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A 2-partition of a digraph D is a partition (V 1, V 2) of V (D) into two disjoint non-
empty sets V 1 and V 2 such that V 1 ∪ V 2 = V (D). A semicomplete digraph is a digraph 
with no pair of non-adjacent vertices. We consider the complexity of deciding whether 
a given semicomplete digraph has a 2-partition such that each part of the partition 
induces a (semicomplete) digraph with some specified property. In [4] and [5] Bang-Jensen, 
Cohen and Havet determined the complexity of 120 such 2-partition problems for general 
digraphs. Several of these problems are NP-complete for general digraphs and thus it is 
natural to ask whether this is still the case for well-structured classes of digraphs, such as 
semicomplete digraphs. This is the main topic of the paper. More specifically, we consider 
2-partition problems where the set of properties are minimum out-, minimum in- or 
minimum semi-degree. Among other results we prove the following:

• For all integers k1, k2 ≥ 1 and k1 + k2 ≥ 3 it is NP-complete to decide whether a given 
digraph D has a 2-partition (V 1, V 2) such that D〈V i〉 has out-degree at least ki for 
i = 1, 2.

• For every fixed choice of integers α, k1, k2 ≥ 1 there exists a polynomial algorithm for 
deciding whether a given digraph of independence number at most α has a 2-partition 
(V 1, V 2) such that D〈V i〉 has out-degree at least ki for i = 1, 2.

• For every fixed integer k ≥ 1 there exists a polynomial algorithm for deciding whether 
a given semicomplete digraph has a 2-partition (V 1, V 2) such that D〈V 1〉 has out-
degree at least one and D〈V 2〉 has in-degree at least k.

• It is NP-complete to decide whether a given semicomplete digraph D has a 2-partition 
(V 1, V 2) such that D〈V i〉 is a strong tournament.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

A 2-partition of a (di)graph G is a partition (V 1, V 2) of V (G) into two disjoint non-empty sets. Let P1, P2 be two graph 
properties, then a (P1, P2)-partition is a 2-partition (V 1, V 2) where V 1 induces a graph with property P1 and V 2 a graph 
with property P2. For example a (δ+ ≥ k, δ+ ≥ k)-partition is a 2-partition of a digraph where each partition induces a 
subdigraph with minimum out-degree at least k. It is natural to ask when properties such as high (edge)-connectivity or 
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minimum degree can be maintained by both parts of some 2-partition of a (di)graph G . As an example of this, Alon [1] and 
independently Stiebitz [14] posed the following problem.

Problem 1.1. [1,14] Does there exist a function h(k1, k2) such that every digraph D = (V , A) with minimum out-degree h(k1, k2) has 
a (δ+ ≥ k1, δ+ ≥ k2)-partition?

It is easy to see that the answer to Problem 1.1 is yes if and only if there exists a function h′(k1, k2) ≥ k1 +k2 +1 such that 
every digraph with minimum out-degree h′(k1, k2) contains disjoint induced subdigraphs D1, D2 such that D1 has minimum 
out-degree at least k1 and D2 has minimum out-degree at least k2. The lower bound comes from the complete digraph on 
k1 + k2 + 1 vertices in which every vertex has out-degree k1 + k2. Clearly this does not have the desired 2-partition since 
there will be too few vertices in one of the sets of any 2-partition.

It is known that high minimum out-degree guarantees many disjoint cycles in a digraph [1,15], in particular minimum 
out-degree 3 is enough to guarantee two disjoint cycles. Using this, one can easily show that h(1, 1) = 3 (see the beginning 
of Section 3). Already the existence of h(1, 2) is open and we will show in Theorem 3.1 that it is NP-complete to decide if 
a digraph has a (δ+ ≥ 1, δ+ ≥ 2)-partition.

The following two problems are natural variations of Problem 1.1. For definitions of semi-degree etc, see the next section.

Problem 1.2. Do there exist functions w1(k1, k2), w2(k1, k2) such that every digraph D = (V , A) with minimum out-degree δ+(D) ≥
w1(k1, k2) and minimum in-degree δ−(D) ≥ w2(k1, k2) has a (δ+ ≥ k1, δ− ≥ k2)-partition.

Problem 1.3. Does there exist a function z(k1, k2) such that every digraph D = (V , A) with minimum semi-degree δ0(D) ≥ z(k1, k2)

has a (δ0 ≥ k1, δ0 ≥ k2)-partition.

In [10] Lichiardopol answered Problems 1.1 to 1.3 in the affirmative for tournaments. It can easily be seen that his proofs 
can be generalized to semicomplete digraphs.

Theorem 1.4. [10] Let T be a tournament (semicomplete digraph) with minimum out-degree at least k2
1+3k1+2

2 + k2 , then T has a 
(δ+ ≥ k1, δ+ ≥ k2)-partition.

Theorem 1.5. [10] Let T be a tournament (semicomplete digraph) with minimum semi-degree at least k2
1 + 3k1 + 2 + k2 , then T has 

a (δ0 ≥ k1, δ0 ≥ k2)-partition.

In [4,5] Bang-Jensen, Havet and Cohen determined the complexity of 120 partition problems for general digraphs. Among 
these are the following.

Theorem 1.6. [5] The following 3 decision problems are NP-complete for general digraphs:

• deciding whether D has a (δ+ ≥ 1, δ− ≥ 1)-partition,
• deciding whether D has a (δ0 ≥ 1, δ− ≥ 1)-partition and
• deciding whether D has a (δ0 ≥ 1, δ0 ≥ 1)-partition.

We show in the beginning of Section 3 that the (δ+ ≥ 1, δ+ ≥ 1)-partition problem is polynomially solvable for gen-
eral digraphs. From these results two natural questions emerge. What is the complexity of the (δ+ ≥ k1, δ+ ≥ k2)-partition 
problem when k1 + k2 ≥ 3 and what is the complexity of the three problems in Theorem 1.6 if we restrict the input to a 
well-structured class of digraphs such as semicomplete digraphs? This paper will answer these questions as well as sev-
eral related ones. In Section 3 we prove that as soon as k1 + k2 ≥ 3 the (δ+ ≥ k1, δ+ ≥ k2)-partition problem becomes 
NP-complete for general digraphs. Then we prove that for all fixed pairs of integers k1, k2 ≥ 1 there exists a polynomial 
algorithm for the (δ+ ≥ k1, δ+ ≥ k2)-partition problem for semicomplete digraphs. In Section 4 we prove that all three prob-
lems from Theorem 1.6 are polynomially solvable for semicomplete digraphs and in Section 5 we prove that for every fixed 
integer k ≥ 1 the (δ+ ≥ 1, δ− ≥ k)-problem is polynomially solvable for semicomplete digraphs. In Section 6 we prove that, 
even for semicomplete digraphs, if we require several properties for each part of a 2-partition, we may obtain problems that 
are NP-complete, by showing that it is NP-complete to decide whether a given semicomplete digraph D has a 2-partition 
(V 1, V 2) so that D〈V i〉 is a stong tournament for i = 1, 2. Finally in Section 7 we conclude with some remarks and open 
problems. In particular we outline why one of our proofs generalizes to digraphs of bounded independence number.

2. Notation, definitions and preliminary results

Notation follows [3] all digraphs considered have neither loops nor parallel arcs. We use the shorthand notation [k]
for the set {1, 2, . . . , k} and [i, k] for the set {i, i + 1, . . . , k}. Let D = (V , A) be a digraph with vertex set V and arc set 
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A and let v ∈ V . If xy ∈ A is an arc, then we say that x dominates y. The in-degree of v , denoted by d−
D (v), is the 

number of arcs from V − v to v . Similarly the out-degree, denoted by d+
D (v), is the number of arcs from v to V − v . 

Furthermore N+(v) is the out-neighbours of v , for a set X ⊆ V , N+[X] is the union of the set X and all out-neighbours 
of the vertices of X and N+(X) = N+[X] − X denotes the set of out-neighbours of X that do not belong to X . Definitions 
for the in-neighbours of vertices and sets are similar. Finally the minimum out-degree, respectively minimum in-degree of 
a digraph D is denoted by δ+(D), respectively δ−(D) and the minimum semi-degree of D , denoted by δ0(D) is defined as 
δ0(D) = min{δ+(D), δ−(D)}.

The subdigraph induced by a set of vertices X in a digraph D , denoted D〈X〉, is the digraph with vertex set X and which 
contains those arcs from D that have both end-vertices in X .

A path of a digraph is a sequence of distinct vertices x1, x2, . . . , xl such that xi xi+1 is an arc for every i ∈ [l − 1]. A cycle
is defined as a path except that x1 = xl . If C is a cycle of k vertices we say that C is a k-cycle. A digraph D is acyclic if it 
does not contain any cycles and a feedback vertex set of D is a set Z ⊂ V such that D − Z is acyclic.

A strong component of a digraph D = (V , A) is a maximal induced subdigraph D〈X〉 with the property that there exists 
a path from u to v for every ordered pair of vertices u, v ∈ X . A digraph D = (V , A) is strongly connected or just strong if 
it has exactly one strong component. If D is not strongly connected, then we can order its strong components D1, . . . , Dk , 
k ≥ 2 such that there is no arc in D which goes from a vertex in D j to a vertex in Di where i < j. A strong component 
is trivial if it consists on just one vertex. A digraph on at least k + 1 vertices is k-strong if the digraph D − X , obtained 
by deleting all vertices of X and their incident arcs, remains strongly connected for every subset X ⊆ V with |X | ≤ k − 1. 
Furthermore if Y ⊂ V such that D〈V − Y 〉 is not strong, then Y is called a separator of D and it is a minimal separator if 
D − Y ′ is strong for every proper subset Y ′ of Y .

A complete digraph is a digraph in which every pair of distinct vertices induce a directed 2-cycle. A semicomplete 
digraph is a digraph where there is an arc between every pair of vertices and a tournament is a semicomplete digraph 
without 2-cycles. A transitive tournament or acyclic tournament, is a tournament without any cycles. For such tournaments 
there exists an unique ordering of the vertices v1, . . . , vn such that vi v j is an arc if and only if i < j. We call the vertex 
v1 (vn) the source (sink) of T . It is easy to see that for non-strong semicomplete digraphs there exists a unique ordering 
of its strong components D1, . . . , Dr such that each vertex of Di dominates all vertices of D j if and only if i < j. Strong 
semicomplete digraphs have many cycles as indicated by the following classical result of Moon.1

Theorem 2.1. [12] Every vertex of a strong semicomplete digraph on n vertices is contained in a k-cycle for every k ∈ [3, n].

Below we let D = (V , A) be a given digraph and let k be a fixed integer. D is said to be out-critical (with respect to k) 
if δ+(D) = k and no subset of its vertices can be removed without decreasing the minimum out-degree of the resulting 
digraph. Let D be a digraph with minimum out-degree at least k and let X be a subset of its vertices. A set X ′ ⊆ V is 
called X-out-critical if X ⊆ X ′ , δ+(D〈X ′〉) ≥ k and δ+(D〈X ′ − Z〉) < k for every ∅ 
= Z ⊆ X ′ − X . Note that if δ+(D〈X〉) ≥ k, 
then X is the only X-out-critical set in D . By definition, a digraph of minimum out-degree at least k contains at least one 
X-out-critical set for every subset X of vertices (including the empty set).

3. The complexity of the (δ+ ≥ k1, δ+ ≥ k2)-partition problem

As mentioned in the introduction, the (δ+ ≥ 1, δ+ ≥ 1)-partition problem is polynomial for general digraphs. In fact, such 
a partition exists if and only if D has two vertex disjoint cycles. One direction is clear and if we have a pair of disjoint cycles 
C1, C2 in D , then put all vertices with a directed path to V (C1) in D〈V − V (C2)〉 together with V (C1) and the rest together 
with V (C2). By a result of McCuaig [11] one can test the existence of two vertex disjoint cycles, and find such a pair if they 
exist, in a given digraph in polynomial time, implying that (δ+ ≥ 1, δ+ ≥ 1)-partition is polynomial for D .

However already for k1 + k2 ≥ 3 the problem becomes NP-complete.

Theorem 3.1. Let k1, k2 be positive integers such that k1 +k2 ≥ 3. It is NP-complete to decide whether a given input digraph D = (V , A)

has a (δ+ ≥ k1, δ+ ≥ k2)-partition.

Proof. Without loss of generality we have k1 ≤ k2. Let F = C1 ∧ C2 ∧ · · · ∧ Cm be an instance of monotone 1-IN-3-SAT 
with boolean variables x1, x2, . . . , xn (monotone means that no clauses contain negated variables). That is, we seek a truth 
assignment t : {x1, . . . , xn} → {T , F }n such that each clause Ci will have exactly one variable true (T ). This problem is 
NP-complete [16]. It is easy to see that given an instance F of monotone 1-IN-3-SAT we can extend it by adding clauses 
to an equivalent instance F ′ in which each variable occurs in at least k2 clauses. So below we assume that already F has 
this property. We construct the digraph D = D(F) from F as follows: First we take m disjoint copies H (1)

1 , . . . , H (1)
m of the 

complete digraph on k1 vertices and m copies H (2)
1 , . . . , H (2)

m of the complete digraph on k2 vertices all disjoint and disjoint 
from the first complete digraphs. Then we add the following new vertices {c(1)

i |i ∈ [m]} ∪ {c(2)
i |i ∈ [m]} ∪ {wi |i ∈ [m]} ∪ {zi |i ∈

1 As every strong semicomplete digraph contains a spanning strong tournament, Moon’s original theorem also holds for semicomplete digraphs.
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[m]} ∪ {v j | j ∈ [n]}. The vertices c(1)
i , c(2)

i , wi, zi as well as the two complete digraphs H (1)
i , H (2)

i are associated with the 
clause Ci for each i ∈ [m] and the vertex v j is associated with the variable x j for each j ∈ [n]. Now we add the following 
arcs:

• {wic
(1)
i |i ∈ [m]} ∪ {c(2)

i zi |i ∈ [m]}.

• max{k1 − 2, 0} non-parallel arcs from wi to V (H (1)
i ) and an arc from each vertex of V (H (1)

i ) to wi .

• k1 − 1 non-parallel arcs from c(1)
i to V (H (1)

i ).

• k2 − 2 non-parallel arcs from zi to V (H (2)
i ).

• k2 − 2 non-parallel arcs from c(2)
i to V (H (2)

i ) and an arc from each vertex of V (H (2)
i ) to c(2)

i .

• The arcs of the cycle c(2)
1 c(2)

2 . . . c(2)
m c(2)

1 .
• If k1 > 1 then add the arcs of the cycle w1 w2 . . . wm w1.
• for each i ∈ [m], if Ci is given by Ci = (xi1 ∨ xi2 ∨ xi3 ), then we add the 12 arcs

c(1)
i vi1 , c(1)

i vi2 , c(1)
i vi3 , vi1 c(1)

i , vi2 c(1)
i , vi3 c(1)

i , vi1 c(2)
i , vi2 c(2)

i , vi3 c(2)
i , zi vi1 , zi vi2 , zi vi3 .

Clearly D can be constructed in polynomial time, given F . We claim that there exists a truth assignment to x1, . . . , xn

such that each clause Ci contains exactly one true literal if and only if D has a (δ+ ≥ k1, δ+ ≥ k2)-partition.
We first note some properties of any (δ+ ≥ k1, δ+ ≥ k2)-partition (V 1, V 2) of D . As all the vertices wi , i ∈ [m] have 

out-degree exactly k1 in D , they, the vertices c(1)
i , i ∈ [m] and all the vertices of H (1)

1 , . . . , H (1)
m must all belong to the same 

set Vq and if k1 < k2 this must be V 1. Similarly, since each vertex c(2)
i has out-degree exactly k2 in D , all the vertices c(2)

i , 
i ∈ [m], all the vertices zi , i ∈ [m] and all vertices of the digraphs H (2)

1 , . . . , H (2)
m must belong to the same set V p . It is easy 

to see that we must have p 
= q as otherwise only the variable vertices v j can be in the set V 3−q but there are no arcs 
between the variable vertices. Now the fact that the vertices zi, c

(1)
i belong to the different sets of the partition and the fact 

that zi has exactly k2 + 1 out-neighbours in D implies that exactly two of the vertices vi1 , vi2 , vi3 must belong to V p to 
give zi out-degree k2 in D〈V p〉 and the last will belong to Vq to give c(1)

i out-degree k1 in D〈Vq〉.
Now we can finish the proof easily. Suppose first that D has a (δ+ ≥ k1, δ+ ≥ k2)-partition (V 1, V 2). If k1 < k2 we have all 

c(1)
i ’s in V 1. If k1 = k2 then by renaming if necessary, we again have that V 1 contains all c(1)

i ’s and in both cases each such 
vertex has exactly one of its neighbours among the variable vertices in V 1. Thus if we assign the value true to xr , r ∈ [n]
if the vertex vr is in V 1, then we obtain a truth assignment that sets exactly one literal true for each clause. Conversely, 
given a truth assignment φ that sets exactly one literal true for each clause, we obtain the desired partition by letting V 1

consist of all vertices of H (1)
1 , . . . , H (1)

m , all vertices c(1)
i , i ∈ [m], all vertices wi , i ∈ [m] and all those variable vertices vr for 

which the corresponding variable xr is set true by φ. It follows from the observations above and the fact that each variable 
vertex vh , h ∈ [n] has at least k2 out-neighbours in each of the sets {c(1)

1 , . . . , c(1)
m }, {c(2)

1 , . . . , c(2)
m } that (V 1, V − V 1) is a 

(δ+ ≥ k1, δ+ ≥ k2)-partition of V . �

As mentioned earlier in Theorem 1.4, Lichiardopol proved in [10] that δ+(T ) ≥ k2
1+3k1+2

2 + k2 is sufficient to guarantee 
a (δ+ ≥ k1, δ+ ≥ k2)-partition for tournaments. This is also true for semicomplete digraphs. We now describe a polynomial 
algorithm to find such a partition if one exists. We need a few lemmas. For fixed integers k1, k2 a vertex v of a semicomplete 
digraph D is said to be out-dangerous (with respect to k1 and k2) if d+(v) < (k1 + k2) − 1.

Lemma 3.2. Let k1, k2 be fixed integers and let S be a semicomplete digraph. Then the number of out-dangerous vertices of S is at most 
2(k1 + k2) − 3.

Proof. Let X be the set of out-dangerous vertices of S . Then the number of arcs in the semicomplete digraph S〈X〉 is at 
most |X |(k1 + k2 − 2) and at least |X |(|X |−1)

2 implying that |X | ≤ 2(k1 + k2) − 3. �
In [10] it was shown that for every fixed k any out-critical set is of bounded size. With a small modification of this proof 

we can bound the size of X-out-critical sets for any fixed set X .

Lemma 3.3. Let S be a semicomplete digraph with minimum out-degree at least k and let X ⊆ V (S). Then every X-out-critical set X ′
of S will have size at most k2+3k+2

2 + |X |.

Proof. Suppose that for some set X ⊂ V there is an X-out-critical set X ′ of size at least k2+3k+2
2 + |X | + 1. Consider the 

semicomplete digraph S ′ = S〈X ′〉. Let M be the set of vertices that have out-degree exactly k in S ′ and let m = |M|.
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As each v ∈ M has out-degree k in the semicomplete digraph S ′〈M〉 we have

|N+
S ′ [M]| ≤ m + mk − m(m − 1)

2
= −m2

2
+

(
3

2
+ k

)
m =: P (m).

Now P (m) has global maximum at (3/2 + k) and maximum for m integer at k + 1 and k + 2 with P (k + 1) = P (k + 2) =
k2+3k+2

2 . Hence as |X ′| > k2+3k+2
2 + |X | there exists a vertex u ∈ X ′ − (N+

S ′ [M] ∪ X) such that δ+(S ′〈X ′ − u〉) ≥ k. But then 
the set Z = {u} is contained in X ′ − X and δ+(S〈X ′ − Z〉) ≥ k, contradicting the fact that X ′ is an X-out-critical set in S . �

We are now ready to prove the existence of a polynomial algorithm for deciding whether a given semicomplete digraph 
has a (δ+ ≥ k1, δ+ ≥ k2)-partition.

Theorem 3.4. For every fixed pair of integers k1, k2 there exists a polynomial algorithm that either constructs a (δ+ ≥ k1,

δ+ ≥ k2)-partition of a given semicomplete digraph S or correctly outputs that none exist.

Proof. Let (O 1, O 2) be a given partition of the out-dangerous vertices of S . Let X ⊆ V − O 2 be a set containing O 1 such 
that |X | ≤ k2

1+3k1+2
2 + |O 1| and δ+(S〈X〉) ≥ k1 (if no such set exists, we stop considering the pair (O 1, O 2)). The following 

subalgorithm B will decide whether there exists a (δ+ ≥ k1, δ+ ≥ k2)-partition (V 1, V 2) with X ⊆ V 1, O 2 ⊆ V 2: Starting 
from the partition (V 1, V 2) = (X, V − X), and moving one vertex at a time, the algorithm will move vertices of V 2 − O 2
which have d+

S〈V 2〉(v) < k2 to V 1. If, at any time, this results in a vertex v ∈ O 2 having d+
S〈V 2〉(v) < k2, or V 2 = ∅, then 

there is no (δ+ ≥ k1, δ+ ≥ k2)-partition with X ⊆ V 1 and O 2 ⊆ V 2 and the algorithm B terminates. Otherwise B will 
terminate with O 2 ⊆ V 2 
= ∅ and hence it has found an (δ+ ≥ k1, δ+ ≥ k2)-partition (V 1, V 2) with O i ⊆ V i , i = 1, 2.

The correctness of B follows from the fact that we only move vertices that are not dangerous and each such vertex has 
at least k1 + k2 − 1 out-neighbours in S . Hence, as the vertex that we move does not have k2 out-neighbours in V 2, it must 
have at least k1 out-neighbours in V 1, so δ+(S〈V 1〉) ≥ k1 will hold throughout the execution of B.

By Lemma 3.2, the number of out-dangerous vertices is at most 2(k1 + k2) − 3 and hence the number of (O 1, O 2)-par-
titions of the set of out-dangerous vertices is at most 22(k1+k2)−3 which is a constant because k1, k2 are fixed. Furthermore, 
by Lemma 3.3, the size of every O 1-critical set is also bounded by a function of k1 and hence for each (O 1, O 2)-partition 
there is only a polynomial number of O 1-critical sets that are disjoint from O 2. Thus we obtain the desired polynomial time 
algorithm by running the subalgorithm B for all possible partitions (O 1, O 2) of the out-dangerous vertices and all possible 
choices of sets X with O 1 ⊆ X and |X | ≤ k2

1+3k1+2
2 + |O 1|. Note that we do not need to check whether X is O 1-out-critical, 

we just check all possible supersets of O 1 of size at most k2
1+3k1+2

2 + |O 1|. �
As k1, k2 are fixed, the running time of the algorithm above is O (ng(k1,k2)) for some (quadratic) polynomial g . We made 

no attempt to improve the running time above and it is natural to ask whether there exists an FPT algorithm for the 
problem.

Problem 3.5. Does there exist a function f (k1, k2) and a constant c such that one can decide, for a given semicomplete digraph S and 
pair of integers k1, k2 whether S has a (δ+ ≥ k1, δ+ ≥ k2)-partition in time O ( f (k1, k2)nc)?

We saw above that we could solve the (δ+ ≥ k1, δ+ ≥ k2)-partition problem in polynomial time using the fact that the 
number of out-dangerous vertices are bounded for semicomplete digraphs. It is natural to ask whether a similar approach 
can be used for the (δ+ ≥ k1, δ− ≥ k2)-, (δ0 ≥ k1, δ− ≥ k2)- and (δ0 ≥ k1, δ0 ≥ k2)-partition problem. This however is not the 
case. There is no natural way to define dangerous vertices in these cases, as it depends on whether we consider a vertex 
with respect to the first property or with respect to the second property. Given a partition (V 1, V 2) of a digraph D where 
δ+(D〈V 1〉) ≥ k1 and δ−(D〈V 2〉) < k2, a vertex with in-degree less that k2 in V 2 might not have k1 out-neighbours in V 1
and hence cannot be moved directly to V 1 without decreasing the minimum out-degree of V 1.

4. 2-partitions where both constants are one

In this section we will consider the three problems from Theorem 1.6 and prove that there is a polynomial algorithm 
for each of these when the input is a semicomplete digraph. It is clear that for all three problems the existence of a pair 
of disjoint cycles is a necessary condition. It is easy to check whether a semicomplete digraph has a pair of disjoint cycles: 
D has such cycles if and only if it has disjoint cycles C1, C2 where |V (Ci)| ≤ 3 for i ∈ [2] (every cycle of length 4 or more in 
a semicomplete digraph induces a semicomplete digraph with a shorter cycle).

Lemma 4.1. A semicomplete digraph S with δ−(S) ≥ 1 has a (δ0 ≥ 1, δ− ≥ 1)-partition if and only if it has a pair of disjoint cycles. 
Furthermore, such a partition can be found in polynomial time when it exists.
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Proof. Let S be a semicomplete digraph with δ−(S) ≥ 1 and disjoint cycles C1 and C2. If S1 = S〈V − V (C1)〉 has minimum 
in-degree at least 1 then (V (C1), V − V (C1)) is a (δ0 ≥ 1, δ− ≥ 1)-partition so let x1 be a vertex in V − C1 with in-degree 
0 in S1. Similarly either (V (C2), V − V (C2)) is a (δ0 ≥ 1, δ− ≥ 1)-partition or there is a vertex x2 in S2 = S〈V − C2〉 with 
in-degree 0. As δ−(S) ≥ 1 the vertex xi must have an in-neighbour on Ci for i = 1, 2, implying that x1 
= x2. It follows 
from the choice of x1, x2 above that x1, x2 /∈ V (C1) ∪ V (C2) and hence both have in-degree 0 in the semicomplete digraph 
S〈V − V (C1) − V (C2)〉, contradiction. It follows from the proof that it will always be the case that (V (Ci), V − V (Ci)) is a 
(δ0 ≥ 1, δ− ≥ 1)-partition for i = 1 or 2, implying that we can find the desired partition in polynomial time. �
Theorem 4.2. A semicomplete digraph S has a (δ+ ≥ 1, δ− ≥ 1)-partition if and only if it has a pair of disjoint cycles. Furthermore, 
such a partition can be found in polynomial time when it exists.

Proof. We prove by induction on the number of vertices that the presence of two disjoint cycles guarantee the existence of 
the desired partition. In the base case S consists of two disjoint induced cycles so they each have length at most 3 and they 
themselves form the desired partition. Hence we proceed to the induction step and assume that S is a semicomplete digraph 
with disjoint cycles C1 and C2. By Lemma 4.1, it suffices to consider the case when S contains a vertex x of in-degree 0. 
Clearly S −x also has two disjoint cycles (as x is not on any cycle) so by induction it has a (δ+ ≥ 1, δ− ≥ 1)-partition (V ′

1, V
′
2)

and now (V ′
1 + x, V 2) is the desired partition of S . From the argument above it is easy to obtain a polynomial algorithm 

to find the desired partition: continue to remove vertices of in-degree 0 until the remaining semicomplete digraph S ′ has 
δ−(S ′) ≥ 1. Then find a (δ0 ≥ 1, δ− ≥ 1)-partition (V ′

1, V
′
2) of S ′ using the algorithm from Lemma 4.1 and finally return the 

(δ+ ≥ 1, δ− ≥ 1)-partition (V − V ′
2, V

′
2). �

Theorem 4.3. There exists a polynomial algorithm that either finds a (δ0 ≥ 1, δ− ≥ 1)-partition of a semicomplete digraph or correctly 
outputs that none exist.

Proof. If D has a vertex of in-degree 0, then it has no (δ0 ≥ 1, δ− ≥ 1)-partition and otherwise it follows from Lemma 4.1
that the partition exists and can be found in polynomial time. �

For the (δ0 ≥ 1, δ0 ≥ 1)-partition problem the existence of disjoint cycles is not sufficient in general, but the existence of 
a pair of complementary cycles is. Two cycles C1, C2 of a digraph D are complementary if they are disjoint and cover all 
vertices of D . Reid [13] proved that every 2-strong tournament on at least 8 vertices has a pair of complementary cycles. In 
[7] Guo and Volkmann proved that every 2-strong semicomplete digraph of at least 8 vertices has a pair of complementary 
cycles. Bang-Jensen and Nielsen [6] proved that checking the existence of complementary cycles of semicomplete digraphs 
and finding such a pair if they exist can be done in polynomial time. Notice that if C1, C2 is a pair of complementary cycles 
of a semicomplete digraph, then C1 (or C2) is allowed to be a 2-cycle. Now we are ready to prove the following.

Theorem 4.4. There exists a polynomial algorithm that either finds a (δ0 ≥ 1, δ0 ≥ 1)-partition of a semicomplete digraph or correctly 
outputs that none exists.

Proof. Suppose first that S is not strong and let D1, . . . , Dr , r ≥ 2, be the strong components. If D1 or Dr is a trivial 
component, then clearly there is no (δ0 ≥ 1, δ0 ≥ 1)-partition, so we may assume that min{|D1|, |Dr |} ≥ 2 and that r ≥ 3
or we are done. If |Di | ≥ 2 for some i ∈ [2, r − 1], then (V (Di), V − V (Di)) is a (δ0 ≥ 1, δ0 ≥ 1)-partition. Hence we may 
assume that there are distinct vertices d2, . . . , dr−1 such that Di = {di} for i ∈ [2, r − 1]. Now it is easy to see that there is a 
(δ0 ≥ 1, δ0 ≥ 1)-partition if and only if at least one of the following holds:

• D1 has a (δ− ≥ 1, δ− ≥ 1)-partition and Dr has a (δ+ ≥ 1, δ+ ≥ 1)-partition.
• D1 has a (δ0 ≥ 1, δ− ≥ 1)-partition.
• Dr has a (δ+ ≥ 1, δ0 ≥ 1)-partition.

For each of these problems we already established polynomial algorithms so from now on we may assume that S is 
strong. If n < 8 we just check all possible partitions, so assume n ≥ 8. First check whether S has a pair of complementary 
cycles, using the algorithm of [6] and output the 2-partition induced by these if they exist. Hence we may now assume 
that S does not contain a pair of complementary cycles and that it is not 2-strong by the aforementioned results of [7,13]. 
Note that, because every strong semicomplete digraph is Hamiltonian (by Theorem 2.1), the fact that S has no pair of 
complementary cycles implies that S must have at least 3 disjoint cycles if it has a (δ0 ≥ 1, δ0 ≥ 1)-partition.

Let x be a separating vertex of S and let D1, . . . , Dr , r ≥ 2 be the strong components of S − x. As S is strong the vertex 
x dominates at least one vertex in D1 and is dominated by at least one vertex in Dr . Now it is easy to either find a 
(δ0 ≥ 1, δ0 ≥ 1)-partition or deduce the following (in each case, if the claim does not hold, then a (δ0 ≥ 1, δ0 ≥ 1)-partition 
can be constructed easily):

(i) If r ≥ 3 then there are distinct vertices d2, . . . , dr−1 such that Di = {di} for all i ∈ [2, r − 1].
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(ii) If D1 is non-trivial, then x only dominates vertices y of D1 that are separators of D1 and only the initial strong 
component of D1 − y (denoted D11) can be non-trivial. Furthermore, either r = 2 or xd2 /∈ A, implying that d2x ∈ A.

(iii) Similarly, if Dr is non-trivial, then x is only dominated by vertices z of Dr that are separators of Dr and only the 
terminal strong component of Dr − z (denoted Drs) can be non-trivial. Furthermore, either r = 2 or dr−1x /∈ A, implying 
that xdr−1 ∈ A.

Case 1) r = 2 and |D1|, |D2| ≥ 2.
If x has arcs to and from Di for i = 1 or i = 2 then (V (Di) ∪ {x}, V (D3−i)) is a (δ0 ≥ 1, δ0 ≥ 1)-partition so we can assume 
that x dominates all vertices of D1 and is dominated by all vertices of D2. As n ≥ 8 we have max{|D1|, |Dr |} ≥ 4, so, 
by Theorem 2.1, for some i ∈ [2] there exists a vertex v ∈ Di such that Di − v is strong. Now we see that (V 1, V 2) is a 
(δ0 ≥ 1, δ0 ≥ 1)-partition if we let V 1 = V (Di) − v and V 2 = V − V 1.

Case 2a) r ≥ 2 and |D1| = |Dr | = 1. In this case the vertex x is on all cycles of S so it is a ‘no’-instance.

Case 2b) r ≥ 2, min{|D1|, |D2|} = 1 and max{|D1|, |Dr |} ≥ 2.
By reversing all arcs if necessary, we may assume D1 = {d1} and |Dr | ≥ 2. Assume that (V 1, V 2) is a (δ0 ≥ 1, δ0 ≥ 1)-partition 
of S with x ∈ V 1. Then as x is the only in-neighbour of d1, d1 also belongs to V 1. Continuing this way we see that 
{x, d1, . . . , dr−1} ⊆ V 1. As xdr−1 ∈ A any (δ0 ≥ 1, δ0 ≥ 1)-partition (V 1, V 2) will have vertices of Dr in both V 1 and V 2, 
and V 2 ⊂ Dr . Suppose first that x has no in-neighbour among {d1, d2, . . . , dr−1}. Then it is easy to see that the semi-
complete digraph S ′ obtained by deleting d1, . . . , dr−1 and adding an arc from x to each vertex of Dr will have a 
(δ0 ≥ 1, δ0 ≥ 1)-partition if and only if S does. Thus we can solve the problem by calling the algorithm recursively on S ′ . 
Hence we may assume that x has at least one in-neighbour among {d1, d2, . . . , dr−1}. Note that if Dr does not have two 
disjoint cycles, then D has no set of 3-disjoint cycles and hence is a no-instance as we already know it has no pair of 
complementary cycles. Thus we may assume that Dr has a pair of disjoint cycles and now it follows from Theorem 4.3
(applied to Dr with all arcs reversed) that, in polynomial time we can find a (δ+ ≥ 1, δ0 ≥ 1)-partition (V ′

1, V
′
2) of Dr . Now 

it is easy to check that (V − V ′
2, V

′
2) is a (δ0 ≥ 1, δ0 ≥ 1)-partition of S .

Case 3) r > 2 and |D1|, |Dr | ≥ 2.
If there are indices 1 < i < j < r so that xdi, d j x ∈ A, then ({x, di, di+1, . . . , d j}, V − {x, di, di+1, . . . , d j}) is a (δ0 ≥ 1,

δ0 ≥ 1)-partition. Hence, by (ii) and (iii) we may assume that there is an index 2 ≤ f < r − 1 such that x has no arc to 
{d2, . . . , d f } and {d f +1, . . . , dr−1} has no arc to x. Fix a vertex y ∈ V (D1) such that xy ∈ A and a vertex z ∈ V (Dr) such that 
zx ∈ A. By (ii) and (iii) S contains the 3-cycles C3 = {x, y, d2} and C ′

3 = {x, dr−1, z}. If the initial component D11 of D1 − y
satisfies |D11| ≥ 2, then we have the (δ0 ≥ 1, δ0 ≥ 1)-partition (V (C3), V − V (C3)). Similarly if the terminal component Drs
of Dr − z satisfies |Drs| ≥ 2, then we have a (δ0 ≥ 1, δ0 ≥ 1)-partition (V (C ′

3), V − V (C ′
3)). So assume |D11| = |Drs| = 1 and 

hence by (ii) and (iii) that the strong components of D1 − y, respectively Dr − z all have size one. Denote the vertices of 
these by d11, . . . , d1p and dr1, . . . , drs , respectively. Since D1 − d1 j is strong when j /∈ {1, p}, it follows from (ii) that the 
only possible out-neighbours of x in V (D1) − y are d11 and d1p . Similarly, (iii) implies that the only possible in-neighbours 
of x in V (Dr) − z are dr1 and drs . If xd1p ∈ A and d1 j y ∈ A for some 1 ≤ j < p, then ({x, d1p, d2}, V − {x, d1p, d2}) is a 
(δ0 ≥ 1, δ0 ≥ 1)-partition. If xd11 ∈ A and yd1i ∈ A for some 1 < i ≤ p, then again we easily get a (δ0 ≥ 1, δ0 ≥ 1)-partition. 
So either we find the desired partition or conclude that following holds: if xd1p ∈ A then d1p is the only in-neighbour of 
y in D1 and if xd11 ∈ A, then d11 is the only out-neighbour of y in D1. By similar observations we either find the desired 
partition or conclude that if dr1x ∈ A, then dr1 is the only out-neighbour of z in Dr and if drsx ∈ A, then drs is the only 
in-neighbour of z in Dr . This implies that S does not have 3 disjoint cycles, because D − {x, y, z} is acyclic and none of 
D − D1, D − Dr have two disjoint cycles. But then it cannot have a (δ0 ≥ 1, δ0 ≥ 1)-partition, since we have already assumed 
that S has no pair of complementary cycles.

This completes the description of the algorithm. For Case 2b, notice that each of the recursive calls (if any) will be on 
semicomplete digraphs which have at least 2 vertices less than the current one. Hence in at most O (n) calls the algorithm 
we will terminate and thus the algorithm runs in polynomial time. �
5. 2-partitions when one constant is 1 and the other at least 2

When one of the two sides of the partition must have in-degree or out-degree at least k for some k ≥ 2, we need more 
work to establish a polynomial algorithm. We begin with a Lemma which could be of independent interest. Below we use 
the shorthand notation d+

X (v) (d−
X (v)) for d+

D〈X〉(v) (d−
D〈X〉(v)), where X is a subset of the vertices of D and v ∈ X .

Lemma 5.1. Let k ≥ 1 be a fixed integer. Then there exists a polynomial algorithm for the following problem: let S = (V , A) be a 
semicomplete digraph and X1, X2 disjoint subsets of V such that

(a) V − X1 − X2 induces a transitive tournament.
(b) If there is a vertex v of X1 such that d+

X1
(v) = 0 then v is dominated by at most k − 1 vertices of V − X1 − X2 ,

decide whether S has a (δ+ ≥ 1, δ− ≥ k)-partition (V 1, V 2) with Xi ⊂ V i for i ∈ [2] and find such a partition when it exists.
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Proof. We start by setting V ′
1 = X1 and V ′

2 = X2. Throughout this proof we let Z = V − V ′
1 − V ′

2 and say that a (δ+ ≥ 1,

δ− ≥ k)-partition (V 1, V 2) is good if V ′
i ⊂ V i where V ′

1, V
′
2 are the current sets obtained by the algorithm. The algo-

rithm will move vertices of Z to V ′
1 and V ′

2 until we either find such a good partition or we can conclude that none 
exists.

Assume first that there is a vertex u ∈ V ′
1 ∪ Z (u ∈ V ′

2 ∪ Z ) such that d+
V ′

1∪Z
(u) = 0 (d−

V ′
2∪Z

(u) < k). If u ∈ V ′
i then 

clearly there is no good (δ+ ≥ 1, δ− ≥ k)-partition and we can stop. If u ∈ Z then there can only exist a good (δ+ ≥ 1,

δ− ≥ k)-partition if u ∈ V ′
3−i and we may move u to V ′

3−i . Continue moving vertices from the current Z which are forced 
into one of the sides of any good partition (as above) until we either have Z = ∅, in which case we just check whether 
(V ′

1, V
′
2) is a (δ+ ≥ 1, δ− ≥ k)-partition, or we have Z 
= ∅, V ′

1 ∪ Z induces a semicomplete digraph with δ+ ≥ 1 and V ′
2 ∪ Z

induces a semicomplete digraph with δ− ≥ k. If (V ′
1, V

′
2 ∪ Z) is a (δ+ ≥ 1, δ− ≥ k)-partition we are done so let v be the 

unique vertex of out-degree zero in S〈V ′
1〉.

So far we have only moved a vertex to V ′
i − Xi if it was forced to belong to that set in any good partition. Assume 

now that there exists a good (δ+ ≥ 1, δ− ≥ k)-partition (V 1, V 2) and let W = Z ∩ V 1. Furthermore let w1, . . . , wm be the 
unique acyclic ordering of the vertices of W . Then wm must dominate at least one vertex of V ′

1 and the vertex v of V ′
1

must dominate a vertex of W . Let w j be the vertex of W with the highest index such that v dominates w j . If j > 1
then (V 1\{w1, . . . , w j−1}, V 2 ∪ {w1, . . . , w j−1}) is also a good (δ+ ≥ 1, δ− ≥ k)-partition since δ−(S〈V ′

2 ∪ (Z − W )〉) ≥ k
and w1, . . . , w j−1 have no in-neighbours among w j . . . , wm . Hence we can restrict the search for a good (δ+ ≥ 1,

δ− ≥ k)-partition (V 1, V 2) to one where v only dominates the source of the transitive tournament V 1 ∩ Z . Furthermore 
v is either the (original) sink of X1 or a vertex added to V ′

1 because it had less than k in-neighbours in V ′
2 ∪ Z . In any 

case, by (b), the vertex v is dominated by at most k − 1 vertices of Z and hence for any subset of Z of size at least k + 1, 
v will dominate at least two vertices. This implies that if there is any good partition (V 1, V 2) then there is one where 
|V 1| ≤ |V ′

1| + k. We can check for such a partition by looking at all possible subsets W of Z of size at most k with the fur-
ther condition that v only dominates the unique vertex of in-degree 0 in S〈W 〉. There are O (nk+1) such subsets, implying 
that our algorithm is polynomial. �
Theorem 5.2. There exists a polynomial algorithm that either finds a (δ+ ≥ 1, δ− ≥ 2)-partition of a semicomplete digraph S or 
correctly outputs that none exist.

Proof. Below we make no attempt to optimize the running time. There are O (n3) cycles of length at most 3 in S . Let h
denote the number of such cycles and order them as C1, . . . , Ch . For each i ∈ [h] or until we find a solution we proceed 
as follows. Start by letting V 1 = V (Ci), where Ci is the next cycle to consider, and let V 2 = V − V 1. Now move vertices of 
in-degree at most one in D〈V 2〉 to V 1 until either V 2 = ∅ in which case there is no (δ+ ≥ 1, δ− ≥ 2)-partition (V 1, V 2) with 
Ci ⊆ V 1 (and we go to the next cycle Ci+1) or V 2 induces a semicomplete digraph with minimum in-degree at least 2. If 
δ+(S〈V 1〉) ≥ 1 then we have found a (δ+ ≥ 1, δ− ≥ 2)-partition (V 1, V 2), so assume that v has out-degree zero in S〈V 1〉.

Let B be the set of vertices in V 2 that have in-degree at most 4 in S〈V 2〉. If there exists a cycle C ′ of length at most 
3 in S〈V 2〉 such that V 2 − C ′ still induces a semicomplete digraph with minimum in-degree 2, then (V 1 ∪ C ′, V 2 − C ′)
is a (δ+ ≥ 1, δ− ≥ 2)-partition, because v has at most one in-neighbour on C ′ (as it was moved at some point) so 
it will dominate at least one vertex on C ′ . Hence we may assume that for each 3-cycle C ′ of S〈V 2〉 there is a ver-
tex of B that has an in-neighbour in C ′ . But then it follows from Theorem 2.1 that every cycle of S〈V 2〉 contains an 
in-neighbour of B . This implies that F = N−[B] is a feedback vertex set of S〈V 2〉, that is, S〈V 2〉 − F is a transitive tourna-
ment.

If T has any (δ+ ≥ 1, δ− ≥ 2)-partition (V̂ 1, ̂V 2) with V 1 ⊂ V̂ 1, then Fi = V̂ i ∩ F , i = 1, 2, induces a partition of the 
vertices of F . Hence to find a (δ+ ≥ 1, δ− ≥ 2)-partition we need only check if S has a partition (V̂ 1, ̂V 2) where V 1 ∪ F1 ⊂ V̂ 1
and F2 ⊂ V̂ 2 for every partition F1, F2 of F (possibly with Fi = ∅ for i = 1 or i = 2).

To realize that this can be done in polynomial time, notice that there are at most 9 vertices in B and since each of 
these has in-degree at most 4 in V 2 the size of F is at most2 45. Hence there are at most 245 partitions of F to check. For 
each partition (F1, F2) of F we can use the algorithm of Lemma 5.1 with X1 = F1 ∪ V 1 and X2 = F2 ∪ V 2. If none of these 
partitions of F result is a solution, we move to the next cycle Ci+1. �

With a bit more effort we can extend the theorem to any fixed lower bound on the in-degree in S〈V 2〉.

Theorem 5.3. For every fixed integer k ≥ 1 there exists a polynomial algorithm that either constructs a (δ+ ≥ 1, δ− ≥ k)-partition of 
a semicomplete digraph S or correctly outputs that none exist.

Proof. Again we order the set of cycles of length at most 3 as C1, . . . , Ch , where h ∈ O (n3) and consider these one by one 
until we either find a solution or there are no more cycles to try. When considering Ci we start by letting V 1 = Ci and 

2 This estimate is not precise. In fact |F | ≤ 30, but the crude estimate suffices for our argument.
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V 2 = V − V 1. Then we move vertices of in-degree less than k in D〈V 2〉 to V 1 until either V 2 = ∅, in which case there is no 
partition with Ci ⊆ V 1, or the process stops when V 2 induces a semicomplete digraph with minimum in-degree at least k. 
Now if V 1 induces a semicomplete digraph with minimum out-degree at least 1, we have found a (δ+ ≥ 1, δ− ≥ k)-partition 
(V 1, V 2), so assume that v has out-degree zero in S〈V 1〉.

Let p = � k
2 � and let B be the set of vertices of V 2 that have in-degree at most k + 3p − 1. If S〈V 2〉 has a collection of 

p disjoint cycles C ′
1, . . . , C

′
p , each of length at most 3, such that S〈V 2 − ∪p

i=1 V (C ′
i)〉 has minimum in-degree at least k, then 

we obtain a (δ+ ≥ 1, δ− ≥ k)-partition by adding the vertices of C ′
1, . . . , C

′
p to V 1 and removing them from V 2 (as in the 

previous proof the vertex v will have at least one out-neighbour among the newly added vertices). The existence of such a 
collection of cycles can be determined by trying all subsets of V 2 on at most 3p vertices. Hence we may assume below that 
Y = N−[B] intersects all sets of p disjoint cycles in V 2. Now there are at most p − 1 disjoint cycles of length at most 3 in 
V 2 − Y and hence removing some subset Y ′ of at most 3(p − 1) extra vertices of V 2 − Y we obtain a transitive tournament. 
Thus F = Y ∪ Y ′ is a feedback vertex set of S〈V 2〉.

The rest of the proof is similar to that of Theorem 5.2. The only difference is that instead of moving one cycle of 
length at most 3 we move sets of at most p disjoint cycles, each of which have length at most 3. If no good set of p
cycles was found, then we found a small feedback vertex set F and we try each partition of the feedback vertex set F . To 
finish the proof we only need to argue that the size of F is bounded by a function in k. This follows from the following 
crude estimate which suffices for our needs: the in-degree of the vertices in B is at most 5k

2 + 2 so there are at most 
5k + 5 vertices in B and hence |Y | ≤ (5k + 5) + (5k + 5)( 5k

2 + 2) ≤ 25k2+55k+30
2 . We also have that |Y ′| ≤ 3(p − 1) ≤ 3k

2 so 
|F | ≤ 25k2+58k+30

2 . �
We cannot directly use the same approach if we want a (δ0 ≥ 1, δ− ≥ k)-partition. This is because, after moving vertices 

that are forced to be in V 1 the semicomplete digraph S〈V 1〉 may have both a vertex v with out-degree 0 and another vertex 
v ′ with in-degree 0. For v we still know that it has at most k − 1 in-neighbours in V 2, but for v ′ we have no control of its 
number of out-neighbours in V 2, so we cannot guarantee that we will add an in-neighbour of v ′ when we add any set of 
p cycles of length at most 3.

Consider the case where we want a (δ+ ≥ k1, δ− ≥ k2)-partition when both k1 and k2 are at least 2. The following 
would be natural generalization of the proof technique used above: first construct the (polynomial) list of all k1 -out-critical 
subgraphs X1, X2, . . . , Xq . Then starting from V 1 = Xi and V 2 = V − Xi first move all vertices with in-degree less than k2 in 
S〈V 2〉 to V 1 and then try to move a small (as a function of k1) subset of V 2 to V 1 so that we obtain a solution. Unfortunately 
this approach does not work as, already for k1 = k2 = 2, there exist infinitely many tournaments with minimum in-degree 
2 that contain no subtournament of minimum out-degree 2.

Despite the seeming need for new proof techniques, based on the evidence from the results of this paper, we believe 
that the following holds.

Conjecture 5.4. For every pair of fixed integers k1, k2 ≥ 2 there exist polynomial algorithms for deciding the following for a given 
semicomplete digraph S:

• whether S has a (δ+ ≥ k1, δ− ≥ k2)-partition,
• whether S has a (δ+ ≥ k1, δ0 ≥ k2)-partition,
• whether S has a (δ0 ≥ k1, δ0 ≥ k2)-partition.

In the proof of Lemma 5.1 we used the fact that k is fixed to obtain a polynomial algorithm A. If k is part of the input 
the running time of A will no longer be polynomial in the size of the input.

Problem 5.5. What is the complexity of the (δ+ ≥ 1, δ− ≥ k)-partition problem when the input is a semicomplete digraph and a 
positive integer k?

6. 2-partitions of semicomplete digraphs into tournaments

We now show that even for semicomplete digraphs we may obtain very difficult 2-partition problems if we pose the 
extra condition that each part of the 2-partition must induce a tournament. It follows from the polynomial algorithm 
from [6] for finding complementary cycles in semicomplete digraphs that without the requirement that each V i induces a 
tournament, the problem below is polynomially solvable.

Theorem 6.1. It is NP-complete to decide whether a given semicomplete digraph D has a 2-partition (V 1, V 2) such that D〈V i〉 is a 
strong tournament.



J. Bang-Jensen, T.M. Christiansen / Theoretical Computer Science 746 (2018) 112–123 121
Fig. 1. An example of the digraph D = D(F) where F = (x1 ∨ x̄2 ∨ x3) ∧ (x̄1 ∨ x2 ∨ x3) ∧ (x1 ∨ x2 ∨ x3). For clarity only the most important arcs are shown. 
The big arrow indicates that, except for the 2-cycles between clause vertices and between vertices corresponding to literals over the same variable, all arcs 
not shown go from left to right.

Proof. 3

Let F = C1 ∧C2 ∧ . . .∧Cm be an instance of not-all-equal 3-SAT (NAE-3-SAT) over the set of n boolean variables x1, . . . , xn . 
That is, we seek a truth assignment t : {x1, x2, . . . , xn} → {T , F }n so that each clause has at least one true literal and at least 
on false literal. This problem is NP-complete [16].

We construct a semicomplete digraph D = D(F) which has a 2-partition (V 1, V 2) such that D〈V i〉 is a strong tournament 
if and only if F is a ‘Yes’-instance of NAE-3-SAT.

The vertex set of D is given by

V (D) = {c0, c1, . . . , cm+1} ∪ {c′
0, c′

1, . . . , c′
m+1} ∪

m⋃
j=1

{v j,1, v̄ j,1, v j,2, v̄ j,2, . . . , v j,n, v̄ j,n}

Here the vertices c j, c′
j correspond to the clause C j for j ∈ [m] and the vertices {v1,i, . . . , vm,i}, respectively 

{v̄1,i, . . . , ̄vm,i} correspond to the literal xi , respectively the literal x̄i .
We first define the arc set A′ of a semicomplete digraph D ′ on the same vertex set as D and then describe how to obtain 

the arc set A of D by reversing certain arcs that will correspond closely to the clauses of F .
The arc set A′ = A(D ′) is defined as follows:

• For all 0 ≤ j < j′ ≤ m + 1, A′ contains the arcs c jc j′ , c′
jc

′
j′ , except when j = m (and j′ = m + 1) where we have 

cm+1cm, c′
m+1c′

m ∈ A′ .
• There is a 2-cycle between ci and c′

j for all 0 ≤ i, j ≤ m + 1.
• For every i ∈ [n] the vertices {v1,i, . . . , vm,i} ∪ {v̄1,i, . . . , ̄vm,i} induce a complete bipartite digraph with bipartition 

{v1,i, . . . , vm,i}, {v̄1,i, . . . , ̄vm,i}, that is, there is a 2-cycle between v j,i and v̄ j′,i for all j, j′ ∈ [m], i ∈ [n].
• For all j, j′ ∈ [m] and all i, i′ ∈ [n] such that j < j′ and i 
= i′ or j = j′ and i < i′ A′ contains the arcs 

v j,i v j′,i′ , v j,i v̄ j′,i′ , ̄v j,i v j′,i′ , ̄v j,i v̄ j′,i′ .
• For all 0 ≤ j < j′ ≤ m and every i ∈ [n] A′ contains the arcs c j v j′,i, c j v̄ j′,i, c′

j v j′,i, c′
j v̄ j′,i .

• For all 1 ≤ j ≤ j′ ≤ m + 1 and all i ∈ [n], A′ contains the arcs v j,ic j′ , v j,ic′
j′ , ̄v j,ic j′ , ̄v j,ic′

j′ .

Now we describe how to obtain D from D ′ = (V , A′) by performing 12m arc-reversals. For each j ∈ [m]: let �i1 , �i2 , �i3

be the literals of C j and let u j,1, u j,2, u j,3 be those three vertices of {v j,1, ̄v j,1, v j,2, ̄v j,2, . . . , v j,n, ̄v j,n} which correspond 
to these literals (e.g. if C j = (x1 ∨ x̄5 ∨ x8) then u j,1 = v j,1, u j,2 = v̄ j,5, u j,3 = v j,8). Now we reverse the 12 arcs between 
{c j−1, c′

j−1, c j, c′
j} and {u j,1, u j,2, u j,3}. This concludes the construction of D (Fig. 1).

It is easy to check that D is a semicomplete digraph. We first make some observations about 2-partitions (V 1, V 2) of 
V (D) such that D〈V i〉 is a tournament for i ∈ [2].

(a) The vertices {c0, c1, . . . , cm, cm+1} ∪ {c′
0, c

′
1, . . . , c

′
m, c′

m+1} induce a complete bipartite digraph which implies that we 
have {c0, c1, . . . , cm, cm+1} ⊂ V i and we have {c′

0, c
′
1, . . . , c

′
m, c′

m+1} ⊂ V 3−i for i = 1 or i = 2.
(b) for each i ∈ [n], the vertices {v1,i, . . . , vm,i} ∪ {v̄1,i, . . . , ̄vm,i} induce a complete bipartite digraph which implies that we 

have {v1,i, . . . , vm,i} ⊂ V p and {v̄1,i, . . . , ̄vm,i} ⊂ V 3−p for p = 1 or p = 2.

3 We would like to thank Anders Yeo for his help in correcting our first incomplete proof of Theorem 6.1.
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(c) If we delete any vertex c j (c′
j), j ∈ [m] from the set V i which contains c j (c′

j), then the resulting semicomplete digraph 
D〈V i − c j〉 (D〈V i − c′

j〉) has no (cp, cq)-path when m + 1 ≥ p > j > q ≥ 0.

Suppose that φ : {x1, . . . , xn} → {T , F }n is a truth assignment such that each clause C j , j ∈ [m] has at least one true literal 
and at least one false literal. Define the 2-partition (V 1, V 2) so that V 1 consists of precisely the vertices {c0, c1, . . . , cm, cm+1}
and all those literal vertices which correspond to true literals. Because of the arcs we reversed when going from D ′ to D
we have that D〈V 1〉 contains a cycle H = cm+1cmum, jm cm−1um−1, jm−1 . . . c1u1, j1 c0cm+1, where u jq is one of the vertices 
corresponding to a true literal of C j , j ∈ [m]. If C1 contains two true literals, then let ui, j′1 be the other and add the path 
c1u1, j′1 c0 to H . Because c0 dominates all vertices of V 1 − V (H) and cm+1 is dominated by all of these, we see that D〈V 1〉
is strong. A similar argument shows that D〈V 2〉 is strong (because at least one literal of each clause is false under φ).

Suppose now that (V 1, V 2) is a 2-partition of V (D) such that D〈V i〉 is a strong tournament for i ∈ [2]. By (a) we can 
assume w.l.o.g. that {c0, c1, . . . , cm, cm+1} ⊂ V 1 and {c′

0, c
′
1, . . . , c

′
m, c′

m+1} ⊂ V 2. Now (c) implies that for each j ∈ [m] V 1
must contain at least one and at most two of the vertices corresponding to the literals of C j . Thus if we construct a truth 
assignment where variable xi is true if and only if all the vertices (by (b)) {v1,i, . . . , vm,i} are in V 1, then we obtain a 
truth assignment which satisfies at least one literal per clause and also has at least one false literal per clause. Thus F is a 
‘Yes’-instance of NAE-3-SAT. �
7. Remarks and open problems

In this paper we have considered 2-partition problems on semicomplete digraphs. These are also the digraphs of inde-
pendence number4 α = 1. It is well-known and easy to show that for digraphs with bounded independence number α ≤ r
we also have that the number of vertices of in-, out- or semi-degree at most k is bounded by a function g(k, r). In particular, 
it follows from Turan’s theorem that in a digraph with independence number at most α there are at most α(2k +1) vertices 
of out-degree at most k. Furthermore, it is easy to check that if a digraph D with independence number at most r has a 
cycle C , then D〈V (C)〉 contains a cycle of length at most 2r + 1. Using these observations it is not hard to see that we can 
extend Theorem 3.4 to the following. We leave the details to the interested reader.

Theorem 7.1. For every choice of positive integers r, k1, k2 there exists a polynomial algorithm that either constructs a (δ+ ≥ k1,

δ+ ≥ k2)-partition of a given digraph with independence number at most r or correctly outputs that none exist.

We cannot directly extend our proof of Theorem 5.3 to digraphs of bounded independence number: in the proof of 
Lemma 5.1 we use the fact that if we take any set of k + 1 vertices from Z , the vertex v will dominate at least two of these. 
The corresponding property does not necessarily hold even if we take a set of some f (k) vertices from Z when we have 
independence number at most α.

Conjecture 7.2. For every choice of positive integers r, k there exists a polynomial algorithm that either constructs a (δ+ ≥ 1,

δ− ≥ k)-partition of a given digraph with independence number at most r or correctly outputs that none exist.

Problem 7.3. Determine the complexity every pair of fixed integers r, k1, k2 ≥ 1 of deciding the following for a given digraph D with 
independence number r:

• whether D has a (δ+ ≥ k1, δ− ≥ k2)-partition,
• whether D has a (δ+ ≥ k1, δ0 ≥ k2)-partition,
• whether D has a (δ0 ≥ k1, δ0 ≥ k2)-partition.

Kühn et al. proved the following result about 2-partitions and tournaments into highly connected tournaments. We 
formulate it for semicomplete digraphs, since every 3r − 2 strong semicomplete digraph contains an r-strong spanning 
tournament, see e.g. [3, Theorem 11.10.4].

Theorem 7.4. [8] There exists a constant c such that every ck7-strong semicomplete digraph S has a 2-partition (V 1, V 2) such that 
S〈V i〉 is k-strong for i = 1, 2.

Instead of demanding high strong connectivity inside each set of the partition (V 1, V 2) we may also ask for a partition 
of a semicomplete digraph S into strongly connected semicomplete digraphs S1, S2, each of which have out-degree at least 
a specified number ki , i = 1, 2. Note that, since every strong semicomplete digraph is Hamiltonian, when k1 = k2 = 1 we 
just ask for a pair of complementary cycles.

4 The independence number α denotes the maximum cardinality of set of vertices such that there are no arcs between vertices in the set.
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Problem 7.5. Does there exist a function g(k1, k2) such that every strong semicomplete digraph S with δ+(S) ≥ g(k1, k2) has a 
2-partition (V 1, V 2) such that S〈V i〉 is strong and δ+(S〈V i〉) ≥ ki for i = 1, 2?

It was shown in [9] that every tournament with minimum out-degree at least 3 has a 2-partition into two strong 
tournaments. As every mixed graph has an orientation whose out-degree at every vertex is at least half of the original 
out-degree, this implies that g(1, 1) exists (it is at most 6). The problem is open for all values k1, k2 ≥ 1 with k1 + k2 ≥ 3.

The following related result of [2] shows that the bounds in Theorems 1.4 and 1.5 are far from being best possible when 
k becomes large.

Theorem 7.6. There exists an absolute constant c1 so that every semicomplete digraph S with minimum out-degree at least 2k + c1
√

k
has a 2-partition (V 1, V 2) so that δ+(S〈V i〉) ≥ k for i = 1, 2.

Theorem 7.7. There exists an absolute constant c2 so that every semicomplete digraph S with minimum semi-degree at least 2k +c2
√

k
has a 2-partition (V 1, V 2) so that δ0(S〈V i〉) ≥ k for i = 1, 2.

References

[1] N. Alon, Disjoint directed cycles, J. Combin. Theory Ser. B 68 (1996) 167–178.
[2] N. Alon, J. Bang-Jensen, S. Bessy, Out-colourings of digraphs, submitted for publication, 2017.
[3] J. Bang-Jensen, G. Gutin, Digraphs: Theory, Algorithms and Applications, Springer Verlag, London, 2009.
[4] J. Bang-Jensen, F. Havet, Finding good 2-partitions of digraphs I. Hereditary properties, Theoret. Comput. Sci. 636 (2016) 85–94.
[5] J. Bang-Jensen, N. Cohen, F. Havet, Finding good 2-partitions of digraphs II. Enumerable properties, Theoret. Comput. Sci. 640 (2016) 1–19.
[6] J. Bang-Jensen, M.H. Nielsen, Finding complementary cycles in locally semicomplete digraphs, Discrete Appl. Math. 146 (2005) 245–256.
[7] Y. Guo, L. Volkmann, On complementary cycles in locally semicomplete digraphs, Discrete Math. 135 (1994) 121–127.
[8] D. Kühn, D. Osthus, T. Townsend, Proof of a tournament partition conjecture and an application to 1-factors with prescribed cycle length, Combinatorica 

36 (2016) 451–469.
[9] H. Li, J. Shu, The partition of a strong tournament, Discrete Math. 290 (2005) 211–220.

[10] N. Lichiardopol, Vertex-disjoint subtournaments of prescribed minimum outdegree or minimum semi-degree: proof for tournaments of a conjecture of 
stiebitz, Int. J. Comb. (2012) 1–9.

[11] W. McCuaig, Intercyclic digraphs, in: Graph Structure Theory, Seattle, WA, 1991, in: Contemp. Math., vol. 147, American Mathematical Society, 1993, 
pp. 203–245.

[12] J.W. Moon, Topics on Tournaments, Holt, Rinehart and Winston, New York, 1968.
[13] K.B. Reid, Two complementary circuits in two-connected tournaments, in: Cycles in Graphs, in: North-Holland Mathematical Studies, vol. 115, North-

Holland, Amsterdam, 1985, pp. 321–334.
[14] M. Stiebitz, Decomposition of graphs and digraphs, in: KAM Series in Discrete Mathematics-Combinatorics-Operations Research-Optimization, 

vol. 95-309, 1995, pp. 56–59.
[15] C. Thomassen, Disjoint cycles in digraphs, Combinatorica 3 (1983) 393–396.
[16] T.J. Schaefer, The complexity of satisfiability problems, in: Proceedings of the 10th Annual ACM Symposium on Theory of Computing, ACM, New York, 

1978, pp. 216–226.

http://refhub.elsevier.com/S0304-3975(18)30444-4/bib616C6F6E4A43543638s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib62616E6732303039s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib424A483135s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib424A43483135s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib424A4Es1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib47563935s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib6B7565686E433336s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib6B7565686E433336s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib6C69444D323930s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib4C6963494A433132s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib4C6963494A433132s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib6D636375616967434D313437s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib6D636375616967434D313437s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib6D6F6F6E3638s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib52656964s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib52656964s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib737469656269747A4B414Ds1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib737469656269747A4B414Ds1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib74686F6D617373656E4333s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib7368616566657253544F433130s1
http://refhub.elsevier.com/S0304-3975(18)30444-4/bib7368616566657253544F433130s1

	Degree constrained 2-partitions of semicomplete digraphs
	1 Introduction
	2 Notation, deﬁnitions and preliminary results
	3 The complexity of the (δ+ >=k1, δ+ >=k2)-partition problem
	4 2-partitions where both constants are one
	5 2-partitions when one constant is 1 and the other at least 2
	6 2-partitions of semicomplete digraphs into tournaments
	7 Remarks and open problems
	References


