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What is a lower bound Ka) for a problem
P ?

ltisapnootthatEVERYalsonthmfora.hr#Pmust un at
least LH operations (e. s . companions )

on input of size
in

such proofs are often phrased
in terms of

an adry who answers queries of
the

algorithm A consistently with previous
answers

while trying to force
A to make many unless

comparisons .

I_÷÷÷ adver.IT
Example : Find maximum of n elements

we need at least n- l comparisons since it

2 has never been compared , it
could be the largest
m ← - v0

For i← 1 to nn -1 comparisons softie :

,+ ×, > m then
m :-X

return m



We will always measure the complexity of a comparison

band algorithm in
terms of the number of comparisonsitmah-eswhensoluinstheinotcmuathafpwblemmaxhm.is

: Given a set
5=31×2, - - - , xnl of n numbers

Find the maximum and
the minimum in S

Naive algorithm :

•
Find M = max 4×1 ✗ c- s ) in n - l companions

•
Find m = min 3×1 ✗ c-Skull in @ -11-1

-

- n-2 companions

In total 2n-3 comparisons

Different algorithm (Amarna )
# comparisons :

can I n = 2h
k to construct Susie✗ I

✗2

→ o

←in → compar b- 1 to obtain
m

k- l to
obtain M

:

% klarse .homilist %n-2t
①

m.my , ,,, m.mx ,,,
,, |

return Min
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• Xzh- I
k- l to obtain S , , SzH←

✗<

:

k-2 to obtain on
✗2h-3

✗2h-2

kt smallest I ktlarsrot h - 2 to obtain M

# # + lorz to adjust via ✗2h- l
m : = miuhxlxes , I

m : -- max 3×1×021 3=3-3
If Xzhycm let m - Kh- l

eln if ✗2h-1>m let M = ✗2h-1

return Min
= 32--3-2

Conclusion d- maximin finds
Max and min

using
at most 32--3-2 companions

can we do better ?

No ! as we can
make an adversary

who forces EVERY algorithm
that

find , min and Max
to un at

least 32--3-2 comparisons



Adversary answer, all comparison queries of
A

consistently with previous
answers and forces it to

make many
redundant pieces of information

Observations .
let it be an arbitrary algorithm

for

finding min and
Max using only comparisons

and let m
,

M be the min and max elements

in the inputs

•

Then M is larger than
all other elements

so d- has collected
at least n - l pieces

of

information : showing
that M Is the maximum by

ruling out each of
the other

elements vis

a lost comparison

. Similarly ,

to obtain in it must collect
at least

n - l pieces of information
: showing that m Is

the minimum ,

that is all other
elements won atleast

one comparison

•
In total A- must collect

at least 24-2 pieces

of information to find
Mand m

How many
times can A

collect 2 pieces of
info in

one comparison
?

Only when comparing
two elements ✗

and y

such that before
this comparison they

are both candidates

for being
both Max and

min
.

So at most LES time,

during the run of A



Atttdg
notation a.→ • b ⇐ a < b ( assume numbers in Scrediotiuct)

-
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?
• : 2

was not in a companion yet
2

"

Y• : 2 has lost all comparisons
so far

2

•
.

-

⇒ : 2 has
won all comparisons

so far

2

→?→ : 2 has lost and won
atleast one

companion do for

answer to aab ?

ftp.I-F-aimdistatusofaib answer
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t so that consistency
is maintained !



Conctuion A can only obtain 2 pieces of info

in the first can which can happen at moot time,

so d- can collect atmost
n pieces of info in (E)

Such comparisons .

Then remains 2n -2-211-1 E n -2 pieces of
information

to collect

at least one extra comparisonEach requires
A must make at

least

Hence when n is even

12 + n - 2 = 34-2-2 comparisons

and when n= 2h-11 is odd A can make

at most (F) = k comparisons
which give 2 pieces

of into

so there remains at least 2h - 2- 2h = 224-111-2-24=26

pieces of info
to collect

,

each requiring a new comparison .

Hence when n = 2h-11 A must
make at least

he -12h = 3k =3 /
"E) = 3£ - Z comparisons



How can the adversary answer consistently

when both a and 8 have loot and won

at least one comparison
?

Answwiitunsacyclicorden.ms/sofparh:llf-oriented compute graphs

• A digraph D= (V ,
A) is acyclic if D

contain,

no directed you ¥¥ ..

•
A digraph is acyclic if

and only if its

vertices have an acyclic order
0
,
is ,

-
. - On

such that vi.→vj c- A
⇒ iaj

→ all arc, forward

d o o o - -
- -

no

1
In

a

• A tournament is an
orientation of a complete

graph Kn Then is exactly one acyclic

tournament on n vertices
@

•

¥ É→ Tty
0



Lemay If D= Cv
,
A) is acyclic and n =/V1

,

then we can add a setof acres
A
' set . D + A

'

is the transitive tournament
TTN

•→→→¥x A. A
'

←

• The adversary orients edges
of kn while answering

the queries of A.
let D be the current

oriented part

• The adversary can
un
the final acyclic digraph

D

and an acyclic ordering of
V1D) to produce an input

to A which is
consistent with

all answer, given by
the adversary

•
We may chon this input as

some permutation of 31,2 .
- n }

determined by an acyclic ordering
of the

final D • o o e
e

, g.

→

n



Using acyclic orderings
to answer

queries :

Illustrated on max and min problem
→

• ° a o . - • . -
•
Current
acyclic ordering

a b

•
initially no edn ) an oriented

-

when a and bare compare the adversary

www.ewotatu , c. ,

E
, ,•¥,#of a and b and answers as we

showed

•
when ↳•→ ↳→ it also checks

a s

whether then is a directed path from

a to b in D. If yes ,
it answers acb

othvwin it answer, baa



Problem : minimum and 2nd smallest element anons n numbers

Naive algorithm :

1
.
Find m = nun }✗ I ✗c- 5) n - l comparisons

2. s
'
es - sont

3 .

Find m
' = min } ✗ I ✗Es 't

n - 2 Comparison,

Total 2h -3 comparisons

Tournanuntmthod:

assume n = 2k for some k

*
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Riminimum

when is second omalrot ?

Only candidates
are thou that

were compared land
won )

to min
.

One for each level so k = login candidate , ( n _- 2h )



loser candidate, for
2mn

• n - l comparisons to set
min and collect log ,y

candidates for 2min

• login - l companions to get 2min

Total n + logan -2 comparisons

can we do better ?

No !

Adversary wants to
maintain as many

candidates for 2mm
as possible

while

answering the queries of
A consistently



Notation :
¥? means adversary has answered that ✗

<y

→ the arc is useful to - determines min

→ the are provides no new info on
min

but possibly unfelt for finding
2mn

✗ c ✗ in
✗ n (no arc, determined)Initially

• @ • @ - - - -
•

| ✗ i

t¥É¥¥÷⇒¥÷÷
• • • •

•

.

D= IV. oriented arcs)

t
.

How adversary should answer query (✗,y )
:(adding ✗→y means

also

answer Ky )

1
.
If djl✗)=djy 1=0 ( ✗ and y are

roots of blue out -trees )

then if 11--1×(11211-+4) / add a
blue are ✗ → y

otherwin add y→ ✗

2. if djE1=o< did ) add
✗→y

3. it djyl=o< d-DEI add y → ✗

4 .
if djxl.d-py.no andnoly.ir/-pathinDaddx-yalnaddy-✗ →

O o o o o @
o o o

0

✗Ñ



Example of rule 1 :

E
'

→ E If.
*¥.-* É¥¥

→

Example of rule 4
:

y% 9.%
ti +

4 t
ta + ¥¥ t
¥

I" i. the digraph D consisting of the
oriented edie -

is

always a cyclic .
• The blue arcs form a forest of

out- trees rooted
at remaining

candidates for being min

• when the algorithm
terminates then is just one

blue tree containing all
vertices and its

root is the

minimum 0

←

candidates for

s.HHAH.am
"

t to t.tl#
• 1st ? logan by rule 1 ( size of new blue tree

is at most twice
as lawn)

as tarps to 1- the
two

• A need , at least 151 - I > loser
- l companions

corresponding to red arcs to determine 2min



conclusion The adversary force , d- to make at

least n - l comparisons (blue arcs
? to find ruin

and at heart logan
-1 other comparisons ( red arcs )

to determine 2min

So A un , at least
n - l t loszu - I = ntloszu

-2

☐
.Comparisons


