
chordalcoraphsCGolumbicch.cl/Detinition-G
is chordal

④
6 has no induced cycle

of length ≥ 4

•
•

4¥ ⇒
*

chordal not chordal chub

red cycle

chordal ity is a hereditary property
:

If G=CV
,
E) is chordal

and It is an

induced subgraph of 6 ,
then It is chordal



Important subclass of chordal graphs
: interval graph,

Det. 6--14E) is an interval graph is then exists

a set of intervals I =) Iv I ✓ c- V4 when

each Iv is an interval along
the real line

and uv c- E ⇔ Ion Iv =/ ∅

•÷- =
Observe that every finite

interval graph is the interaction

graph of sub paths of a path
_I

÷:.

Interval graphs are
chordal (exercise 1

Interval graphs are important in application
,

such as scheduling
.



simplicial
✗ E V (6) is simplicial⇔

NEXT is a clique in G.

• ✗

- complete

Theovem(Di)
Every chordal graph

has a simplicial
vertex

This leads to a polynomial
algorithm for

recognizing chordal graphs
:

while 6-1-01 and G
has a simp tical

vertex

G ← G-✗

If 6-1-01

report G is
not chordal 17in!Tater )

This leads to the notion of a

perfect elimination scheme ( p .
e. s )

-

-
-



Definition let a- IV.E)

An ordains 0
= EVIL ,

. . .

,
on] of V is a

perfect elimination
scheme for 6 if each ri

is a simplicial
vertex in GL-uiir.tl

,
- -

,
on]

• a • • • • •

I 2 . - . I it /
n

clique

Examine i.-3.-5_ ?

Eva
2 4 6

Definition A subset scv in a graph 6--140--1

is a vertex separator for a. be
✓ with abele

if s ≤ V-tail and 6-s has no ② b) - path

S is a minimal @b) - separator if
G- S has

no @ b) -path but G - S
' has such a path for

every SKS



Theorm Let G- IV. E) . Then

④ I G is chordal

④
Cii ) G has a p.es .

and every simplicial verbs

can start a p.es .I
it Every minimal

vertex separator induces a clique

P%⇒i suppose c. is an induced k
-cycle to - some

k ≥"

Every minimal (ais)
-separator

a.Is
C contains ✗ and some

yk:3
- -
- £91 Yi ie [

k-3]

Then (ioi)⇒ ✗yie
E

so C is not induced

④⇒ Ciii ) !
let s be aminimal Caio )

- separator

S minimal⇒
V-sc-SI-edsefnms.to Got
and 7- edn fans to GB GA \ Gps

no edge ,

let ×
,
yes be distinct then

we must have ✗yet
as then is no edge

from Ga ↳ GB

GA GB



0
Assume at and pan

chonn such that

Q is the only neighbour of
✗ on

Papp
-

- - - - - y - - -

Then a =p as
G is chordal

so

in fact we have shown :

ttx
,yes 7- Ae Ga and PEGB such that

QXIQY ,
xp ,
yp c- E

¥:*.
GA GB



With ⑥ I⇔ Ciii ) proved ,
we can now

show

-

Every chordal graph 6 has a simpliciallemma

vertex .
If 6 is not compute it

has a pair of

non adjacent simplicial vertices .

Proof we may
assume 6 is not oomph

has

-

every
vertex of K, is simplicial

Bar can is clear ( assume
G is connected ) •oo•

← A

simplicial

assume lemma holds for all
connected chordal graphs

G
' with fewer vertices

than 6

let a.bells .
t abet E and

let s be a minimal laid
- sq .

S

Connected

Note that ✗ C- A (B) is simplicial
in 6[Aus] (61-13051) ⑤

complete
components

iff ✗ is simplicial in
6 (✗ has no ◦Hw ]ofo -sneighbours )

A 0--013

By induction ,
either G [Aus] has

2

non - adj simplicial
vertices pit

or G[Aus] is compute and
one of p , 9- , say p ,

is in A (siswmpwh

similarly ,

either GEB.us) is complete
or
it has non -adj

simplicial P' it! vertices
when 9-

'
e B

e tf p , 9-
and p

'

,
9-

' exist p ,
g-
'
is the desired pair

e ' f p , 9- exist
and G [Bus] is complete

then p ,
b is ◦ he

◦ if GEAUSJ is computer and p
'

,
9-
' exist

,
then a

, g-
'
is the desired

pair ☐



Backtothepwotofthm4.l.it⇒ I let ✗c-✓ be an arbitrary simplicial
-

vertex of 6 .

Then G'= G- ✗ is chordal

By induction G
' has a simplicial o -deny

O' = Erich' . - - un;] and
now

0-u-K.ir ,
'

,
0<1 . _ .

vii. ,] is a simplicial
ordering of 6

starting with ✗ .

l⇒ :

Soppon G satisfies 1 but C is an induced bicycle

in 6 for some KEY .

let 0=54,9 - - on] be a simplicial
orleans of 6

This induces a simplicial ordains

④i. iii. -You]
of GEVCCD

Vi
,
has two neighbours on C

so
,
as Oi

,
is simplicial

in G [VED] then neighbours
an adjacent ,

contradicting that C is
induced

must be thin as

•~•# %
,
is simple.cat

in GEVK) ]

%
, dir rig

☐



5.chordalgraphsasinterkching.gr#
Motivation : Interval graphs ≤ chords

/ Graphs

so can we also represent chordal graphs
as intersection

graphs of something
?

Goal : show that every
chordal graph is the

- intersection graph of
subtrees of some

tree

☐
Ya /☐Ts

i. !
* ¥ 1- = -
to

ᵗÉ¥i
s Iii

k Ff

Definition
A family II. lie Iot subnet of a

set T

has the Helly property if for each J ≤ I

sit
. TinTj -1-0 V-i.jo ⇒ A Tj ≠ ∅

je]

PⁿP°ñh-4.7 Let {To lieI be a family of
subtrees of a tree

T

Then II. lie I has the Helly property .

proof skipped ( not pension )



Theorem-4.se For a graph G = IV. E) the following are equivalent

⑥ I G is chordal

I G is the intersection graph of
subtrees of some tree

④ it 7- a tree 1-= (Ll ,E) whom
vertex at Jl is

the at ◦ t maximal cliques
of G and T

has the property that 1- [%]
is connected to c-

✓

Pro
.tw#i--uati.sI-tm-img

: let F- (&
,

E) be as in

Consider an edge vw c- E and let AER
be a

maximal clique contains 4W

so TEND nT[Aw] = ∅ ( Aisin both )

and G is the intersection graph of the family

/ Todd / re V1 of subtrees of
T

Note that if TEND
nTERwJ≠∅ then vandw

are in the same maximal clique
in 6 so VWEE

④ 1=3 @ I assume
1 holds and let 4%1⇐✓

andT

represent 6

Suppose 6 ≥ Cu= ooo, .
-
- vk.is induced cycle k≥ Y

let I. = Toi



As Cy has no chord Tintj -1-0 ⇔ Ii
-jl ≤ I modulo k # 1

Now Choon vertices ao ,a ,
- - -aw,

of T such that

ai C- Tin Tie , i -0
,
1,2, - -

- ik - I

let bi be the last common
vertex of the paths

Paige ,

and P in T
aiai- i

recall that÷÷¥¥É÷ .
Ti.in/-iei-- ∅

by 1

Then bi c- Tintin as Paiaie f-Titi and P c- Tiaiait

let Piti be the it , ) - path int

Then Pi ≤Ti so * I⇒ Pin Pj =p it
Ii - jl > I modk

Moreover Pin Pit , = 38;)
i = 0

, 1,2--16-1 ( by
definition of bi )

kt

But now were that UP;
is a simple cycle in T,

E-0

contradicting that T is a tree .



(c)⇒i Induction on IV@ 11

u

Ll = 401
,

E-∅ F- ☐Sol
ban can G- • trivial

assume claim
holds to - all chordal

6
' with µ@ 11<1%11

Cant G is complete .

Take fl - VI. E=∅ T= ☐ WI

Carin G is not complots

If G is not connectI
with 6

, ,6z ,
. _ , 66

its components

then by induction then an
trees T

, ,Tz , _ The
with

Ti satisfying it wrt Gi and then we can
obtain T

new edges
a) follow ,

LTIÉTIL
T

,
Tz Tat Ta

So we may assume
G is connected and not complete

letac-vbcsimplicialandkl-A.NET#-
Then Aisa maximal clique in 6



Define the orts Uil as follows

U=}u c- A / Nuu ≤ At

Y = toe Al Nlolnv
-A -1-01

A ( A- uuy )

I i.

V - A -1-0 as G is not complete

U -1-0 as a c- U

4--10 as G is connected .

By induction Ciii )
holds for G'= GIV

- U]

So let 1-
'
= ( K

'

,

E
'

) be a tree oepr
.
G

'

when K
'
on the maximal cliques

of 6
' and

foe V-K : Ko
'
= } ✗ c- K

'
/ vex } inducer subtract

T
'

Remick : we shall obtain a
tree 1-= ( K, E) for

6

= {
µ

'

-3411-1 /A1 if Y
is a maximal clique is 6

'

when

hit } At otherwin



Let BE K
'
be a maximal clique of G 's

.tl/C-BCanl-B--Y-:
Then just rename B by A and let

F- T
'

• A

can2B then let T -- T
'
+ AB

"In both cans let ku= AV-uc-tlho-h-LV-oc-V.AT '

For ye Y we
detin Ky as follows :

in can 1 ( 13--4.1 let Ky = K'y - 4131 .-11A /

In can 2 let kg = K'y -11A }

In both can , Ky induce, a subtree ◦ 1-
Tao K'

y
contains B

This compute, the proof of Theorem 4.8


