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A 2-partition of a digraph D is a partition (V1,V3) of V(D) into two disjoint non-
empty sets Vi and V; such that V; UV, = V(D). A semicomplete digraph is a digraph
with no pair of non-adjacent vertices. We consider the complexity of deciding whether
a given semicomplete digraph has a 2-partition such that each part of the partition
induces a (semicomplete) digraph with some specified property. In [4] and [5] Bang-Jensen,
Cohen and Havet determined the complexity of 120 such 2-partition problems for general
digraphs. Several of these problems are NP-complete for general digraphs and thus it is
natural to ask whether this is still the case for well-structured classes of digraphs, such as
semicomplete digraphs. This is the main topic of the paper. More specifically, we consider
2-partition problems where the set of properties are minimum out-, minimum in- or
minimum semi-degree. Among other results we prove the following:

e For all integers kq,k; > 1 and kq + kz > 3 it is NP-complete to decide whether a given
digraph D has a 2-partition (Vq, V) such that D(V;) has out-degree at least k; for
i=1,2.

e For every fixed choice of integers «, k1, k2 > 1 there exists a polynomial algorithm for
deciding whether a given digraph of independence number at most « has a 2-partition
(Vq, V3) such that D(V;) has out-degree at least k; for i =1, 2.

e For every fixed integer k > 1 there exists a polynomial algorithm for deciding whether
a given semicomplete digraph has a 2-partition (Vq, V3) such that D(Vy) has out-
degree at least one and D(V3) has in-degree at least k.

e It is NP-complete to decide whether a given semicomplete digraph D has a 2-partition
(Vq, V3) such that D(V;) is a strong tournament.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

A 2-partition of a (di)graph G is a partition (V1, V3) of V(G) into two disjoint non-empty sets. Let P;, 72 be two graph
properties, then a (P;, P,)-partition is a 2-partition (V1, V) where V; induces a graph with property 7; and V3 a graph
with property P,. For example a (87 >k, 87 > k)-partition is a 2-partition of a digraph where each partition induces a
subdigraph with minimum out-degree at least k. It is natural to ask when properties such as high (edge)-connectivity or
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minimum degree can be maintained by both parts of some 2-partition of a (di)graph G. As an example of this, Alon [1] and
independently Stiebitz [14] posed the following problem.

Problem 1.1. [1,14] Does there exist a function h(ky, k2) such that every digraph D = (V, A) with minimum out-degree h(kq, k2) has
a (8% >ky, 81 > ky)-partition?

It is easy to see that the answer to Problem 1.1 is yes if and only if there exists a function h’(k1, k2) > k1 +k2 +1 such that
every digraph with minimum out-degree h’(kq, ky) contains disjoint induced subdigraphs D1, D, such that D; has minimum
out-degree at least k1 and D, has minimum out-degree at least k. The lower bound comes from the complete digraph on
k1 + k2 + 1 vertices in which every vertex has out-degree ki + k. Clearly this does not have the desired 2-partition since
there will be too few vertices in one of the sets of any 2-partition.

It is known that high minimum out-degree guarantees many disjoint cycles in a digraph [1,15], in particular minimum
out-degree 3 is enough to guarantee two disjoint cycles. Using this, one can easily show that h(1, 1) = 3 (see the beginning
of Section 3). Already the existence of h(1,2) is open and we will show in Theorem 3.1 that it is NP-complete to decide if
a digraph has a (67 > 1, 8% > 2)-partition.

The following two problems are natural variations of Problem 1.1. For definitions of semi-degree etc, see the next section.

Problem 1.2. Do there exist functions w1 (kq, kz), wa (k1, k2) such that every digraph D = (V, A) with minimum out-degree §+(D) >
w1 (k1, k2) and minimum in-degree (D) > wa(k1, k2) has a (§* > ky, 8~ > k)-partition.

Problem 1.3. Does there exist a function z(k1, k) such that every digraph D = (V, A) with minimum semi-degree §°(D) > z(kq, k»)
has a (8° > kq, 8° > ky)-partition.

In [10] Lichiardopol answered Problems 1.1 to 1.3 in the affirmative for tournaments. It can easily be seen that his proofs
can be generalized to semicomplete digraphs.

Kk3-+3kq +2

Theorem 1.4. [10] Let T be a tournament (semicomplete digraph) with minimum out-degree at least > + ko, then T has a

(6% > kq, 8T > ky)-partition.

Theorem 1.5. [10] Let T be a tournament (semicomplete digraph) with minimum semi-degree at least k% +3ky + 2 + ky, then T has
a (8% > kq, 8° > ky)-partition.

In [4,5] Bang-Jensen, Havet and Cohen determined the complexity of 120 partition problems for general digraphs. Among
these are the following.

Theorem 1.6. [5] The following 3 decision problems are NP-complete for general digraphs:

o deciding whether D has a (§* > 1,8~ > 1)-partition,
o deciding whether D has a 6°>1,8 > 1)-partition and
e deciding whether D has a (§° > 1, §° > 1)-partition.

We show in the beginning of Section 3 that the (§* > 1,8" > 1)-partition problem is polynomially solvable for gen-
eral digraphs. From these results two natural questions emerge. What is the complexity of the (§* > ky, 8T > ky)-partition
problem when ki + k2 > 3 and what is the complexity of the three problems in Theorem 1.6 if we restrict the input to a
well-structured class of digraphs such as semicomplete digraphs? This paper will answer these questions as well as sev-
eral related ones. In Section 3 we prove that as soon as ki +kp > 3 the (87 >k, 8" > kp)-partition problem becomes
NP-complete for general digraphs. Then we prove that for all fixed pairs of integers ki, k, > 1 there exists a polynomial
algorithm for the (§* > kq, 8 > ky)-partition problem for semicomplete digraphs. In Section 4 we prove that all three prob-
lems from Theorem 1.6 are polynomially solvable for semicomplete digraphs and in Section 5 we prove that for every fixed
integer k > 1 the (§* > 1,8~ > k)-problem is polynomially solvable for semicomplete digraphs. In Section 6 we prove that,
even for semicomplete digraphs, if we require several properties for each part of a 2-partition, we may obtain problems that
are NP-complete, by showing that it is NP-complete to decide whether a given semicomplete digraph D has a 2-partition
(V1, V) so that D(V;) is a stong tournament for i = 1, 2. Finally in Section 7 we conclude with some remarks and open
problems. In particular we outline why one of our proofs generalizes to digraphs of bounded independence number.

2. Notation, definitions and preliminary results

Notation follows [3] all digraphs considered have neither loops nor parallel arcs. We use the shorthand notation [k]
for the set {1,2,...,k} and [i, k] for the set {i,i+1,...,k}. Let D = (V, A) be a digraph with vertex set V and arc set
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A and let v e V. If xy € A is an arc, then we say that x dominates y. The in-degree of v, denoted by dj(v), is the
number of arcs from V — v to v. Similarly the out-degree, denoted by dE(v), is the number of arcs from v to V — v.
Furthermore Nt (v) is the out-neighbours of v, for a set X €V, N*[X] is the union of the set X and all out-neighbours
of the vertices of X and N*(X) = N*[X] — X denotes the set of out-neighbours of X that do not belong to X. Definitions
for the in-neighbours of vertices and sets are similar. Finally the minimum out-degree, respectively minimum in-degree of
a digraph D is denoted by 81 (D), respectively §~(D) and the minimum semi-degree of D, denoted by §°(D) is defined as
8%(D) = min{st (D), 5~ (D)}.

The subdigraph induced by a set of vertices X in a digraph D, denoted D(X), is the digraph with vertex set X and which
contains those arcs from D that have both end-vertices in X.

A path of a digraph is a sequence of distinct vertices x1, X2, ..., x; such that x;x;q is an arc for every i € [l — 1]. A cycle
is defined as a path except that x; = x;. If C is a cycle of k vertices we say that C is a k-cycle. A digraph D is acyclic if it
does not contain any cycles and a feedback vertex set of D is a set Z C V such that D — Z is acyclic.

A strong component of a digraph D = (V, A) is a maximal induced subdigraph D(X) with the property that there exists
a path from u to v for every ordered pair of vertices u, v € X. A digraph D = (V, A) is strongly connected or just strong if
it has exactly one strong component. If D is not strongly connected, then we can order its strong components D1, ..., Dy,
k > 2 such that there is no arc in D which goes from a vertex in D; to a vertex in D; where i < j. A strong component
is trivial if it consists on just one vertex. A digraph on at least k + 1 vertices is k-strong if the digraph D — X, obtained
by deleting all vertices of X and their incident arcs, remains strongly connected for every subset X C V with |X| <k —1.
Furthermore if Y C V such that D(V —Y) is not strong, then Y is called a separator of D and it is a minimal separator if
D — Y’ is strong for every proper subset Y’ of Y.

A complete digraph is a digraph in which every pair of distinct vertices induce a directed 2-cycle. A semicomplete
digraph is a digraph where there is an arc between every pair of vertices and a tournament is a semicomplete digraph
without 2-cycles. A transitive tournament or acyclic tournament, is a tournament without any cycles. For such tournaments
there exists an unique ordering of the vertices v1,..., v, such that v;v; is an arc if and only if i < j. We call the vertex
vy (vy) the source (sink) of T. It is easy to see that for non-strong semicomplete digraphs there exists a unique ordering
of its strong components D1, ..., D; such that each vertex of D; dominates all vertices of D; if and only if i < j. Strong
semicomplete digraphs have many cycles as indicated by the following classical result of Moon.'

Theorem 2.1. [12] Every vertex of a strong semicomplete digraph on n vertices is contained in a k-cycle for every k € [3, n].

Below we let D = (V, A) be a given digraph and let k be a fixed integer. D is said to be out-critical (with respect to k)
if s7(D) =k and no subset of its vertices can be removed without decreasing the minimum out-degree of the resulting
digraph. Let D be a digraph with minimum out-degree at least k and let X be a subset of its vertices. A set X' C V is
called X-out-critical if X € X', §7(D(X’)) >k and §T(D(X' — Z)) <k for every ¥ = Z C X’ — X. Note that if §T(D(X)) >k,
then X is the only X-out-critical set in D. By definition, a digraph of minimum out-degree at least k contains at least one
X-out-critical set for every subset X of vertices (including the empty set).

3. The complexity of the (§+ > ky, §* > ky)-partition problem

As mentioned in the introduction, the (67 > 1, 8T > 1)-partition problem is polynomial for general digraphs. In fact, such
a partition exists if and only if D has two vertex disjoint cycles. One direction is clear and if we have a pair of disjoint cycles
C1,Cy in D, then put all vertices with a directed path to V(Cq1) in D(V — V(C3)) together with V(C;) and the rest together
with V(Cy). By a result of McCuaig [11] one can test the existence of two vertex disjoint cycles, and find such a pair if they
exist, in a given digraph in polynomial time, implying that (§* > 1, % > 1)-partition is polynomial for D.

However already for ki + k, > 3 the problem becomes NP-complete.

Theorem 3.1. Let k1, k; be positive integers such that ky +k; > 3. It is NP-complete to decide whether a given input digraph D = (V, A)
hasa (8% > kq, 8T > ky)-partition.

Proof. Without loss of generality we have ki <k,. Let 7 =C; ACy A--- A Cp, be an instance of monotone 1-IN-3-SAT
with boolean variables x1, X2, ..., x, (monotone means that no clauses contain negated variables). That is, we seek a truth
assignment t : {xq,...,X,} — {T, F}" such that each clause C; will have exactly one variable true (T). This problem is
NP-complete [16]. It is easy to see that given an instance F of monotone 1-IN-3-SAT we can extend it by adding clauses
to an equivalent instance F’ in which each variable occurs in at least ky clauses. So below we assume that already F has
this property. We construct the digraph D = D(F) from F as follows: First we take m disjoint copies Hgl), ey H,(n]) of the
complete digraph on ki vertices and m copies ng), AU H,(nz) of the complete digraph on ky vertices all disjoint and disjoint

from the first complete digraphs. Then we add the following new vertices {ci“)|i e [m]iu {ci(z)|i e ml}U{w;ili e [m]}U{zli e

1" As every strong semicomplete digraph contains a spanning strong tournament, Moon’s original theorem also holds for semicomplete digraphs.
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[m]} U {vjl|j € [n]}. The vertices c“) (2) ,wij,z; as well as the two complete digraphs H(U H(Z) are associated with the
clause C; for each i € [m] and the vertex v;j is associated with the variable x; for each j € [n]. Now we add the following
arcs:

1), 2)_
° {wici( )|1 e[m]juy {cf )Zill € [m]}.
max{k; — 2, 0} non-parallel arcs from w; to V(Hfl)) and an arc from each vertex of V(Hf”) to wj.

e k1 — 1 non-parallel arcs from clm to V(Hfl)).

e ky — 2 non-parallel arcs from z; to V(H;Z)).

e ko — 2 non-parallel arcs from cl.(z) to V(H,@) and an arc from each vertex of V(H;Z)) to clfz).

The arcs of the cycle cgz)céz) . C,(ﬁ)c?).
If ky > 1 then add the arcs of the cycle wiwy ... wpwi.

for each i € [m], if C; is given by C; = (x;; V X;, V Xj;), then we add the 12 arcs

1 1 1 1 2 2 2
( )Vll,Cl( )V,Z,Cl( )1/13,V,1 1() V12Cl() V13Cl( ) V“Cl( ) VIZCI() V,'3C€ )

i ZivViy, ZiViy, ZiVi.

Clearly D can be constructed in polynomial time, given . We claim that there exists a truth assignment to X1, ..., %y
such that each clause C; contains exactly one true literal if and only if D has a (67 > kq, 8T > ky)-partition.
We first note some properties of any (81t > kq,8T > ky)-partition (V1, V,) of D. As all the vertices w;, i € [m] have

out-degree exactly ki in D, they, the vertices c( )ie [m] and all the vertices of H(]), .. H(]) must all belong to the same

set Vg and if ki < ko this must be V4. Similarly, since each vertex c( ) has out- degree exactly ky in D, all the vertices c<2)

i € [m], all the vertices z;, i € [m] and all vertices of the digraphs H(z) - H,(,%) must belong to the same set V. It is easy

to see that we must have p # q as otherwise only the variable vertlces vj can be in the set V3_4 but there are no arcs

between the variable vertices. Now the fact that the vertices z;, ¢ belong to the different sets of the partition and the fact
that z; has exactly ko + 1 out-neighbours in D implies that exactly two of the vertices v;,, vi,, vi; must belong to V, to

give z; out-degree kp in D(V) and the last will belong to V4 to give c( ) out-degree ki in D(Vg).

Now we can finish the proof easily. Suppose first that D has a (§* > kl, 8T > ky)-partition (V1, Vo). If k1 <k we have all
c?l)’s in V1. If k; =k, then by renaming if necessary, we again have that V{ contains all c,-m's and in both cases each such
vertex has exactly one of its neighbours among the variable vertices in V1. Thus if we assign the value true to x,, r € [n]
if the vertex v, is in V1, then we obtain a truth assignment that sets exactly one literal true for each clause. Conversely,
given a truth assignment ¢ that sets exactly one literal true for each clause, we obtain the desired partition by letting V4
consist of all vertices of H%U H,(,p, all vertices cf ) ie [m], all vertices wj, i € [m] and all those variable vertices v, for
which the corresponding varlable X, is set true by ¢. It follows from the observations above and the fact that each variable
vertex vy, h € [n] has at least k, out-neighbours in each of the sets {c“) .. (])} {c(z) (2)} that (V1,V —Vq) is a
(6% >kq, 8T > ky)-partition of V. O

As mentioned earlier in Theorem 1.4, Lichiardopol proved in [10] that §¥(T) > + ko is sufficient to guarantee
a (87 >kq, 8T > ky)-partition for tournaments. This is also true for semicomplete digraphs. We now describe a polynomial
algorithm to find such a partition if one exists. We need a few lemmas. For fixed integers ki, k2 a vertex v of a semicomplete
digraph D is said to be out-dangerous (with respect to ki and kp) if dt(v) < (k1 +kp) — 1.

K343k +2
2

Lemma 3.2. Let k1, ky be fixed integers and let S be a semicomplete digraph. Then the number of out-dangerous vertices of S is at most
2(k1 +ka2) —

Proof. Let X be the set of out-dangerous vertices of S. Then the number of arcs in the semicomplete digraph S(X) is at
most |X|(ky +kz — 2) and at least W implying that |X| <2(ky +k2) —3. O

In [10] it was shown that for every fixed k any out-critical set is of bounded size. With a small modification of this proof
we can bound the size of X-out-critical sets for any fixed set X.

Lemma 3.3. Let S be a semicomplete digraph with minimum out-degree at least k and let X C V (S). Then every X-out-critical set X’
of S will have size at most "2”# +1X].

Proof. Suppose that for some set X C V there is an X-out-critical set X’ of size at least kz*’# + |X| + 1. Consider the
semicomplete digraph S’ = S(X’). Let M be the set of vertices that have out-degree exactly k in S’ and let m = [M]|.
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As each v € M has out-degree k in the semicomplete digraph S'(M) we have

-1 2
|N;’[M]|5m+mk—%=—m7+<;+k>m=:P(m).

Now P(m) has global maximum at (3/2 + k) and maximum for m integer at k+ 1 and k + 2 with P(k+1)=P(k+2) =
kzﬂ#. Hence as |X'| > lh# + | X| there exists a vertex u € X' — (N;[M] U X) such that §7(S’(X’ —u)) > k. But then
the set Z = {u} is contained in X' — X and §*(S(X’ — Z)) >k, contradicting the fact that X’ is an X-out-critical set in S. O

We are now ready to prove the existence of a polynomial algorithm for deciding whether a given semicomplete digraph
has a (8% >kq, 8T > ky)-partition.

Theorem 3.4. For every fixed pair of integers ki, ko there exists a polynomial algorithm that either constructs a (87 > ki,
8% > ky)-partition of a given semicomplete digraph S or correctly outputs that none exist.

Proof. Let (01, O,) be a given partition of the out-dangerous vertices of S. Let X CV — O, be a set containing O such

2
that |X| < W +101] and 87 (S(X)) > kq (if no such set exists, we stop considering the pair (01, 03)). The following
subalgorithm B will decide whether there exists a (87 > kq, 8" > ky)-partition (V1, Vo) with X €V, 0, C V,: Starting
from the partition (V1, Vy) = (X, V — X), and moving one vertex at a time, the algorithm will move vertices of V, — 0,

which have dJSr(Vz)(V) < ky to V1. If, at any time, this results in a vertex v € 0 having dg(vz)(v) <ky, or Vo, =0, then

there is no (8% > kq, 8 > kp)-partition with X € V; and O, C V, and the algorithm B terminates. Otherwise B will
terminate with 0y C V5 # @ and hence it has found an (87 > kq, 8% > kp)-partition (V1, V,) with 0; CV;, i=1,2.

The correctness of B follows from the fact that we only move vertices that are not dangerous and each such vertex has
at least ki + ko — 1 out-neighbours in S. Hence, as the vertex that we move does not have k, out-neighbours in V5, it must
have at least ki out-neighbours in V1, so §7(S(V1)) > k; will hold throughout the execution of B.

By Lemma 3.2, the number of out-dangerous vertices is at most 2(k1 + k) — 3 and hence the number of (01, O;)-par-
titions of the set of out-dangerous vertices is at most 22(1+k2)=3 which is a constant because kq, ky are fixed. Furthermore,
by Lemma 3.3, the size of every O1-critical set is also bounded by a function of k; and hence for each (01, 0,)-partition
there is only a polynomial number of O1-critical sets that are disjoint from O,. Thus we obtain the desired polynomial time
algorithm by running the subalgorithm B for all possible partitions (01, 03) of the out-dangerous vertices and all possible

2
choices of sets X with 01 C X and |X| < kit3ki+2

> 4+ ]01]|. Note that we do not need to check whether X is Oq-out-critical,

. . . k3+3k1+2
we just check all possible supersets of 01 of size at most ~—— +[01]. O

As k1, ky are fixed, the running time of the algorithm above is 0 (n8%1-¥2)) for some (quadratic) polynomial g. We made
no attempt to improve the running time above and it is natural to ask whether there exists an FPT algorithm for the
problem.

Problem 3.5. Does there exist a function f(kq, kz) and a constant c such that one can decide, for a given semicomplete digraph S and
pair of integers k1, ko, whether S has a (61 > ky, 87 > ky)-partition in time O (f (kq, kp)n®)?

We saw above that we could solve the (87 > ky, 8% > ky)-partition problem in polynomial time using the fact that the
number of out-dangerous vertices are bounded for semicomplete digraphs. It is natural to ask whether a similar approach
can be used for the (§7 > k1,8~ > ky)-, (8% > kq,8~ > ky)- and (89 > k1, 8% > ky)-partition problem. This however is not the
case. There is no natural way to define dangerous vertices in these cases, as it depends on whether we consider a vertex
with respect to the first property or with respect to the second property. Given a partition (V1, V,) of a digraph D where
st (D(V1)) > ky and 67 (D(V>,)) < ko, a vertex with in-degree less that k, in V, might not have k; out-neighbours in V;
and hence cannot be moved directly to V; without decreasing the minimum out-degree of V.

4. 2-partitions where both constants are one

In this section we will consider the three problems from Theorem 1.6 and prove that there is a polynomial algorithm
for each of these when the input is a semicomplete digraph. It is clear that for all three problems the existence of a pair
of disjoint cycles is a necessary condition. It is easy to check whether a semicomplete digraph has a pair of disjoint cycles:
D has such cycles if and only if it has disjoint cycles Cq, C; where |V (C;)| < 3 for i € [2] (every cycle of length 4 or more in
a semicomplete digraph induces a semicomplete digraph with a shorter cycle).

Lemma 4.1. A semicomplete digraph S with §~(S) > 1 has a (8° > 1,8~ > 1)-partition if and only if it has a pair of disjoint cycles.
Furthermore, such a partition can be found in polynomial time when it exists.
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Proof. Let S be a semicomplete digraph with §(S) > 1 and disjoint cycles C; and C,. If S; = S{(V — V(C1)) has minimum
in-degree at least 1 then (V(C1),V — V(C1)) is a (8° > 1,8 > 1)-partition so let x; be a vertex in V — C; with in-degree
0 in Sq. Similarly either (V(C3),V — V(Cy)) is a 8%>1,6"> 1)-partition or there is a vertex xp in S; = S(V — C3) with
in-degree 0. As §~(S) > 1 the vertex x; must have an in-neighbour on C; for i = 1,2, implying that x; # x,. It follows
from the choice of x1, X, above that x1,xy ¢ V(C1) U V(C2) and hence both have in-degree 0 in the semicomplete digraph
S(V —V(Cy) — V(C3)), contradiction. It follows from the proof that it will always be the case that (V(C;),V — V(Cj)) is a
(8% > 1,8~ > 1)-partition for i = 1 or 2, implying that we can find the desired partition in polynomial time. O

Theorem 4.2. A semicomplete digraph S has a (57 > 1,8~ > 1)-partition if and only if it has a pair of disjoint cycles. Furthermore,
such a partition can be found in polynomial time when it exists.

Proof. We prove by induction on the number of vertices that the presence of two disjoint cycles guarantee the existence of
the desired partition. In the base case S consists of two disjoint induced cycles so they each have length at most 3 and they
themselves form the desired partition. Hence we proceed to the induction step and assume that S is a semicomplete digraph
with disjoint cycles C; and C,. By Lemma 4.1, it suffices to consider the case when S contains a vertex x of in-degree 0.
Clearly S —x also has two disjoint cycles (as x is not on any cycle) so by induction it has a (§* > 1,8~ > 1)-partition (V1, V5)
and now (V] +x, V) is the desired partition of S. From the argument above it is easy to obtain a polynomial algorithm
to find the desired partition: continue to remove vertices of in-degree 0 until the remaining semicomplete digraph S’ has
§7(S’) > 1. Then find a (8° > 1,8~ > 1)-partition (V/, V) of S’ using the algorithm from Lemma 4.1 and finally return the
(6t =1,8~ = 1)-partition (V — V4, V). O

Theorem 4.3. There exists a polynomial algorithm that either finds a (5° > 1, 8~ > 1)-partition of a semicomplete digraph or correctly
outputs that none exist.

Proof. If D has a vertex of in-degree 0, then it has no 8°>1,8 > 1)-partition and otherwise it follows from Lemma 4.1
that the partition exists and can be found in polynomial time. O

For the (8° > 1,89 > 1)-partition problem the existence of disjoint cycles is not sufficient in general, but the existence of
a pair of complementary cycles is. Two cycles Cq, C; of a digraph D are complementary if they are disjoint and cover all
vertices of D. Reid [13] proved that every 2-strong tournament on at least 8 vertices has a pair of complementary cycles. In
[7] Guo and Volkmann proved that every 2-strong semicomplete digraph of at least 8 vertices has a pair of complementary
cycles. Bang-Jensen and Nielsen [6] proved that checking the existence of complementary cycles of semicomplete digraphs
and finding such a pair if they exist can be done in polynomial time. Notice that if Cy, C, is a pair of complementary cycles
of a semicomplete digraph, then C; (or Cy) is allowed to be a 2-cycle. Now we are ready to prove the following.

Theorem 4.4. There exists a polynomial algorithm that either finds a (§° > 1, 8° > 1)-partition of a semicomplete digraph or correctly
outputs that none exists.

Proof. Suppose first that S is not strong and let Dq,..., D, r > 2, be the strong components. If D; or D, is a trivial
component, then clearly there is no (8° > 1, 8% > 1)-partition, so we may assume that min{|D1|, |D;|} > 2 and that r > 3
or we are done. If |D;| > 2 for some i € [2,7 — 1], then (V(D;),V — V(D)) is a (§° > 1, 8% > 1)-partition. Hence we may
assume that there are distinct vertices dy, ..., dr_1 such that D; = {d;} for i € [2,r — 1]. Now it is easy to see that there is a
(8% > 1, 8% > 1)-partition if and only if at least one of the following holds:

e Dy hasa (8~ > 1,8 > 1)-partition and D, has a (67 > 1, 8" > 1)-partition.
e D; hasa (8> 1,8 > 1)-partition.
e D, hasa (5t >1,8% > 1)-partition.

For each of these problems we already established polynomial algorithms so from now on we may assume that S is
strong. If n < 8 we just check all possible partitions, so assume n > 8. First check whether S has a pair of complementary
cycles, using the algorithm of [6] and output the 2-partition induced by these if they exist. Hence we may now assume
that S does not contain a pair of complementary cycles and that it is not 2-strong by the aforementioned results of [7,13].
Note that, because every strong semicomplete digraph is Hamiltonian (by Theorem 2.1), the fact that S has no pair of
complementary cycles implies that S must have at least 3 disjoint cycles if it has a (5% > 1, 8° > 1)-partition.

Let x be a separating vertex of S and let D1, ..., D, r > 2 be the strong components of S — x. As S is strong the vertex
x dominates at least one vertex in D; and is dominated by at least one vertex in D,. Now it is easy to either find a
(8% > 1, 8% > 1)-partition or deduce the following (in each case, if the claim does not hold, then a (8% > 1, 89 > 1)-partition
can be constructed easily):

(i) If r > 3 then there are distinct vertices ds, ...,d;—1 such that D; ={d;} for alli e [2,r —1].
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(ii) If D1 is non-trivial, then x only dominates vertices y of D; that are separators of D and only the initial strong
component of D; — y (denoted D11) can be non-trivial. Furthermore, either r =2 or xd; ¢ A, implying that d)x € A.

(iii) Similarly, if D, is non-trivial, then x is only dominated by vertices z of D, that are separators of D, and only the
terminal strong component of D, — z (denoted D,s) can be non-trivial. Furthermore, either r =2 or d,_1x ¢ A, implying
that xd,_q € A.

Case1) r=2 and |Dq|,|D2| > 2.
If x has arcs to and from D; for i =1 or i =2 then (V(D;) U {x}, V(D3_;)) is a (8° > 1, 8% > 1)-partition so we can assume
that x dominates all vertices of D and is dominated by all vertices of D;. As n > 8 we have max{|Dq|, |D;|} > 4, so,
by Theorem 2.1, for some i € [2] there exists a vertex v € D; such that D; — v is strong. Now we see that (V,V)) is a
(89> 1, 8% > 1)-partition if we let Vi =V (D;) —v and Vo =V — V.

Case 2a) r > 2 and |D1| = |D,| = 1. In this case the vertex x is on all cycles of S so it is a ‘no’-instance.

Case 2b) r > 2, min{|D1]|, |D2|} =1 and max{|Dq|, |D|} > 2.

By reversing all arcs if necessary, we may assume Dq = {d;} and |D;| > 2. Assume that (Vq, V) is a (§° > 1, 8% > 1)-partition
of S with x € Vq. Then as x is the only in-neighbour of di, d; also belongs to V;. Continuing this way we see that
{x,d1,...,dr—1} C V1. As xd;_1 € A any (8° > 1,8% > 1)-partition (V1, V,) will have vertices of D, in both V; and V3,
and Vy C D,. Suppose first that x has no in-neighbour among {di,d>,...,d;_1}. Then it is easy to see that the semi-
complete digraph S’ obtained by deleting di,...,d,—1 and adding an arc from x to each vertex of D, will have a
(89 > 1,89 > 1)-partition if and only if S does. Thus we can solve the problem by calling the algorithm recursively on S’.
Hence we may assume that x has at least one in-neighbour among {di,d,...,dr—1}. Note that if D, does not have two
disjoint cycles, then D has no set of 3-disjoint cycles and hence is a no-instance as we already know it has no pair of
complementary cycles. Thus we may assume that D, has a pair of disjoint cycles and now it follows from Theorem 4.3
(applied to D, with all arcs reversed) that, in polynomial time we can find a (§* > 1, 8% > 1)-partition (V!, V}) of Dr. Now
it is easy to check that (V — V), V)) is a (8% > 1, 8% > 1)-partition of S.

Case3)r>2 and |Dq|, |Ds| > 2.
If there are indices 1 <i < j <r so that xdj,djx € A, then ({x,d;,dit1,...,d;},V — {x,d;i,dit1,...,d;}) is a 8% >1,
89 > 1)-partition. Hence, by (ii) and (iii) we may assume that there is an index 2 < f <r — 1 such that x has no arc to
{da,...,ds} and {dfy1,...,dr—1} has no arc to x. Fix a vertex y € V(D) such that xy € A and a vertex z € V(D;) such that
zx € A. By (ii) and (iii) S contains the 3-cycles C3 = {x, y,d>} and C} = {x,d;_1, z}. If the initial component D1y of Dy —y
satisfies |D11| > 2, then we have the (8% > 1, 8% > 1)-partition (V (C3), V — V(C3)). Similarly if the terminal component D,
of D, — z satisfies |D;s| > 2, then we have a (8° > 1, 8% > 1)-partition (V(C)), V —V(C))). So assume |Dq1|=|Dys| =1 and
hence by (ii) and (iii) that the strong components of D; — y, respectively D, — z all have size one. Denote the vertices of
these by dq1,...,d1p and d;1, ..., d;s, respectively. Since D1 — dy; is strong when j ¢ {1, p}, it follows from (ii) that the
only possible out-neighbours of x in V(D) — y are dy1 and dyp. Similarly, (iii) implies that the only possible in-neighbours
of x in V(Dy) —z are dr; and dps. If xd1p € A and dqjy € A for some 1< j < p, then ({x,dqp,d2},V — {x,d1p,d2}) is a
(8% > 1, 8% > 1)-partition. If xd; € A and yd;; € A for some 1 <i < p, then again we easily get a (§° > 1, 8% > 1)-partition.
So either we find the desired partition or conclude that following holds: if xdi, € A then dqp is the only in-neighbour of
y in D1 and if xd11 € A, then dq; is the only out-neighbour of y in Dq. By similar observations we either find the desired
partition or conclude that if d-1x € A, then dy is the only out-neighbour of z in D, and if d;sx € A, then d;s is the only
in-neighbour of z in D,. This implies that S does not have 3 disjoint cycles, because D — {x, y, z} is acyclic and none of
D — D1, D — D; have two disjoint cycles. But then it cannot have a 8°>1,8° > 1)-partition, since we have already assumed
that S has no pair of complementary cycles.

This completes the description of the algorithm. For Case 2b, notice that each of the recursive calls (if any) will be on
semicomplete digraphs which have at least 2 vertices less than the current one. Hence in at most O(n) calls the algorithm
we will terminate and thus the algorithm runs in polynomial time. O

5. 2-partitions when one constant is 1 and the other at least 2
When one of the two sides of the partition must have in-degree or out-degree at least k for some k > 2, we need more

work to establish a polynomial algorithm. We begin with a Lemma which could be of independent interest. Below we use
the shorthand notation d;(v) (dy (v)) for dB(X)(V) (d5<x)(v)), where X is a subset of the vertices of D and v € X.

Lemma 5.1. Let k > 1 be a fixed integer. Then there exists a polynomial algorithm for the following problem: let S = (V, A) be a
semicomplete digraph and X1, X3 disjoint subsets of V such that

(a) V — X1 — X; induces a transitive tournament.
(b) Ifthereis a vertex v of Xy such that d;] (v) =0 then v is dominated by at most k — 1 vertices of V — X1 — Xp,

decide whether S has a (5t > 1,8~ > k)-partition (V1, V) with X; C V; fori € [2] and find such a partition when it exists.
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Proof. We start by setting V| = X; and V) = X;. Throughout this proof we let Z=V — V]| — V/ and say that a (6t > 1,
8~ > k)-partition (V1,V2) is good if V] C V; where V{, V) are the current sets obtained by the algorithm. The algo-
rithm will move vertices of Z to V{ and V) until we either find such a good partition or we can conclude that none
exists.

Assume first that there is a vertex u € V{ U Z (u € V), U Z) such that d‘J/r Lz W =0 (dy, v uz W) < k). If ue V] then

clearly there is no good (87 > 1,8~ > k)-partition and we can stop. If u € Z then there can only exist a good (67 >1,
8~ = k)-partition if u € V;_; and we may move u to V;_,. Continue moving vertices from the current Z which are forced
into one of the sides of any good partition (as above) until we either have Z =@, in which case we just check whether
(V4, V%) isa (87 > 1,8 > k)-partition, or we have Z # @, VU Z induces a semicomplete digraph with §* >1 and V,U Z
induces a semicomplete digraph with §~ > k. If (V{,V,U Z) is a (6T > 1,8~ > k)-partition we are done so let v be the
unique vertex of out-degree zero in S(V{).

So far we have only moved a vertex to V{ — X; if it was forced to belong to that set in any good partition. Assume
now that there exists a good (87 > 1,6~ > k)-partition (V1, V,) and let W = Z N V1. Furthermore let wy,..., w, be the
unique acyclic ordering of the vertices of W. Then wy, must dominate at least one vertex of V] and the vertex v of Vj
must dominate a vertex of W. Let w; be the vertex of W with the highest index such that v dominates wj. If j > 1
then (Vi\{w1,...,wj_1}, Vo U{wi,...,w;_q}) is also a good (8% > 1,8~ > k)-partition since §~(S(V,U(Z — W))) >k
and wi,...,wj_1 have no in-neighbours among wj..., wy. Hence we can restrict the search for a good (5% > 1,
8~ > k)-partition (Vq, V,) to one where v only dominates the source of the transitive tournament Vq N Z. Furthermore
v is either the (original) sink of X; or a vertex added to V] because it had less than k in-neighbours in V) U Z. In any
case, by (b), the vertex v is dominated by at most k — 1 vertices of Z and hence for any subset of Z of size at least k + 1,
v will dominate at least two vertices. This implies that if there is any good partition (V1, V) then there is one where
[V1] < |V{|+ k. We can check for such a partition by looking at all possible subsets W of Z of size at most k with the fur-
ther condition that v only dominates the unique vertex of in-degree 0 in S(W). There are O (n*t1) such subsets, implying
that our algorithm is polynomial. O

Theorem 5.2. There exists a polynomial algorithm that either finds a (§* > 1,8~ > 2)-partition of a semicomplete digraph S or
correctly outputs that none exist.

Proof. Below we make no attempt to optimize the running time. There are O (n®) cycles of length at most 3 in S. Let h
denote the number of such cycles and order them as Cq,..., Cp. For each i € [h] or until we find a solution we proceed
as follows. Start by letting V1 = V(C;), where C; is the next cycle to consider, and let Vo =V — V1. Now move vertices of
in-degree at most one in D(V>) to Vq until either V, =@ in which case there is no (6* > 1,8~ > 2)-partition (V1, V) with
C; € V4 (and we go to the next cycle Cij;q) or V, induces a semicomplete digraph with minimum in-degree at least 2. If
81T(S5(V1)) > 1 then we have found a (67 > 1,8~ > 2)-partition (V1, V3), so assume that v has out-degree zero in S(V1).

Let B be the set of vertices in V; that have in-degree at most 4 in S(V5). If there exists a cycle C’ of length at most
3 in S(V3) such that V, — C’ still induces a semicomplete digraph with minimum in-degree 2, then (VU C’,V; — ()
is a (87 > 1,8~ > 2)-partition, because v has at most one in-neighbour on C’ (as it was moved at some point) so
it will dominate at least one vertex on C’. Hence we may assume that for each 3-cycle C’ of S(V,) there is a ver-
tex of B that has an in-neighbour in C’. But then it follows from Theorem 2.1 that every cycle of S(V;) contains an
in-neighbour of B. This implies that F = N~[B] is a feedback vertex set of S(V>), that is, S(V,) — F is a transitive tourna-
ment.

If T has any (6 > 1,8~ > 2)-partition (V1 Vz) with Vi c V3, then F;=V;NF, i=1,2, mduces a partition of the
vertices of F. Hence to ﬁnd a (87 > 1,8 > 2)-partition we need only check if S has a partition (Vl, Vz) where V{UF{ C V1
and F, C V2 for every partition Fq, Fp of F (possibly with F; =0 fori=1 or i =2).

To realize that this can be done in polynomial time, notice that there are at most 9 vertices in B and since each of
these has in-degree at most 4 in V; the size of F is at most? 45. Hence there are at most 24> partitions of F to check. For
each partition (Fq, F2) of F we can use the algorithm of Lemma 5.1 with X; = F; UV and X3 = F» U V5. If none of these
partitions of F result is a solution, we move to the next cycle Ciy1. O

With a bit more effort we can extend the theorem to any fixed lower bound on the in-degree in S(V;).

Theorem 5.3. For every fixed integer k > 1 there exists a polynomial algorithm that either constructs a (¥ > 1,8~ > k)-partition of
a semicomplete digraph S or correctly outputs that none exist.

Proof. Again we order the set of cycles of length at most 3 as Ci,..., C, where h € 0(n®) and consider these one by one
until we either find a solution or there are no more cycles to try. When considering C; we start by letting V{ = C; and

2 This estimate is not precise. In fact |F| < 30, but the crude estimate suffices for our argument.
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V=V — V4. Then we move vertices of in-degree less than k in D(V,) to Vq until either V, =@, in which case there is no
partition with C; € V4, or the process stops when V; induces a semicomplete digraph with minimum in-degree at least k.
Now if V7 induces a semicomplete digraph with minimum out-degree at least 1, we have found a (67 > 1,8~ > k)-partition
(V1,V3), so assume that v has out-degree zero in S(Vq).

Let p = [’5‘] and let B be the set of vertices of V, that have in-degree at most k 4+ 3p — 1. If S(V3) has a collection of
p disjoint cycles (7, ..., C;J, each of length at most 3, such that S(V,; — Ulpzl V(C})) has minimum in-degree at least k, then
we obtain a (8% > 1,8~ > k)-partition by adding the vertices of C1, ..., C;) to V1 and removing them from V; (as in the
previous proof the vertex v will have at least one out-neighbour among the newly added vertices). The existence of such a
collection of cycles can be determined by trying all subsets of V, on at most 3p vertices. Hence we may assume below that
Y = N7 [B] intersects all sets of p disjoint cycles in V5. Now there are at most p — 1 disjoint cycles of length at most 3 in
V2 — Y and hence removing some subset Y’ of at most 3(p — 1) extra vertices of Vo, — Y we obtain a transitive tournament.
Thus F =Y UY’ is a feedback vertex set of S(V;).

The rest of the proof is similar to that of Theorem 5.2. The only difference is that instead of moving one cycle of
length at most 3 we move sets of at most p disjoint cycles, each of which have length at most 3. If no good set of p
cycles was found, then we found a small feedback vertex set F and we try each partition of the feedback vertex set F. To
finish the proof we only need to argue that the size of F is bounded by a function in k. This follows from the following
crude estimate which suffices for our needs: the in-degree of the vertices in B is at most 57" + 2 so there are at most

5k + 5 vertices in B and hence |Y| < (5k +5) + (5k + 5)(3 +2) < 25435430 e als0 have that |Y'| <3(p — 1) < % so
IF| < 25K 458k+30
— 2 .

We cannot directly use the same approach if we want a (8% > 1,8~ > k)-partition. This is because, after moving vertices
that are forced to be in V7 the semicomplete digraph S(V1) may have both a vertex v with out-degree 0 and another vertex
v’ with in-degree 0. For v we still know that it has at most k — 1 in-neighbours in V5, but for v/ we have no control of its
number of out-neighbours in V5, so we cannot guarantee that we will add an in-neighbour of v/ when we add any set of
p cycles of length at most 3.

Consider the case where we want a (87 > ki, 8~ > kp)-partition when both k; and ky are at least 2. The following
would be natural generalization of the proof technique used above: first construct the (polynomial) list of all kq-out-critical
subgraphs X1, Xa, ..., Xq. Then starting from V1 = X; and V, =V — X; first move all vertices with in-degree less than k; in
S(V3) to V1 and then try to move a small (as a function of k;) subset of V, to V1 so that we obtain a solution. Unfortunately
this approach does not work as, already for k1 =k, = 2, there exist infinitely many tournaments with minimum in-degree
2 that contain no subtournament of minimum out-degree 2.

Despite the seeming need for new proof techniques, based on the evidence from the results of this paper, we believe
that the following holds.

Conjecture 5.4. For every pair of fixed integers kq, k, > 2 there exist polynomial algorithms for deciding the following for a given
semicomplete digraph S:

e whether S has a (§1 > kq, 8~ > ky)-partition,
e whether S has a (87 > k1, 8% > ky)-partition,
e whether S has a (8° > k1, 8% > ky)-partition.

In the proof of Lemma 5.1 we used the fact that k is fixed to obtain a polynomial algorithm A. If k is part of the input
the running time of .4 will no longer be polynomial in the size of the input.

Problem 5.5. What is the complexity of the (87 > 1,8~ > k)-partition problem when the input is a semicomplete digraph and a
positive integer k?

6. 2-partitions of semicomplete digraphs into tournaments

We now show that even for semicomplete digraphs we may obtain very difficult 2-partition problems if we pose the
extra condition that each part of the 2-partition must induce a tournament. It follows from the polynomial algorithm
from [6] for finding complementary cycles in semicomplete digraphs that without the requirement that each V; induces a
tournament, the problem below is polynomially solvable.

Theorem 6.1. It is NP-complete to decide whether a given semicomplete digraph D has a 2-partition (V1, V) such that D(V;) is a
strong tournament.
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Fig. 1. An example of the digraph D = D(F) where F = (x1 VX3 VX3) A (X1 V X2 V X3) A (X1 V X2 V x3). For clarity only the most important arcs are shown.
The big arrow indicates that, except for the 2-cycles between clause vertices and between vertices corresponding to literals over the same variable, all arcs
not shown go from left to right.

Proof. *
Let F = C1 ACa2 A ...ACypy be an instance of not-all-equal 3-SAT (NAE-3-SAT) over the set of n boolean variables x1, ..., x.
That is, we seek a truth assignment t : {x1,X2,...,x,} — {T, F}" so that each clause has at least one true literal and at least

on false literal. This problem is NP-complete [16].

We construct a semicomplete digraph D = D(F) which has a 2-partition (V1, V) such that D(V;) is a strong tournament
if and only if F is a ‘Yes’-instance of NAE-3-SAT.

The vertex set of D is given by

m
V(D) ={co. 1. ... Cmy1} UL € e b U Vi Vit vias Vi Vi Vi)
j=1
Here the vertices cj,c;. correspond to the clause C; for j € [m] and the vertices {vi;,...,Vm,}, respectively
{V1,i,...,Vm,i} correspond to the literal x;, respectively the literal x;.

We first define the arc set A’ of a semicomplete digraph D’ on the same vertex set as D and then describe how to obtain
the arc set A of D by reversing certain arcs that will correspond closely to the clauses of F.
The arc set A’ = A(D’) is defined as follows:

eForall 0<j<j<m+1, A contains the arcs cjcj/,c;.c},, except when j=m (and j/=m + 1) where we have
Cm+1Cm» c,/ﬂﬂc,’n cA.

e There is a 2-cycle between ¢; and ¢’ for all 0 <i, j <m+ 1.

e For every i € [n] the vertices {vi,...,Vmi} U{V1i, ..., Vmi} induce a complete bipartite digraph with bipartition
{vii,..os Vmih {V1i, ..., Vm,i}, that is, there is a 2-cycle between v;; and v ; for all j, j' € [m],i € [n].

e For all j,j € [m] and all i,i’ € [n] such that j < j and i #1i or j=j and i <i A’ contains the arcs
ViiVj.is Vj_.il_/j/y.,‘/, \_/j,iVj/’,'/, ‘_/j‘i‘_/ji’i/' ) _ _

e Forall 0<j < j <m and every i € [n] A’ contains the arcs ¢;vj i, cjVj i, C;Vji, CjVj i

e Forall 1<j<j <m+1andalliel[n], A contains the arcs vjicj, vjiCy, VjiCj. Vi€

Now we describe how to obtain D from D’ = (V, A’) by performing 12m arc-reversals. For each j € [m]: let ¢;,, €;,, €;,
be the literals of C; and let uj1,u;2,u;j3 be those three vertices of {vj1,V;1,V;j2,Vj2,...,Vjn, Vjn} which correspond
to these literals (e.g. if Cj = (x; V X5 vV xg) then uj=vj1,uj=Vjs5,uj3=Vjg). Now we reverse the 12 arcs between
{cj-1, c}_], Cj, c}} and {uj 1,uj2,uj3}. This concludes the construction of D (Fig. 1).

It is easy to check that D is a semicomplete digraph. We first make some observations about 2-partitions (V1, V) of
V(D) such that D(V;) is a tournament for i € [2].

(a) The vertices {co,C1,...,Cm,Cm+1} U {cg, €4, -+, €y, Cppyq} induce a complete 'bipartite' digraph which implies that we
have {co,c1,...,¢m, Cm1} C Vi and we have {cy, ¢}, ..., cp. ¢y} C V3o fori=1ori=2.

(b) for each i € [n], the vertices {vi, ..., Vmi}U{V1i,..., Vm i} induce a complete bipartite digraph which implies that we
have {vii,...,Vvm,i} CVpand {Vi,...,Vpi} CV3_p for p=1or p=2.

3 We would like to thank Anders Yeo for his help in correcting our first incomplete proof of Theorem 6.1.
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(c) If we delete any vertex c; (c;.), j € [m] from the set V; which contains c; (c;.), then the resulting semicomplete digraph
D(Vi —cj) (D(V; —c;)) has no (cp, cg)-path whenm+1>p> j>q=>0.

Suppose that ¢ : {x1,...,xp} = {T, F}" is a truth assignment such that each clause C;, j € [m] has at least one true literal
and at least one false literal. Define the 2-partition (V1, V;) so that V consists of precisely the vertices {co, C1,.-.,Cm, Cm+1}
and all those literal vertices which correspond to true literals. Because of the arcs we reversed when going from D’ to D
we have that D(Vy) contains a cycle H = Cnq1Cmlm, jp,Cm—1Um—1,jm_1 - - - C1U1, j; C0Cm+1, Where uj, is one of the vertices
corresponding to a true literal of Cj, j € [m]. If C; contains two true literals, then let u; i, be the other and add the path
C1lly,j; Co to H. Because cop dominates all vertices of V1 — V(H) and cp4+1 is dominated by all of these, we see that D(Vy)
is strong. A similar argument shows that D(V3) is strong (because at least one literal of each clause is false under ¢).

Suppose now that (V1, V) is a 2-partition of V(D) such that D(V;) is a strong tournament for i € [2]. By (a) we can
assume w.lo.g. that {co,c1,...,Cm,Cm+1} C V1 and {cé,c/l,...,%,c;n“} C V3. Now (c) implies that for each j € [m] Vy
must contain at least one and at most two of the vertices corresponding to the literals of C;. Thus if we construct a truth
assignment where variable x; is true if and only if all the vertices (by (b)) {vi,...,vm,i} are in V1, then we obtain a
truth assignment which satisfies at least one literal per clause and also has at least one false literal per clause. Thus F is a
‘Yes’-instance of NAE-3-SAT. 0O

7. Remarks and open problems

In this paper we have considered 2-partition problems on semicomplete digraphs. These are also the digraphs of inde-
pendence number? o = 1. It is well-known and easy to show that for digraphs with bounded independence number o <r
we also have that the number of vertices of in-, out- or semi-degree at most k is bounded by a function g(k, r). In particular,
it follows from Turan’s theorem that in a digraph with independence number at most « there are at most «(2k+ 1) vertices
of out-degree at most k. Furthermore, it is easy to check that if a digraph D with independence number at most r has a
cycle C, then D(V(C)) contains a cycle of length at most 2r + 1. Using these observations it is not hard to see that we can
extend Theorem 3.4 to the following. We leave the details to the interested reader.

Theorem 7.1. For every choice of positive integers r, ky, ky there exists a polynomial algorithm that either constructs a (61 > kq,
81 > kp)-partition of a given digraph with independence number at most r or correctly outputs that none exist.

We cannot directly extend our proof of Theorem 5.3 to digraphs of bounded independence number: in the proof of
Lemma 5.1 we use the fact that if we take any set of k41 vertices from Z, the vertex v will dominate at least two of these.
The corresponding property does not necessarily hold even if we take a set of some f (k) vertices from Z when we have
independence number at most c.

Conjecture 7.2. For every choice of positive integers r, k there exists a polynomial algorithm that either constructs a (6% > 1,
8~ > k)-partition of a given digraph with independence number at most r or correctly outputs that none exist.

Problem 7.3. Determine the complexity every pair of fixed integers r, k1, ky > 1 of deciding the following for a given digraph D with
independence number r:

e whether D has a (6% > ky, 8~ > ky)-partition,
e whether D has a (81 > kq, 8° > ky)-partition,
o whether D has a (89 > kq, 89 > ky)-partition.

Kithn et al. proved the following result about 2-partitions and tournaments into highly connected tournaments. We
formulate it for semicomplete digraphs, since every 3r — 2 strong semicomplete digraph contains an r-strong spanning
tournament, see e.g. [3, Theorem 11.10.4].

Theorem 7.4. [8] There exists a constant ¢ such that every ck’-strong semicomplete digraph S has a 2-partition (V1, V) such that
S(V;) is k-strong fori =1, 2.

Instead of demanding high strong connectivity inside each set of the partition (V1, V) we may also ask for a partition
of a semicomplete digraph S into strongly connected semicomplete digraphs S1, S, each of which have out-degree at least
a specified number k;, i =1, 2. Note that, since every strong semicomplete digraph is Hamiltonian, when k1 =k, =1 we
just ask for a pair of complementary cycles.

4 The independence number « denotes the maximum cardinality of set of vertices such that there are no arcs between vertices in the set.
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Problem 7.5. Does there exist a function g(kq, k) such that every strong semicomplete digraph S with §7(S) > g(kq, k2) has a
2-partition (V1, V) such that S(V;) is strong and § T (S(V;)) > k; fori=1,2?

It was shown in [9] that every tournament with minimum out-degree at least 3 has a 2-partition into two strong
tournaments. As every mixed graph has an orientation whose out-degree at every vertex is at least half of the original
out-degree, this implies that g(1, 1) exists (it is at most 6). The problem is open for all values k1, ky > 1 with kq +k; > 3.

The following related result of [2] shows that the bounds in Theorems 1.4 and 1.5 are far from being best possible when
k becomes large.

Theorem 7.6. There exists an absolute constant cq so that every semicomplete digraph S with minimum out-degree at least 2k + c1~/k
has a 2-partition (V1, V) so that 87 (S(V;)) >k fori=1,2.

Theorem 7.7. There exists an absolute constant c, so that every semicomplete digraph S with minimum semi-degree at least 2k + c2/k
has a 2-partition (V1, V3) so that s°(S(V;)) >k fori=1, 2.
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