
schnjverapplicahi.nl?-G--CViE)s:E-s1R- sea⇐ strength of e
Reliability of a path P

,

r (D) = min 3sec , le c- ECPI }

Tolan ) = Max }r( P ) / Pisa@us -path {

let T be a maximum weight spanning
tree of

G Wrt the weight - function s
.

claim-rylu.us = roluov ) tune V81

Pn° supponrjlu.us < roluov
) for some pair leave V

Let P be the unique @v1- path in T and let

Q be a max . strength path from a tou

Denoh P by u=U
, U2 . - eerier

✓ and
let

denote the connected
component of T-uiui.ie

Xi
,

i -1,2 - - r

,

Then the edge Uiuie ,
is the only edge from Xi

to V-Xi

in T.

As rlQ ) > r (P) there
exists an index i c- 31,2 - - r }

and an edge e. of
Q s.fr (e) > rluiuiei )

1-at T
'
= T - uiu inte and observe

that

r (T1 ) = r (T ) - rluiuo.edu
(e) > r (t ) I



Exercising : Given
G-CV,E) and

costs c : E → 112-1

Goal find E
'
sit G- E

'
is disconnected

and c(E
' )

is minimized for
all E

" at G - E
" not connected .

solutionviaflou.SI
Given G

,
C we constrict a

network N= (V ,
A ,l=-0, U )

Utij

when Uij = Cij
= Uji

i•É ⇐ i•#j
in 6 a-cij

Also fix one vertex
sell

is a cut in 6 where El

Now if !#! is the out of eds" from
✗

to E and te E
✗ É E

A'is the corresponding Cst ) -
cut in N

Then !#④ and u(✗E) = CCÉ )

✗ A
' E

This show , that min br(E) I G- E' not
connected }

= min }u(HE / I ☒F) is an#
1-out

for some tts

We can find a minimum 1-cut using ,
say ,

Edmonds -harp

so by letting C- run through all
vertices in V- s

and taking theminimum of them
1- cuts

we can find E ! Running time Ocn ) . time for
maxflow

so polynomial .



EXerci.nl/--schrijuv3.2Ci
) Every regular bipartite graph

has a perfect matching

PITI ( via integrality
thin for flows )

Given 6--14E) k - regular bipartite
we make

the corresponding

a- Ifwwnetwo.hr N"

.
•
t

• 01¥ s

✗ y ✗ No Y

b. 1×1=4.141 ⇒ 1×1=141

In Ng every vertex
in ✗ ha , out -degree k and

every vertex is Y

ha , in - degree
k so we obtain a maximum Cst )

- flow of value 1×1=141

✗In
a , follows

•
so

By the integrality
theorem , No has a maximum

integer valued flow ✗

and now M*= hav lie c- ✗ ireland ✗uv= 11 is a matching of side 1×1=141

proton via Hall's theorem : soppon
1- ✗

'
c-✗ s- t IN 1×111<1×4 ☒ 1

then
,
using the all

k 1×11 edge, incident to ✗
'

go
to NCXY we have

at least b. 1×11 edge , into NCX
' )

. By ☒ 1 and the pigeonhole principle ,

some vertex in NIX's ha , desire
> k §



④ I show that a
k- regular bipartite G has k disjoint

perfect matchings.

proof : we saw that G has a perfect matching M

If k=l we are done .

otherwin considerGEG - ECW)

G
'
is ⑥ 11 - vesulw

and by induction
it has ¢-11 disjoint

perfect matchings .

④ if Give for all k> ( an example
of a k - regular Graph

with no perfect matching .

We know from @ 1 that such a graph
cannot be bipartite !

kz2 even :
Take the complete graph kw ,

it has an

odd # vertices so no perfect matching

his odd
,
•

•
n

1.1.1
.

.
. .

!
Computer→ 11mn41 Ninny . -

- 1×41111
•- ° # @ • .

- @ o e
0

-
- • 0

I 2 k-Lk- l l 2 k-Lk-l l z
b-2h-1

G is k- regular and G-✗ has kzz odd components

so 6 has no perfect matching

For k=3 Gio
•

ii.
6!
☒ :Éi¥



E✗ercin5- : Give an example of a graph
6 with VCGKJ@1

Recall V61 = sin of maximum
matching

J@ I = size of minimum vertex
cover

•

/
•
\
.

clearly V =3

Odd cycle ) have 1=8-11 :

1 1
and J> 3

E 9 F- 4

•- •

Let M be a matching of sin Vco ) :

E6-
! no edge in V- U a)

M is maximum so U

is a vertex cover and IUI -21Mt
V- U

implying that Jew

same argument works if
Misa maximal matching

(still no edge in V
- U )

.

Easy to find a maximal
matching by picking edgy

greedily until no edge remains :

•
to

•F-
← →
÷

"

l!
'

-

-
e

"
.

A X V- U
i.

•
← no else , so

kiss vertex cover

a. A



Exercised : Prove that if 6 is 2- connected f- G-✗ connect>d
b-✗ c-✓(G) )

Then Hse V81 and uve ECG )
then

exists a cycle C containing
sand I

u V

•→

¥
Pirot: let It be

obtained from 6 by adding a new
vertex

t joined
to undo • t

His 2- connected since H - o is connected to
c- VCH )

By Menger's theorem
It has 2 internally disjoint Cst

) - paths

must

look hhe
t

this

now
i , the desired

arch .

÷÷÷



EXerwn7-pn.ve : G has a strongly connected
orientation

F
G is 2- edge connected

✗ I

pivot : y µ①
if ur is the unique
edge between ✗ and I

-

then every orientation of

G is non strong as we
must

Orient uv a , either u
- >vorv

-su
.

① : Assume 6 is 2- edge
connected

Them 6 has a cycle C (a) 6 is not a forest )

Orient Casa directed ↳
oh

r
this is a strong.

v. ? ; digraph

If ✓ (c) = V16 ) we are
done

so assume V (G) - V (c) 1=0

As 6 is connected then is some
edge ✗ y

with ✗ c- V14

and y c-
✓⑤1- ✓ (c) . As G

is 2- edge
-
connected then is a path P

from y to
✓ (c) in G- xy . Now orient

as follows :

P
clearly the part which isoimhd@gTI.yso far is stars .

Continue this way until we
have all vertices included

in the

strong disrupts

÷i%→i¥%
already oriented larger stars
a) strong

Edgciot 6 not on C or one of the P.is
can be oriented

arbitrarily



Exercin8-schnjvu4.lkt D be a digraph and sit , ,t<
. - th verticesof D

( not necessarily
distinct ) .

Then then an arc disjoint

path , P
, ,
pz . - Pu

in D s.tl?--s-Eiif and only
it

⇐ I d-
' (a) E) iltictul for every

UEV with sell

Pinot : clearly ④ hold , if then can path, P, ,
R . - Pie

a) above since Pi must un at
least one are

oototll

if tick
µ

→ • ti

→¥
. ta

⇐ •ftp.T.ts
↳
→ . to

suppon * I hold ,
and make D

' from D %

by adding b- and one arc from
each ti to C- :

Now @ 1 : dtlxlzk to- all ✗
"""¥÷T÷t

with set and ÉEX ☐

✗ → let K' = hittite ✗ I
→ • Then by ☒ 1 and construction

of D1:
dtlxlzk ' -11k -k

' )=k

⇐ .

Now @ land Menser's thin implies I Pi ,
Pi . - Plane -dis ,

'

④ - paths in D '
.

Deleting C- from then we settle
desired
paths .



Exercised 8×8 chessboard + dominos hehe this
,
☒

+ ☒ ☒

,

I 2 3 4 5 6 7 8

MM MM All Mr

2 Ahh Nhl Nhl All

3 AM All WU All

4 AM Wh Wh Wh

5 Ms un un un

6 All Nhl Ath Whl

7- Uh Ah UM UM

8 AM WU WU Wu

⑨ 1 We can cover the chessboard by 1×2 dominos :

cover odd vows by IIA r ☒ to

even now , by ☒ ☒ ☒

④ I assume we
delete cells 11,11 and @ ,8.) .

show that now

we can not cover the remaining
cells by 1×2 and 2×1

domini

Deline Ga, the bipartite graph with
vertex set ☐

,

☒ so

V
,
=
vertices that are

'

☐
'

,
V2 = vertiu,

that are ☒

let uv be an edge in G
if u c- V ,

and we V2 and
then are

neighbours on the chessboard ☒§µ,☒f
4 neighbours

Then each domino C- > edge
in 6

so I cover by
dominos ⇐ , 6 ha , a perfect

matching

But 6 has no perfect matching
as Hal = 141-12

( we deleted ④ 11
and (8,81 which are

both white )


