
Context -free Grammars
-

( knownfrom DM 565 )

G = ( V
, -2,12 ,

s )

. V =
variables

.
I - alphabet

.

R =
Rulers

.

S =
start symbol

Derivation
s ⇒ u

, Air , ⇒ KANE
, - - -

- ⇒ anAhq ⇒ we
[
*

each step replace, a
variable Ai by some right

hand side

of a rule in R .

We write s w if s can derive

w in one or more steps .

L@1=1 we -2*15 w/
7

why context-free .

replacing A in utter log A -28 ER

does not depend on Koro



Example '

G :S → asblss lab
so 12--15 -sasb , S

-sss
,
stab )

Parntru for

S⇒aSb⇒assb⇒aabSb⇒aababb

in
a S b

^
s s

It 11
a b a b



G : s → as b Iss lab

what is L@ I ?

Claim : L @ I is the set of
strings

with the same #of a
' sand 8 's

in which every prefix has
at least

a) Many
al s as S 's =L

'

Cleary we have L@
IE L

'
as every

derivation preserves
the property

Suppon w ha , the property above

if @ 1=2 then s→ as -- w
derive, w

Supp on that every
string we L

' with hole26

can be derived and look
at w ' ell with

(w
' 1--242



Cad every proper prefix of w
' has more

a's than b's

Then W' saw"b when w
" Elland

Iw"l=2k

By induction
SEW" and then

s ⇒ asb aw"b so
SEW

'

Cant w 's w ,w,
when wie L

'
fo- i-12

By induction
s w

,
and S# wa so

s → SS # was # wowow
'

so S w
'

we have shown that
L@ I =L

'

Note that L
' is not regular as

L' na*s*=3aY" In> o )



Theorem if L is a regular language
-

then L =L@ 1 for some context
-free

grammar
G

p : let M - (
Q

.
-2

,
Sito ,F) be a

DFA with L@ I - L

Q-47%7 , ,
- - -Gul →

Variables in G -CV , -2,12 , s)

✓ =3 Xo
,

X
, ,

- r -Nhl

Rules in G : If go,a→og.
then Xi-oaxj ER

if Gye F
then Xe-o E

GR

Xo is starting symbol for
G

Suppon we L ,
w -- airman

: 0%-90%-40%-2
- -
-%f

Then X.⇒ axi-pqazxo.es . . . ⇒ air .- auxin⇒ Gao
-au- w

Suppon WEL@ I X.⇒ b.Xj
,
⇒ b,kXj⇒ .

.

-⇒ w 'Xjp⇒w
'

p -
- tail

so go.o-kog.iog.io . -
-
↳

0%0
so w

'etat



Fact (we do not prove
it )

Every context -free language over

an alphabet I with
151=1

is also regular

so for alphabets I with LEE
l

L is regular⇐
L is context -free

This allows us to conclude
e. s .

that L = hat I p is a prime 4

is not a context - free kinsman



Question : checking membership
of a regular language

Given a DFA ( N FA ) M
and

w E I
*

;
Does w E LCM ) ?

This is easy to check
in linear

time for a DFA
: just

'eat
'
w

one character a a
time and

check if we
reached an accepting

state after reading
w

.

When M is an N FA we
must first

convert M into an equivalent @ DEA

and then do as above
to check if

WE LCM ' I =L@)

This may take exponential time as
IQ@ ' l l E O ( 210911 )



Question : checking membership of a

context -free language

Given a context- free grammar G

and we E
"
is we

L@ I ?

Not so easy :

Example s → SALE
,

A -sale

s → SA -s .
- -→ SAK , Ah- s Ah's . .

→ AA -mama

we have no bound on
the length of

a derivation so we
cannot check

all possible derivations
•

Solution : consider Chomsky CFG 's .

All rules of the form A -7 BC or
A→ a

plus possibly S→ E



Let 6 be a CFG on Chomsky form

and let co E Ex with hot - n

Then every derivation of a
string

of length n ha , exactly

2h - l steps :

N -2

S → AB # Xiz - -Xu

n

⇒ 919L - -an - w

Algorithm for checking
whether we L@ I

when G is a CFG in Chomsky form :

let k -- Iwl and try all possible
derivation ,

•

of length 2h- I

• Can be done more efficiently ,
but not

important hen



Theorem 2.9
-

Every context - free language
is

generated by some
CFG in Chomsky normal form

I 6 in Chomsky form ⇒ G is a CFG

other direction : sup pon
G is a CFG .

we will convert 6

to a Chomsky grammar
G

'
in 4 steps

I
.

Add a new start variable
so

2 . Eliminate E - rules (A-26 ) except
for new star bus

variable

3
.

Eliminate A -213 rules

4 . Convert long uh,
A -IA ,Ai

- Ah
,

hes to several

shorter rule, and
convert A-, ed ,

A-' CD
,

A-'Cd

to proper format

ad 1
.

add so and so→ S

then so does not appear
on any right

hand

side of a rule

cleary s # w ⇐ So# w
G



Fix an ordering of the variable , in ✓

add: removing E - rules

process the transitions
according to the

ordering of variable , given
above

assume A → E and A is
next in the

order with an E - transition

• For each rule X -38 in R contains

at least one occurrence of
A in 8

replace each subnet
of

occurrences of A in 8 by
E

e.g .
X - s u Av Away add then
X → uvw

X -i uttvw )X → uv Aw

X -suAv Aw

• If X → A is a rule ,
then

add X -SE
,
unless the transition X

-se

was already removed ( X before A in order )



Add removing unit rules

process variable , according
to the fixed order

of the rising sides :

let A - SB be a rule of R

add rules A -su for all u

s .
t B -su is in R ,

unless

A -su is a unit rule ( A→c)
that

we already processed

repeat until no more
unit rule,

Easy to me
that we still have

so w ⇐
s w



adit Eliminating long
rules

a) let A -74k . -
- Uh

,

his ki EVE

be a rule of R

create k - 2 new variable , Ai ,AL
-
- Aha

( private to this replacement )

replace. A
-sum .

- ace by

A- → UA ,

A
,?
uhh

!

Ah-2→ Uk-Hh

b) If A -su , us is in
R with

at least one of Ui ,Ur in
I

replace such a Ui by a new
variable Ui and

Ui -oui e. s A → b X is replaced by A→ Ugx
Us→ b



Example S -sasalbsb IA and A-→ albie
-

I
.

add so so -25 ,
S -sasa lbSHA

,

A-→ able

Fix order of variables Acsc So

2. a remove
A -OE : so -25 ,

S -sasa IBSHAIE ,

A -salt

28 remove S -IE : so -> SIE ,

S -saalasalbblbsbttt , A -salt

3. a remove S -SA : so- o SIE ,
S -saalasalbblbsblalb , Anais

3 b remove so-75 : so → aalasalbblbsblalbk

S -saalasalbblbsblalb ,
A- → alb

4 eliminate tons rules
.

add new variables C
,
D and once, C - Isa

,

D -ssb

Un then to break
mhsotlensth 3

Fix rules of length 2
with atleast one non -variable

so -saalaclbblbdlalb.IE
S → aa Iac 186lbDials

A- → a. b ,
C- Isa ,

D→ Sb

↳ un A.Cand D and new
variable B. with B -38

So → AAIACIBBIBDIAIHE
s → AAIACIBBIBD

lab

A- → a

B -2b

(→ SA

D -ISB


