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Running example : vertex - cover f- bar fight prevention in )

• Suppon n people want
to enter a bar

•
We know which pairs do not like each

other and hence

will start a fight
if they are let in together

e
Question : For a given

Ken is it possible to
exclude at m.it k

persons so that no fight
between remaining people ?

Model as a vertex cover problem :

• g-
Prion

i

• y
←

will fight if both are
allowed in

G-- IV.E)

Answer is '
yes

' if we can partition V into U
,

V- U

U V- U
s -
t ④_?⃝← no edge , ( independent )

and IUIEK

We know : Vertex cover
is NP -comphh

11

Given @
,
ks is thin a

VC of sin e- k ?



We must solve the bar fight prevention problem so

what do we do ?

Suppon then an n =/ ooo people wanting
to go to

the bar

( let a >some ,

like in DK recently ,
the all have to book

access )

svppon we
will allow at

most k- lo person,
excluded

Naiveme-th.cl : try all
2h subnet, and check if

atleast one

is a VC of size E
k

.

Bad : 2100=1.07 . 10301 susnt, to 1-

Better method : try all (1)
subnts of sink

ÑÉ as (10%0) ~ 2.63.10
"

can , to check

we need a better approach ! !

Solution : Problem reduction / kernel
izahon

Consider conflict graph 6-
- CUE ) and k

Ruled : If I@ 1--0 :(G.↳
→6-o, k> (delete v1

v is never
in minimum

VC

Reeh2i_1fd@1EktlkG.k>
→6-o ,

k- I> we must include

win any VC of

size Ek

Ruk3_ : If I@1--1
and w is only adding wtoc

neighbour of 0 : cook> →G- brow} ,
k- I> is at least as soul

as adding u to



Ruled : If I@ 1--0 :(6,4>-46-0,
k>

Ruh2i_1fd@1EktlkG.k>
→6-o ,

k- I>

Ruk3_ : If I@1--1
and w is only

neighbour of 0 : cook> →6- brow} ,
k- I>

Apply Ruhl -3 until
noon applies

and lot 6 :-(VIE
' ) be resulting graph and

b
' the resulting parameter .

and still edge ,
in actual

graph
Nodes

1) if
current parameter k

'
is _-
often we can

reject original input
< 6,67 .

We only clearance

Pinto when we found
a vertex that

should be in Vc in
Rule 2 or had to add

V or W to Vc in
Rule3

2) dollar ) Ek
' Konev

'

as Rule 2
cannot be applied

⇒ IE ' / Ebi
'

each vertex can cover
at

most k
' edges

3) WE 'll Shih :

IVY = 2- I = £-2,2 st-zdvl.IE
'Kk

'Ii

OEV
'

UEV
' • c-✓

Pa , Rules does not apply



Conclusion / For general nik )

After applying Rules I -3 until none apply

to current instance GG
'
- WIE ' )

,
k
'
>

we know

I. ( G
'

,
k
'
> is s yes

instance ( G
'
bass VC of size

E k
' )

I
< 6 ,
b) is a yes

instance

2 . I V11 E bis k
"
and IE

' / c- bi 's k2

Now we can
solve <6

'

,
h
'
> bruh force :

try all k
'

subsets of V
'

at most (F) s (1) of these

when he 10 we have
to try at moot (

'%) ~ 1.73.1013

subnt,

Thus in polynomial time we
have reduced the original

instance to one when the problem
is mud faster

to solve



let C
,
be vertices decided to

add to the Vc when

applying rules and
let C' be c found when

showing that <6 :b
'> is a yes -

instance

Then C
,
uc

' issue of Got sire
Ek

• Applying each of the
rules 1- 3 can be done

in linear time in
sin of the current instance

•

"

I'!ence after doing 0((ntm)k )
work we have

either decided that cook
> is a

no instance

or we
have derived an

equivalent instance

@
'

1h
'
> s . t 46,6> is

a yes
- instance

☒did> is a yes - instance

• We can decide
< o

'
ie

'
> us in ,

at most

(1) checks of subsets
of oink

Each of then take
time 0 (N 't + IE

' 1) = oCky

e Putting it together we solve
< ah> in time

Okntmlkl -1041%4=0641@+m))
= 0641 . ñ)



We have shown that an instance
<Giles, when G ka,

n vertices ,

can be decided by an algorithm
waning in

time

0 (gk(In2) for
some function g depending only on k .

We parameterized
the Vertex - cover problem wins the

natural parameter k=
bound on sizeof VC

Definition a parameterized
problem Q is

Fixed Parameter Tractable (EPT)

if there
exists an algorithm Aq soloing

Q in time Off④ n
' )

for some compo
talk to notion f- and constant

ce IR,

we showed above that
Vertex - cover is FPT as the algorithm

we described is an FPT algorithm .

The way we
solved vertex - cover

was by problem reduction
.

What we obtained after
exhaustively

applying
mh , I -3 is called a

problem kernel



DefinitionlkernelisatioykerulJN-kernalizah.inalgorithm (a kernel ) for a parameterized

problem Q is an algorithm Ace that given an
instance

<I,k> works in polynomial time in III.41
and outputs

an equivalent instance <I
'

ii> , when
II 't -1k's ski

for every instance CI,b) of Q
and g is a fixed

computable

function .

For vertex cover
the alsonthm we

described took input

<G ,
k> and produced a kernel

<G
'

,
k
'

> satisfying

that 16
'
I + k

' £2k
'
-1k

Note that if a parametrized problem Q
with

parameter k has
a
kernel of size 01941 ) for

some g

then we can
solve Q by first finding a kernel

and then

checking all possible solutions for the kernel

( brute force approach )

Natural question :S

1
.
Can we find a

better kernel ? ( smaller sin )

2. Solve kernel faster
than by smh to

- a
.



Akernelotsizeatmool-2kfo-vrtox.co#
Recall the LP - band approximation algorithm

for VC :

I. SolveZip-minE.X@1.s.tXlu1txlv7zlV-uvEEoEXCrselvEV2.le
t ☒ be an optimal LP - solution

3
.

Take U= } v1 Eel > £1

We saw that c- 2

Mopti

split ✓ = v16 ) into 3
sets Ve ,V= it> when

V< = liveV1 I @ 1<1-21 ,

v= = live V1 Ee , -1<1 and V> =3
vertical >£1

Note that V, is independent
( no edge , inside )

and then am no edge ,
between V< and V= (a) ✗cultural

when uc-lk.VE V= )
Va V

>
v=

==-
¥ (Nemhauw andTrotter)

Then exist an optimal VC
list

.

V
>
c- U¥V=uV>



Theorem (Nemhauw andTrotter)

Then exist an optimal VC
U* s.t. V> c- U¥V=uV>

Root sup peon ✗ is an optimal vcot
Gand that ✗ nV< to

• let ✗
'

=☒\V< luv> .

Then ✗
'

is a VC a> Y is independent

and no edge uv with
ueV< is

c-

V-eIt 1×11<-1×1 we are done
so assume

1×4>1×1

then Will > 1h41 . ¥1

• let e-- min 1£ -£011 V,
V> V=

oevcuv>

"

÷:÷÷:÷÷:÷÷.For one Van✗
let ✗ (v) = Ecu) -1s

• - E

Now Exel < [Fei by # 1
,

vGV VGV

contradicting that I is an optimal
LP - out

☐
.

So we have an optimal VC U
't with

Vc

☐



let tE= /UH and recall that we may assume V> c-
U't

Reductionism (after solving LP and getbnsoptool E)

• let G' = G [V=] subgraph induced by
V=

•

and let K' = k - IV> 1

Note : If IV> I >
k

,

then k* > has the theorem
guaranties that

V> is
contained in some optimal

solution .

Hence we can
anowwino1rfrLGok7ootput@1kiiez.k

'
>

If IV> I =L ,

then check if V= is independent .

If 'yes
'
Iv> 1 is a Vc

of sink for 6 .

ElnanowarnoforLGk7ootput@EKbiez.k
'
>

Now we can
assume IV

>
I Ck and

then

¢1
,

k
' > is a kernel and IV@

' 11--141<-24

a) kz#I Eat = 1-21×-1

oc-V-frcluiiouwehavefoundakeruelotsinafmot~Tf.ro,
VC with parameter k

Note after lecture : we may assume
that 2- Ice , c- k

OEV

since otherwise there
is no Vcotsiuk

Now k ? -2×74--121×-1 so I✗=/ £2k / NB !
OEX

=



Back to our bar fight problem with a- look-- lo

•
First solve associated

LP ( in polynomial time )

•

Fond Vc
,
V= and V>

• If IV> 12k reject (
answer no ) unless

IV
>
f- K and

N
>

1 ios VC

e

Otherwise solve the
bar fight problem for

G[V=J with parameter kkk

This can be done itim 04%1 .li/

For k= to ( Fo ) = 184756 so we easy solve

problem in a few
seconds

,

even using
bruh force

( '%) ~ t.ol.to
"

so we cannot hope to un

bruh force except when
k is small even on a

small

kernel !

(1) < 22k -- 4k so bmhto.ua/sisOl4k.kY



treesearch
Idea : Given instance ,

h >
,
try the edges

in some order , using
that if UV is an else ,

then at least one of air
must be in the cover .

a 0
0 assume k=3ski .

0g

d

k =3 k decreases
☒

§
by 1 for each

% b) level

☒ ☒ 4- 2

% 4 tie
☒ ☒ ☒ ☒ k= '

and bad he 4 4h"

9••%Fail Fail Fail Fail Fail Fail Fail 0hr→

0 • o

:*:Éi É¥!



✓ 2 recursive calls
,
each

with parameter
decreased by 1

☐ ☐
i : : :

we look for Vc of sin sk so height of tree is

at most k -1 ( depth is at moot k )

¥
at moot 2k ( - 1) sub problems

By preprocessing vis Ruh 2
( d@12h -11

? ) we can assume

that del Ek for all verthu, so
E-- E Edel c- tank

OEV

Thus each of the 2h subproblem, can be solved in time Olnk )

so total running time is 0 (m + nk . 2k )
9
from checking degrees

of

vertices in G.




