
matroidonion-fkorteoevygenB.co#LetMi--(E,3i).i=1R...,kbe matroids

over the same groondnt
E

.

We call a set ✗ c- E partitionable if

I ✗
i.
✗
a .

. .tk disjoint sit , sit Xie ] ;

and ✗ = 7,0×20 - - u Xk

let ] =L ✗ c-El ✗ i. partition .su 1

Theorem 13.34 M = ( E
,
] ) is a matroid

k

ÑÉtion rlx / = min } IX-Al -1¥ :(A) {
AEX

We also denote M be M=¥Mi

Note By Theorem 13.34
,

if we have an oracle

which can decide ( in pot time ) whether
a siren

set is partitionable ,
then we can apply the

greedy algorithm to find a maximum weight

pwhtionebhnt ✗ for a seven w : E-2114 and

matroids Mi _- (Eid ;) i -4,2 , - - in



prootoftheorem13.no#:
We first show how to find , for a given

subnet ✗ e E

a maximum size partitionable subset ✗
'
c- ✗ and characterize

its size .

Claim if we denote by r (X ) the maximum
size of

a subnt ✗
'

c- ✗ which is partition
able

,

then we
have

rlx) = min } IX -Alt ÉrilA) I
AEX E- i

€ let YE ✗ be partitionable and
let 4=4 ,

u
. .
.uYk

be a partition with Yi
c- Ti for 0=1,2, - - ,k

Then for every AEX :

141=14 -Al -114nA I

a- IX-Al + EtYinAl E
IX-Al + Érilrtl

El
E- I

so r(Hemin } IX -Alt ÉrilA) I ✗ 1- • Q=0
AEX E '

Qi -- Ok
- • :& : : : : : : : :

Let ✗
'
= blew tee ✗ niet ""

- -141 i -
iii. % . :O :& .

and for each QEX
' denote by Qi ie th] 2) • • ⑨

,
•
ii. i. i

1 - ⑧ o • a⑨ i
!
• ! • I

I E

the at Qi-4ec-XIK.it c-QI I IF I I

let J
,

= } QEX
' / Qi c-Ii for i c- EKJI

72=4 QEX
'
/ QinQj-ov-k-ig.sk}



I
,

= } QEX
' / Qi c-Ji for i c- EKJI

M
'

= (✗
'

,
]
,
) is a matroid because each Mi is a matroid

:

if Q
'

,
QEJ ,

with IQ
'
I > IQI then toil> toil for some i

so as Jj satisfies
the exchange property ,

then is some e c- Qi -Qi

such that Qi te c- Ii .

This shows that Qtce , i )e) ,
so ]

,
satisfies the exchange property .

The rank functions , of M
'
is s

,
(a) = Ériloi) :
in

if ⑦c- Q is a maximum independent subset of Q then

each c-Qi is a maximum independent
subset of Qi in Mi so

toil = ÉIÉII = Éri IQ ;) = sike)
i. =L is I

72 = } QEX
'
/ QinQj-ov-lsicjskc-snoec-Xs.te.it

c- Q and Cejka

to- some itj k

M
"

= ( ✗
,
]
,
) is a matroid

with rank function HQ)=/ ¥,

Qi / :

• If ⑦
,
QEJ , and

Q^ > Q then then is

oomeec-Xs.f@ilEQfors.meibuteCj1ctQfo.allj.ThenQ-Ce.i
) c-2 so I satisfies

the exchange property

•
The maximum size of an independent subnt

Q's Q the number

of different elements of ✗ belonging to at
least one Qi so

sell = I ÑQ ; I
d- I



Note that we have

⇐✗"°Ñh"°""←&°""°"&"1- f : Z→ 41,2 , .
. .

,
kls.tl le .fm/ec-Z3efnJz

This implies that

r (X) = Max } 121 / 2 is partitionable a
2 c-✗ I

=
Max 1141 / Yet if a Ye ✗

' {

= min | s , (Q ) -1 Sa (✗
'
-Q) / QE ✗

'

{ by theorem 13.31

Let QEX
'
be chorus . C-

1=1 holds in
the last line

and take A = Qin Qin - . nQk .

Then

r (X ) = s , (Q ) -15<1×1
-Q ) = É rilQil-IX-f.IQ; /

= Ér:(A) + IX - A 1

This show , that for A = Qin Qin
- - n Qb we have

r (X) >_ É ri (A) + IX-Al so

it

r (X) z min
IX -Al t Eri (A)

AEX
d- I

a) claimed ☐
.



It remains to prove
that the function rcx ) is

sobinocular ,
that is

,

r (X) -1 r(YI z rlxnylxrlxuy )

if this holds them
r : E → Zo

satisfies the rank axioms

( taking A-0
shows this )

r (✗1<-1×1

YEX ⇒ r (4)
c- rlx )

r (X ) + rly / I
rlxnyltrcxoy ) it × ,

YEE

Thus it follows from
Theorem 13.10 that the

partitionsbunts forma
matroid since we

have

T =3 ✗ I r(H= 1×11

Given ✗
,
YEE Choon AE ✗ and

BEY such that

r (X) =/ ✗-Alt
Éri(A) and r (4) =IY-B.lt?&rilBli--lrlXl-rlY)--1X-Alt1Y-B1--.&(rilA1trilB))

k

= KXUY)- (AUB) / + KXNY) - (AnB)It
(rila) -1%113))

I /☒v4)- (AUB) / + KXNY) - (ANB) /
+ ¥( richB)+ ricanBD

z r (✗v4 ) -1 run-11

iy



Connquenuotpwot
• We can find amaximum partitionsb4 subnet YEX

for a sive sit ✗
a- E

• Taking ✗ =E we have an
alsontlmn.to - finding

a maximum partitions b4 oubntot
E

Applications Eds . - disjoint spanning
tree

Given G = (V. E) and
a
natural number

k

let Mi = (E ,
] ;) be the circuit

matroid of 6 i --1,2, - - k

(E
'
is independent if it induces

a forest )

Then 6 has k edge -disjoint spanning
trees

④The maximum size of a partition
able subset ✗ c- E

is kln- 1)

Since M=( E , ] ) is a
matroid when

7--4 ✗ EE I ✗ is partition
able 4

,

we can

even find a minimum (or
maximum ) coat

collection of kln - 1) edge, which partitions
into k spanning trees



2udapph.cat# : arc - disjoint out- branchings

Given D= IV. A) SEV and
ke 24

let Mi = #Mild ) when MicD) = circuit
matroid of UGCD )

( ignore orientation )

and M,=(A
,
]
,
/ when

Ale ]z⇐ > d-A.lu/C-kV-v-tsd-AiCs)--o
Then M

,

and My an
matroids and we

claim that

D has k arc
-disjoint out

- bronchus,

④
M

,
and Ma have a

common independent

set of siakln -1 )



¥ If Bst
,
,

,

-
- - Bts,k an arc

-disjoint out -bronchus,

in D then ALBI
,
;) is independent in Mi

so ÑAIBJ
,

;) is independent
in M

,

E- I

a) d-Bg.ilxl-IV-x-tsomdd-Bsq.is
1--0

k

we also have that UAIBJ ;) is independent
in Mz

E- c

To ne TT we observe it 1A
'

/ = kln-1) and

1
.
A
' induces kedge - disjoint spanning

trees in UGCD)

+ 2 . dpi (x )=k V- ✗ ⇒s

Then d-(a) zk to - all UEKS ,

because

klul = [d-nine KCUI
- 1) + d-Cut

☒c-U

I
d-UH >_ k

as A' induces k '¥-forests inside U

then are at most y

Cut -11k A' are inside U


