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known from e. g. DM

507 : Merge sort uses

② ( nlosin ) companion ,
to sort a number,

Decissioutrees
Every deterministic comparison

band (satins) algorithm d- can
be

associated with a so - called decision
tree :

☐←
first comparison made by

A

N / Y
TA ×

N

/ Y) NI Y ☐ ⇐ unique permutation
of input

All I
☐ °

☐ ☐

%
,
]

o
A must be able to determine any permutation of 31,2 ,

- int

ai out pot ( a heat in Tal ⇒ TA ha , at least n
! leave ,

• TA is a binary tree so at most
2h leaves when Taha,

height h .

Thus 2h z n ! ⇒ hzlosn ! nnlosn
- Cn

• Each path P from root of TA to a leaf
corresponds to

comparisons
made by Ato sort some input

and

# Comparison = length of P so d- uns I nlosn. - or comp .
on

some input



Lower bound for average # comparisons via decision trees

lt-comparisonsforafixedpermutati.nl#
•

P { length of this path ICP)
⇒

P set of all paths to-
mottos leaf in TA

DI epl = Elensthlp
) epl ~ external path

length

PEP

Kms 2.8 epl is minimized
when T is almost balanced

•

p :
0

"☐
level k

y o

→ OX

✗

y
☐ \☐q level ktl

{ \☐ level debt- level d- I

P 9-

change in epl : (alk-11 ) - b) + (d-1- 2d ) = ktl -I < o aid
>
-
k-12

Conclusion epl is minimum
when T f)

d-it> THI
'



Lemma 2.9 Mn epl in binary tree
with l leaves is

Klose) + He -240s
")

p : clear if 1=26 for some k

assume I is
not a power

of 2

^
d- I -☐ ☐

d- 1

AM d

d-- Thosall d- I = lost

A- leave , at level d : 211 -
d-1)

so epl =L Id
- 1) + 211 - 2d

-

1)

=L Hoses + all -240sG)

The avemn path length in a
binary tree

with

Lemma 210
e leave, i , at

least those)

P : The min average path tenth is

eIÉÉ")= Hoses + E

o seal as e- 24s < llz

1¥11 The averan # comparison ,
done by any also nth to

sort

n numbers by comparisons is at least Llosa ! )
= N lnlosn )



a
!÷:Y!÷÷;&fso

• always maintain a list
£ with all permutations of input

consistent with answers given
so far

£ ; = permutations
alive (still possible ) after

i
' Thi comparison

12.1 = n !

•
When answering

✗ < y ?
in step i answer such

that 1,4¥
,
,
> I

•
It will take at least lose

! comparisons
before input is sorted

✗ Snl -- 1)
So d- must do at least nlosu - Cu comparisons on some input

Presley argument is correct but in
each otcp ( companion )

the adversary ha , to
construct Li from Li- , which

takes time proportional to Ki -11

Can we make a more efficient adversary ?

Want the answer to
✗ ay

? fast

while maintaining consistent answers



Adversary2lmuohleoopowe.tn#asoomen--zk
Maintain a

tree stmctor level size of each bas A- basis at level

0 n -2k I

F- 2

1 42 -2k
- l

-☐ ¥ '

l \ 4

4 ☐ 5☐ ☐ 6 ☐7 2 My _- 2h
"

☐
/ '

☐ ±☐ z ng -2
"

8

:

☐ ☐ 00 -
- - - -

- 00 ☐ ☐ e n /ze=2k
-e al

• Initially the root bag
contains all n elements

• subtree 1- (b) rooted
at bass at level

l contains at
most

= 2k-l elements and in total
thenar u elements

( so MANY
bass are empty )

•
While the adversary

answer queries by
A the elements

move down thrust
until they are

all in the

n leaf bag , of sin
1 at level

K



statesotabas-batleu-eb.is
open ☐ b : Each of the left

and right sostiusotb

1 I have less than 2h -l
- lelements

big left flushedbt The left subtree of b has

1 2h
-l- '
elements

f.
'

O"
"

-

The right sostre of 8 ha,
2kt - 'elements

big right flushed L.TK
/ i

'

lde adversary only moves an
element ✗

to a lower bag if I
.

✗ is in a new comparison or

2. the box that ✗ enter,

is flushed

⇒ adversary can force 1- login comparisons



ltowtoperfomthes.tn/esy?ooM-Eut
% blu )

blu) current bag of a

1.11-b14 is open
Return big ① 541

2. ifblul is left flushed

blu)⇐b4u )
U may move

down several
Mov Ecu)

levels when we call
MOVE lu)

Return
3. It buy is right flushed

¥1T
blu) initially

bulletin)
MOVE (a)

Return ¥☐
CHECK-IN b open bas

attwell
☐ g

It ITLJRJI = 2h
- l- l

( toll ) then

•
mark bas left - flushed "b"

]

a
ltueb MOVE@ 1

Return

If TEBYI = 2h
-e- ' then

•
mark 8 as right - flushed

.
lfueb MOVE (a)

Return



strategy : while answering queries ↳
A

Move 2,1 or zero
elements down in T with one exception :

After each move of an element tomb we call CHECK(b)

which could move up to 2k-l
- l element, from b and leave it empty

Answer to query
ucv ?

I
.

let b = lea.tcommouancesto-cotblu1.b@iinT0b.qquo
2 .
If b =/ be , ,b@ 1

if u c- 1- [5) answer 4<0

Eln answer u > v

3 Else lwlosbeb@1.e In rename 9°
) 6=614--4)

to "

(a) if b@t-8eithen.answeruavandbluc-bTu7.b@kb%u)
ucv

MOVE Iu) ; MOVE Cv) ;
CHECK(b)

41 Eln if boy in 1-[6%1] then gyu,

b"

answer u<v ; blue btw be,

MOVE @ 1 ; CHECK
(b) Ucv

Eln
% buy

answer U> v ;

⑤ 6%1
btukbihcu)
MovElul

u>✓
CHECK (b)



-

Using the strategy above the adversary can forceTheorem7.1

any comparison based
sorhns also nthm it to

make

A lnlosn ) comparisons

I • Initially all elements ve
at level 0 in the roof bas

• At termination all
elements are in their

own leaf bag at
level kilosa

• Between then
events each bag becomes

non - empty and

then empty again
at least once

k -l- l

• claim : we can
associate at least 2

comparison ,
made by A privately to each bag

at level l

P : let b be any
bas at level l

associate all comparisons
u⇐r when / bn } and >_ 1

and un c- Tls)

There are at least
2h -e- ' such as b is not flushed before

we have made
at least 2h

- e- '
comparison , of

the type above

( then are the only companions
the move elements

outof b)

Conclusion at level l we
can

associate at least

2h .
2h -
k - l

= 2h
- l
= n /z comparison

>

Then an login levels so in total adversary to
- us z 1- logan

D.

companions



The adversary 's strategy can be

CowlkM
performed in time Olnlos " )

p : read yourselves

Idea : we don't
need to construct

T

• represent the
2h bass at level l by

be ,o ,
bed -

- - be,ze- I

•

For each element u
maintain

llul = level of bag
containing u

bln ) with oeb @is 2%1
is the

index of the bag at
level lull which

contains U
.

☐
2

\

☐ 3

• ☐"☐ .
- ☐
i'☐ a

☐ h

2h \☐2kel


