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✗ ,
Y EV we

have

itdlHtdlY1zdlXnY1tdCXuY1@1dlX1-idlY1zdlX-Y1tdCY-HPwof.j
not check the

contribution of
each edge to

the two sick '
:

of to

d (X ) + d④ I = @ + c + de f) + (bxctetf )

= (ctdte I + ( at b +c) + 2C

e dlxny ) + d (
✗ v4 ) +2 ICKY )

2 dlxnyltd
(KUY )

dlxltdlyl = late +def /
+ (btctetfl

= (ate + f) + ( bed +f)
+ 2C

=
d 1×-41 + I 14 -H + 2d ( ✗NY ,

V - 1×041)

z da -41 + ICY
-X )



Let 6=14E) bck - edge -connected ( ✗
(G) Ik )

Prove that if dlH=k for some Xcv

then ✗ (65×7)>-5%-7 when GEX]
is the

subgraph induced by
X

.

Proof : consider a partition X
- X

,
0×2

✗ v-✗

Then we have

•
atb=dlH=k

•
ate >_ No )=k ☐

e
btc 24101 _- k

¥
@+ c) + (btc) - (atb ) 2

ktk -
kik

I
nc Ik

I cast:|

As 8,0×2 was an
arbitrary partition of ✗

we have shown that
d(YIZTEI ☐

.



6 _- IV
,
E) is minimally k - edge connected if

✗ (G) =k but
✗ (G-e) = k- l tree E

Problem : Given G=lViE ) with ✗ (6) =k

-

Find It -- IV.É ) sit .
It is minimally

k-edge - connected

Subproblem : Given a graph 6=14 E)
with ✗ (6)

=k

and a edge
Uv c- E.

Decide if

✗ ( G
- au )=k

Solution : removing
uv can only

lower the

edge - connecting if
then I ✗

EV-us.tn c- ✗

✗

This can be checked
via

flow , : Find Max flow

from u tou in ,

Ng when no → 0¥.

dlxtk
G

NG

each are in No has

capacity 11

This can be done in time 01km ) via

Ford - Fulkerson



Tñvialsoluh :
• Order Eas e, .cz . - em

• start with El _- E

e
For i ← 1 to m

If It '= ( V ,
E
'
- e ;) is k

- edge - connected

E' c- E
'
- ei

By the remark
on
checking Her )

this takes
01km ) for each

i

(mon pacing
OCKIE

' ) ) )

so 01km2 ) in
total

Better solution

¥i,t find a small

certificate G with ✗ (E) =Nd=k

via Max - back orderings

E =
union of K first Max

back forests

of 6 .



Then ñ= / EIGIL k (n
- 1) =0(Ku )

Now run
the previous

algorithm

on
G

' instead of 6 .

This takes
time O(kñ7

a) m^ = 0 (ku ) we get total
running

"m%÷i÷É
Problem
is minimally k

-edge - connected ,
then

7- uev with dlo
)=k .

Proof I : viasobmodularity
Let ✗ CV have ICX)=k

and 1×1 minimum

among
such sorts .

If 1×1--1 we undone
so assume

1×1>-2

Then HELI] ) 25%7>-1 as we have seen

earlier



Let uv be an edge of 6 sit a.VEX :

✗
as 6 is minimally

$ k - edge connected
61=6 - uv

cha , a net Y with doily )=k- Iv6
So ICY )=k and ☒ a) a.v11 -- I

6

iv. log UEY v44

$/
If ✗uY-tvwes.at

from ① I

ktk.dk/)-dCY)zdlXnY1-dlXuYIzktksodlXnY1=k
contradicting the minimality

.tl

So ✗ uy=V and Y -✗ to
as Xtv )

Now using (2)
we get

ktk-ICH-I.ly/EdCX-Y1tdl4-HzktkSodlX-Y)--kand this contradict

the minimality of ✗ .

☐ .



'÷:÷÷÷¥÷¥÷" "avian.
Max back ordering

]
.

This results in ✗ (G) = k = degree of the last

vertex one
in one of the Max

-
back orderings

- - -
- -

⇒
On '

as ✗(G) = k we have dlvni
) 2k in

6

So
,
since we keep alledges

when identifying the

two last vertices
when waning

A
,
we see that

one has
degree precisely k

in G .

Now consider running
d- again star bus

the

mat- back ordering , from Uni in
each step .

This will again find a
new

vertex on " =/due

with down" )=k= down
. )

so we have proved that
every minimally

k - edge -
connected graph

6 has at least

2 vertices of degree k
.



Pulley Given a tree T=(V , E)

Find minimum
cardinality setof edges F

Such that
G = (V ,

Eu F) is 2- edge
-
connected

;µ•¥0m Each leaf needs an edge @•

from F so IFI >_T#| ↳→

We prove
that then is a solution f↳•

with precisely 1-+1¥' / eds.es flo
Koto b•

We can assume # leave , is

even : If not o

replace one
leat v6 →&§; → \ !/

by 2 by adding

two new edges ,

solve

the problem and
contract the nt

✗
.

Contracting edges preserves
edge connectivity .



Now run a depth - first - hard status
in an

arbitrary leaf and
labelling the leaves in the

order

they are visited :

*•☒• 2•• u

2• "
'

add the edges ✓
•

t.ee
¥9

*↳ *

i - * """
" •¥÷•÷÷when # leaves

= 2£

£406
No

3

y
5

We claim
that the resulting

graph 6

is 2- edge connected
.

So ppon
6 has a 1- edge -

cot then

no red edge

✗ V - ✗



se

without loss of generality
nondeds.eteata-i.in✗

Then
, by the

definition :p .at

of DFS ,
their number ✗ v - ✗

p< at
such that

• leaves 1,2 ,
- - p are

in ✗

e leave , ptl , - -
San is

V -X

e
If scat ,

then leaves Stl ,
- -

,
2 b- are

in ✗ again

Canl_:pzt-
Then each of the

leaves ptl ,
- -

,
shave and else

to ✗
,
contradiction

÷÷a÷::÷-→e↳e↳
Stt c- ✗ ,

contradiction

can3p<t<s_:
Then the edge 1- Etl goes from

✗ to V - X
,

contradiction ☐ .



Problem

ÑtG=(V ,
E) have No )=k

and

let E' be a minimal Cort
inclusion I

set of edge ,
set

.

G' = (V ,

Eve
'
) has

✗ (G) = k-11 .

Show that there
are no cycles

in E
'

( so E
' induces a forest )

Prout : suppose
C $ ii. EY

"

and consider a partition
•

•

☒ ,

V - X ) of V.
Then we either have

⑤0¥
✗ V - X X V - X



⑤0¥
✗ V - X X V - X

• In the first can C ha , no else between
✗ and V-X

so we can
delete any (alt )

edges of C
without

changing dlx)
which must already

be at least ktl

•
In the second can

C hat at least 2 edges

between ✗ and V
-X and using

that

do A) ->k we ne
that we can delete

an arbitrary edge of
C without creating

a cut of sink

Both can , show that
E
'
is not minimal §



Robley show that every minimally
k -else -connected

graph has at moot kln - 1)
edges .

point
let G- (V.E)

be minimally k -edge - connected and
let

H=(V ,
E
'
) be the union

of the first
k max - back

forests of 6 with
respect to somemax-bacwo-lenusv.is

,
-

- Yu of 6 .

Then IÉI a-
kln-1) and E 's E

As 6 is minimally k
- else -connected ,

we have
E=É

so /El a- bln
- 1)

☐
.


