
Lower bound for selection (median )
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and k C- 41,2 , . - , nl

Output : the k
'

th element that is yess.CI/ic-tn3lxiey1I--k
Easy if we sort first

:

sort

5 → ✗ if ✗ii.
-< ✗in - - <✗

in

answer : yh

we want to do it in linear
time

Revisit idea i Quick sort
:

• pick a pivot xj
• 1T€ :; 1T€

A B



p

1T€ : ; 1T€
A B

- If IAI 2k then look for
kith element in A

•
if 1A / =k-1 then xj

is the b' the
element

•
if I Alek-1 then we look for the k

'
th

element in B when k
'
-
- k - IAI -1

If we could always pick
the pivot sat min }

IAI
,
113112cal

when n' is the
current # numbers in the

set we work on

Then we obtain a linear also
,
this Tcu ) _-<Tl n ) -10-14

Definition when 151=241 we call
the ktl 's t

-

element the median of s

when 151=24 we call the b'th

element the lower median
and the4th 'st

element the upper
median of s
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Idea : ten medians of smaller sets

to achieve

-

a good pivot to partition
around

1. Partition S into r-ftf-fsstss.is, - - Sr where

Isil =5 for icr

2 . Sort
each Si

3
.

Identity the (upper )
median mj of Si

i -4,2, - - , r

4
.
let M = 3m

, ,m< ,
. . ,

Mr }

5. Find (upper )
median not M

6. un m as pivot when partitioning
S

let 5<=4 s.es/scm3.S,=3sc-SIs
>ml

7
. If 15<1--4 return m

if 18<1 >k
- l

s :=S<
Go to I .

if 15<14-1
k=k-15<1-1

g- -

s :=S>

Go to I
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The orange set contains
at least

3 (1%11--11-2)>-3,1--6 elements of s

we don't count 3 elements for
the last set

and the]
[set containing the median of medians
similarly ,

the green nt
contains at least 3%-6

elements of S

Hence with Tcu ) = # comparison
, made by the also

nthm

① (1) if u 2- 140

Tcu ) = | 1- (F) -11-(7%+6) tout n > 140

⇒ Tln ) Ecn for c suitably large

(see Corman par 222 )
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some n = 2k-11 so median in is the k(+ 1)

'
st element

Observation : In order for any algorithm
d- to

correctly determine
(find ) m it must find

K elements which
are all smaller

than in and

k elements which are all larger
than m

In terms of acyclic orientations :

if ✗ is smaller than
m
then ✗ →→→ . -

-→ em

if b is larger than in
then m → →→

.
- →y

so A must have made
ant of comparisons corresponding

to the following structure
untill

I
m

O
l

un:¥¥→⇒%•→.

n= 17
•
→→÷¥ :

ni
↳ essential

→
1-3 Comparisons

' ' unless comparisons



Adversary strategy

Goal : force A to make many
unless comparisons

maintain the following sets U
,

L
,
S an hml

when U contains elements never
in a comparison yet

L contains elements that adversary
will

make larger than
the median

S contains element that
adversary will make

smaller than the
median

m will become the
median

Initially S
,
L an empty and U=V (

all elements)

Upon quem compar Cky )
:

✗
, y c- U ⇒ reply ✗ < yl

.

U :-X-Krist
,
S :=S+✗

,
titty

✗ c- U
,
yes ⇒ reply x>y2.

U : -U-X
,
L : _- Lt✗

✗ C- U
,
y c- L =) reply ✗

<y3.
U : - U-X

,
S :-Stx



4 . ✗ c- 5
, ye L : reply ✗ay

5 . X
,YES or toy c- L :

if ✗→ y reply ✗ ay

else reply y <✗

When IUI =L adversary lets m be the

last element in U .

Now mis find

claim adversary can for at least ¥ unless

-

comparisons
P : all comparisons of type 1

.
-4 .

are
'

unless
' ( nonessential )

The best can for A
lworsttoradvwosns)

is when A makes companions of type
1 as it reduces

IUI by 2 .

Then are at least ¥ =L comparisons involving

elements .

Thus d- must make at least

n - I + HE = 2- n - 3-2 comparisons



at the end the essential edge , form a tree

structure litre this

all other comparisons
made an answered

7¥:⇐÷→ consistently with

blue and red arcs

The adversary finds an acyclic
ordering of the

acyclic digraph
D consisting of redand

blue arcs

and constructs a bad input consisting of
some

permutation of 11,2 ,
-
- nl which forces the

deterministic algorithm
d- to make atleast

31--3-2 comparison ,
before it can output

the median m .




