B is not regular .
Hence C is not regular .

Example 1.75 Fehwwlwehoi# I
-

Suppose
Misa DFA with p

state, such that E- KM
)

•
We Choon s = OPI OPI

• Adversary pwpcsapwhtios s - xyz s -
t 2. and 3 .

of Theorem 1.70 holds

• As Ny IEP and ly 120 ,
we have y - O

"

for some ie 41,2 , -
- sp}

Now xz= OP-il OPI Ef F 2g So f- is not regular .



Alternative version of pumping lemma

Theoreml.to#-
Let A bear solar language

over E

Then IPEIN such that

V SEA with Isle p Ix , y ,
2E-2

#
such that sexy2

and

I . Xyiz E A Fiz o

2 . ly I >
o

3
.
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Example 1.77 (different proof )
-

show that Eel oils Ii > jh is not regular

Suppon E =L@ I when Misa
DFA with potato,

We take s = 0PM ,
p

Adversary gives u , Xyz
-
- S s.t ly I > o

and lyztcp

Then y - l
'
for some j €11,2 .

-

, pl so Xyz - o
"' MIELE 2g

Hence E is not regular .
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Example not from
book : L-

honlnisapn.me/SopponMisaDFAwothpstatss.tLCml--L
we take s = Om when mzp and

miss prime

The adversary gives us x. y ,2EO*
s
.
t

S = Xyz ,
Kyle p and I yl - 770

Note that lxyiz.cn - qytif = mtcitsf

So for i = me 2ft
3 we set

Ixyizl = m t ( m -12ft2) 9-

- m -12ft@2719

= (9-41)@ tht ) tf
ur

not a prime


