
Equivalence between
PDAs and C FGs

Theorem. 2.20
-

A language L is context -free

if and only if L is accepted

by some
PDA M .

Proof :

I First
define a leftmost derivation

s w

G

This is a derivation
of w in

which we always replace
the

leftmost variable symbol A by some

A-→ u c- R
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,
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,
⇒ quoi
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ldeai Given a CFG G sit

( =L@ I we make a
PDA which

simulate, leftmost
derivation,

of string , in L@ 1
.

We may assume
that G is in Chomsky

normal form

1. Place 8 on stack
and S on top

( sis startsymbol
of G ) ¥

2 . Repeat
.
If top symbol on stack is a

variable A :

select non -
deterministically a rule

EEE :
':c:i±n÷÷:÷ ,

a←*V¥""
hit

. If top of stack
is some a

E -2 :

read next input symbol
a
' a'-a

←
on input

if a
'
sa remove a from stack A

string

Elsa reject this branch
of the

- calculation 1¥ 1¥
. If top of stack is Sf :

enter accept state



pushing a string, on the stack

( instead of just one
stack symbol )

Or
r

Ja ,
A→A.Aa implement as

%!!! *
s

# E-say
only and
for this transition

The PDA M (with special otaki
implicit )

⇒
a→ E ← Hae
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lemma2.tt
,,L=L@h

torsome PDAM

"

L=L ⑥) for some
context-free grammar

6

PIT : more complicated

step 1 : Define a
restricted PDA
-

E
,
as

I . one single
accept state ⑧

2 . Always empties stack
before

accepting a string

3
. Every transition

either

pops one symbol
or

pushes one symbol
-

,
E E.E-' P

⑤ ⑦ ⑤-0¥

→
rpqap

special state for
this

transition

④ ④ ⑤ ⑦
rpgs

8 special symbol

Resulting PDA
M

' satisfies

L@
'
l -- L@ I M

' has many state,
but

their number only depends on M .



Steph : understanding how a PDA
M

Modifies its stack while

processing a
stains w

eat w from input
I f
p

Ust Ust
state p states

Then also '

eat
,

untouched

une - -

- - - - I
-

wait:

state p
state of



steps : The grammar G

For all choice , otstatspftEQ.CM)

G will contain a variable Apg

Apg will generate
all string , we -2

't

such that

Meats w from input

→

HH
state p states

Samia, meats wfnmmpnt
-

T
✓

untouched

une .
-

-

wait:

state p
staff



2 possible scenarios
when M eats wand goes from state p

with stack level e to
state q with

stack levele

and never goes
below level l ou stack

a) M's stack is at level
e initially and after reading w

but above level e
in between

First step of M is the eat

stack r some AE-2g, push some
QET'

level
on the stack and go

to stab r

rMs a remains on
the stack

"

m's:÷:ts¥F
state g- while

eating7¥
# input yes

,
and Poppins

"

Ars sift

8) After reading
a proper prefix

u of w .

M is again down
to level e on

its stack

Again M starts by pushing
stack
~ some ↳ ET

'
on
the stack

.

level

MM but this time
it is

popped again before
weet a ns.E.ee#anst:hienites

( (

:-#
Apr# u Arg.# v w - ur



DefinitionV. E.Ris)

V - h Apqlp ,eeQ@It

s = Aotoataccept

Rules :

• ftp.qr.SEQHIV-to-TV-qse-e :

If Op or
and

go 8g
are

transitions ofM ,
then add

Apq-saArsstoR.ttp.qrEQ@haddApg-sAprArgtoR.V
-

p
EQ add App -o E to R



X

nuclaim 2.30 Apg x ⇒ U U
- ST F

P 9-

Proof induction over # steps in the
derivation

1
.
step : Then p -

- q
and App→ E a o XE 2-

*

clearly M can go from

a.

¥ . ¥
'EEE.
-

hypotheoisiclaimt.ruewhenskstepsinthedeivah.co#
Consider a derivation with k.tl steps and

look at the first rule and in
the derivation

If Apq→ a Ars b then
X -- ay

b when Ars y

last demotion ha ,
k step ,

so 8g induction

on.

H H
r s



If Apq→ a Ars b then
x -- ay

b when Ars y

last denration ha ,
k step ,

so 8g induction

on.

Tim,

¥ ¥
an
.

¥
.

t¥H¥
.

¥
\ banning

follow from the fact that

Apg→ a Ars
b was added

to R



' f Apg. →ftp.Arqthenx-yyzwhenttfr?sLlinsYgk
,

by induction !

In.

A.

↳ Htt
.

#
p r r 9-

Hence
A

H HH
p r g



claim 2.31 Au
- ou# ⑦ ⇒ Apg X

P 7

proof by induction
over # of steps in m 's computation

ostep : M cannot read anything, in
o steps

so p -
- et and

X=E

By definition
of 6 App -2 E

so Jan can ok

Aswme@1holdsifMtakcsEkoty
Consider a computation with

htt steps

y n 4
"an'

et
,

I
- TT
X

Y M compote, litre this so x - awb and

→A Au onto o

'

o

p r s f

1¥ Ls¥ L¥ ¥ so

AppaAmber

p r s 9-

Hence Apg -sa Ars bing.n.o.ws - X



H
M 's computation is of

the form

→ a.

¥ # test
.

p r 9-

By induction we
have

Apr y and Arg 2

So

Apg- ' Apr Arq
#
y Arg.# yz -

- X

Claims 2.30+2.3 I imply that

S = Aotootaceyt w ⇐ M accepts w


