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at least nk þ kðk�1Þ
2 arcs. In fact, the tournaments in our construction have

the property that every spanning subdigraph with minimum in- and out-
degree at least k has nk þ kðk�1Þ

2 arcs. This is best possible since it can be
shown that every k-arc-strong tournament contains a spanning subdigraph
with minimum in- and out-degree at least k and no more than nk þ kðk�1Þ

2
arcs. As our main result we prove that every k-arc-strong tournament
contains a spanning k-arc-strong subdigraph with no more than nk þ 136k2

arcs. We conjecture that for every k-arc-strong tournament T, the minimum
number of arcs in a k-arc-strong spanning subdigraph of T is equal to the
minimum number of arcs in a spanning subdigraph of T with the property
that every vertex has in- and out-degree at least k. We also discuss the
implications of our results on related problems and conjectures.
� 2004 Wiley Periodicals, Inc. J Graph Theory 46: 265–284, 2004

Keywords: tournament; connectivity; minimum strong spanning subdigraph; certificates for

connectivity; polynomial algorithm; MSSS problem; MEG problem

1. INTRODUCTION

A tournament is an orientation of a complete graph. It is well-known and easy to

show that every strong tournament has a hamiltonian cycle. Furthermore, it is

easy to find such a cycle in polynomial time. Hence for tournaments the problem

of finding a spanning strong subdigraph with the minimum number of arcs (the

MSSS problem) is polynomially solvable. For general digraphs this problem is

very hard as it generalizes the hamiltonian cycle problem. The MSSS problem

forms the most important subproblem of the problem of finding the so-called

minimum equivalent digraph of a given digraph. That is, given a digraph

D ¼ ðV ;AÞ find a spanning subdigraph D0 ¼ ðV;A0Þ such that for every choice of

vertices x; y 2 V there is a directed path from x to y in D if and only if D0 has such

a path. The minimum equivalent digraph problem and its generalizations to

higher degrees of connectivity has practical applications and has been studied

extensively, see e.g. [1,12,15,16,19]. Furthermore, for a given class of digraphs,

which is closed under the operation of taking induced subdigraphs, one can find

the minimum equivalent digraph in polynomial time if and only if one can solve

the MSSS problem in polynomial time for that class. Hence, it is of interest to

find classes of digraphs for which one can solve the MSSS problem in polynomial

time. Recently it was shown that the MSSS problem is solvable in polynomial

time for several classes which contain tournaments as a subclass [4,6]. In the last

section of this paper, we also discuss briefly some approximation algorithms for

this problem for general digraphs.

Suppose now that we are given a digraph which is k-arc-strong and the goal is

to find a spanning subdigraph with the minimum number of arcs which is k-arc-

strong. Clearly, this problem contains the MSSS problem as a special case and

hence is very hard for general digraphs. For an arbitrary k-arc-strong digraph one
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can find a spanning k-arc-strong subdigraph with at most twice the optimal

number of arcs in polynomial time (see Section 3). However, even for tournaments

finding a polynomial algorithm to determine a minimum k-arc-strong spanning

subdigraph, seems to be very difficult. One reason for this is that although

tournaments have a lot of structure, much of this is either lost, or at least difficult

to establish as soon as we delete only a relatively small number of arcs from the

tournament in question (for example it is an open problem whether there exists a

polynomial algorithm for recognizing those tournaments that have two arc-

disjoint hamiltonian cycles). Hence, applying an iterative approach which builds

up a minimum spanning k-arc-strong subdigraph from certain spanning strong

subdigraphs seems doomed to fail.

In this paper, we show that every k-arc strong tournament T contains a

spanning k-arc-strong subdigraph with at most nk þ 136k2 arcs. We show that this

is best possible in terms of the exponent on k and we also show that one can find

such a subdigraph in polynomial time. Since every k-arc-strong digraph has at

least nk arcs this shows that for k-arc-strong tournaments one can get within a

function depending only on k of the optimum. The method we use involves

iteratively constructing large arc-disjoint strong subdigraphs of T such that the

subdigraph D0 induced by the union of the arc sets of these subdigraphs contains

a large set of vertices X (containing all vertices from T except possibly a linear

function of k vertices) and for any two vertices x; y 2 X; D0 contains k arc-disjoint

ðx; yÞ-paths.

Our proof uses several new results on digraphs in which the number of non-

neighbors of each vertex is bounded by some constant c and digraphs in which

some vertices may have more than c non-neighbors but the total number of such

vertices is bounded by some other constant.

Finally, we conjecture that for every k-arc-strong tournament T , the minimum

number of arcs in a k-arc-strong spanning subdigraph of T is equal to the

minimum number of arcs in a spanning subdigraph of T with the property that

every vertex has in- and out-degree at least k. If true, this would imply that there

exists a polynomial algorithm to determine the minimum number of arcs in a

spanning k-arc-strong subdigraph of a given k-arc-strong tournament.

Several results from this paper were used in [5].

2. STATEMENT OF THE MAIN RESULT AND CONJECTURE

Let n � 3 and k � 1 be two integers. We define f ðn; kÞ to be the smallest integer

such that every k-arc-strong tournament on n vertices contains a k-arc-strong

spanning subdigraph with at most f ðn; kÞ arcs. Since every strong tournament

is hamiltonian, we have f ðn; 1Þ ¼ n. Furthermore, since every vertex in a k-arc-

strong digraph has out-degree at least k, f ðn; kÞ � nk.

For all k � 1 and n � 5k þ 2 we define T n;k as the class of tournaments that

can be obtained from a transitive tournament A on k vertices and two k-arc-strong
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tournaments B;C as shown in Figure 1. It is not difficult to show that each

tournament in T n;k is k-arc-strong.

Let T be any member of T n;k. Observe that every k-arc-strong subdigraph D

of T must contain at least kðk þ 1Þ=2 arcs from B to A and exactly k arcs from

C to B (there are no more). Hence we have ½
P

x2B d
þ
DðxÞ� � ½

P
x2B d

�
DðxÞ� �

kðk þ 1Þ=2 � k, implying that
P

x2B d
þ
DðxÞ � k � jBj þ kðk � 1Þ=2. This implies

that D has at least nk þ kðk � 1Þ=2 arcs.

The tournaments in T n;k show that f ðn; kÞ � nk þ ck2 for some constant c > 0.

As our main result, we show that this is the right order of magnitude and in fact

f ðn; kÞ � nk þ 136k2 holds.

Theorem 2.1. For any n � 3 and k � 1, every k-arc-strong tournament T on n

vertices contains a spanning k-arc-strong subdigraph D0 with at most nk þ 136k2

arcs.

For any tournament T we denote by hðk;TÞ the minimum number of arcs

in a spanning subdigraph D of T in which has �ðDÞ � k. If �ðTÞ < k we let

hðk;TÞ ¼ 1. Here �ðDÞ denotes the minimum over all in- and out-degrees of

vertices in D.

Proposition 2.1. Every tournament with �ðTÞ � k satisfies hðk;TÞ � nkþ
kðk þ 1Þ=2. Furthermore, if T is k-arc-strong hðk; TÞ � nk þ kðk � 1Þ=2:

FIGURE 1. The structure of the tournaments in T n,k. The tournament A is
the transitive tournament on k vertices, B and C are arbitrary k-arc-strong
tournaments. The bold arcs B!A, A!C indicate that all possible arcs are
present in that direction. There are exactly k arcs from C to B and all other arcs go
from B to C.
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Proof. Let T ¼ ðV;AÞ be a tournament on n vertices with �ðTÞ � k. Form a

flow network N with vertex set U ¼ V� [ Vþ [ fs; tg, where V� ¼ fv� jv 2 Vg;
Vþ ¼ fvþ jv 2 Vg, and arc set fsv� jv 2 Vg [ fv�wþ jvw 2 Ag [ fvþt jv 2 Vg.

Every arc a has a capacity uðaÞ ¼ 1 and for each arc a in the set

fsv� jv 2 Vg [ fvþt jv 2 Vg there is a lower bound lðaÞ ¼ k and all other arcs

have lower bound lðaÞ ¼ 0. Observe that if x is a feasible integer valued ðs; tÞ-
flow in N of value M (the flow out of s) then the spanning subdigraph D0 of T that

we obtain by taking those arcs vw 2 A for which xðv�wþÞ ¼ 1 has precisely M

arcs and �ðD0Þ � k. The other direction holds as well. Thus, the minimum number

of arcs in a spanning subdigraph D0 of T with �ðD0Þ � k is equal to the minimum

value of a feasible integer valued ðs; tÞ-flow in N . It is a standard result in flow

theory (see e.g. [2, Theorem 3.9.1]) that this value is equal to the maximum of

lðS; �SSÞ � uð�SS; SÞ over all partitions of U into two sets S; �SS where s 2 S and t 2 �SS.

Let ðS; �SSÞ be an arbitrary partition as above and denote by X;Y ; Z;W the

following sets:

X ¼ fv 2 V j v� 2 �SS and vþ 2 Sg; Y ¼ fv 2 V j v� 2 �SS and vþ 2 �SSg;
Z ¼ fv 2 V jv� 2 S and vþ 2 �SSg; W ¼ fv 2 V jv� 2 S and vþ 2 Sg:

Then, U ¼ X [ Y [ Z [W and it is easy to see that we have lðS; �SSÞ �
kðnþ jXj � jZjÞ and uð�SS; SÞ � jXjðjXj � 1Þ=2 (every arc in X contributes one to

uð�SS; SÞ). Thus, we have

lðS; �SSÞ � uð�SS; SÞ � knþ kjXj � kjZj � jXjðjXj � 1Þ=2: ð1Þ

This implies that lðS; �SSÞ � uð�SS; SÞ � knþ kðk þ 1Þ=2 with equality only if

jZj ¼ 0. Furthermore, if T is k-arc-strong then it is easy to see that either jZj � 1

or there are at least k arcs from Y to X [W in T . In both cases, we conclude that

lðS; �SSÞ � uð�SS; SÞ � knþ kðk � 1Þ=2. Since ðS; �SSÞ was chosen arbitrarily the result

now follows. &

For any tournament T we denote by gðk; TÞ the minimum number of arcs

in a spanning k-arc-strong subdigraph D of T . If T is not k-arc-strong then

gðk;TÞ ¼ 1.

Conjecture 2.1. For each k � 1 and for every k-arc-strong tournament T we

have gðk; TÞ ¼ hðk; TÞ.

If true, Conjecture 2.1 would imply that the correct value of f ðn; kÞ is

nk þ kðk � 1Þ=2. Furthermore, since a minimum spanning subdigraph D with

�ðDÞ � k can be found in polynomial time, the truth of the conjecture would

imply that one can find gðk; TÞ in polynomial time for every tournament T .

We conjecture that finding a minimum k-arc-strong spanning subdigraph of T

can also be done in polynomial time.
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3. TERMINOLOGY AND PRELIMINARIES

For notation or terminology not discussed here we refer to [2]. We shall always

use the number n to denote the number of vertices in the digraph currently under

consideration. The digraphs in this paper are finite and have no loops but may

have multiple arcs. We use VðDÞ and AðDÞ to denote the vertex set and the arc set

of a digraph D. The underlying undirected graph of D, denoted UGðDÞ is the

(multi)graph one obtains by suppressing the orientations on each arc. The

complement graph of an undirected multigraph G ¼ ðV ;EÞ is the undirected

graph �GG whose vertex set is V and two vertices x; y are joined by an edge in �GG
precisely when xy 62 E.

The arc from a vertex x to a vertex y will be denoted by xy. Two vertices x and

y are adjacent if there is at least one arc between them. For disjoint subsets

H;K � VðDÞ we use the notation H)K to denote that there are no arcs from K

to H. If X � VðDÞ then we denote by DhXi the subdigraph induced by X in D,

that is DhXi has vertex set X and contains precisely those arcs from AðDÞ which

have both end vertices in X.

The degree dðvÞ of a vertex v is the number of arcs incident with D (i.e,

the degree in UGðDÞ). If R � AðDÞ then we denote by dRðvÞ the degree of v in

the undirected subgraph of UGðDÞ induced by the edges of R. We also use the

notation dRðx;UÞ to denote the number of arcs from R which have one end vertex

in U and the other equal to x. A set of vertices S in D is independent if no arc

of D has both end vertices in S. We denote by �ðDÞ the maximum size of an

independent set in D.

By a cycle ( path, respectively) we mean a directed (simple) cycle (path,

respectively). If W is a cycle or a path with two vertices u; v such that u can reach

v on W , then W ½u; v� denotes the subpath of W from u to v. A cycle (path) of a

digraph D is hamiltonian if it contains all the vertices of D. A digraph is

hamiltonian if it has a hamiltonian cycle.

Let U;W be two subsets of VðDÞ. A ðU;WÞ-arc is an arc xy with x 2 U

and y 2 W . A ðU;WÞ-path is a path x1x2 . . . xk such that x1 2 U; xk 2 W

and xi 62 U [W for i ¼ 2; 3; . . . ; k � 1. An ðx; yÞ-path is a path from x

to y.
A digraph D is strongly connected (or just strong) if there exists an ðx; yÞ-

path and a ðy; xÞ-path for every choice of distinct vertices x; y of D. A digraph

D is k-arc-strong for some k � 1 if D� A0 is strong for every subset A0

of AðDÞ such that jA0j � k � 1. Whenever x and y are distinct vertices of D,

we denote by �Dðx; yÞ the maximum number of arc-disjoint ðx; yÞ-paths.

By Menger’s theorem, �Dðx; yÞ � k for all x; y 2 VðDÞ if and only if D is

k-arc-strong.

An out-branching (in-branching) rooted at r in a digraph D is a tree F in

UGðDÞ which (in D) is oriented in such a way that every vertex except r has

precisely one arc coming in to it (going out of it). The following classical result is

due to Edmonds:

270 JOURNAL OF GRAPH THEORY
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Theorem 3.1 [13]. Let D be a directed graph and r a vertex of VðDÞ and let k

be a natural number. There exist k arc-disjoint out-branchings (in-branchings) all

rooted at r in D if and only if �Dðr; vÞ � k ð�Dðv; rÞ � kÞ for every v 2 VðDÞ � r.

Recall that every k-arc-strong digraph on n vertices has at least nk arcs, since

every vertex has at least k arcs out of it. The following easy consequence of

Edmonds branching theorem (see Corollary 3.2 below) implies that one can

always find a k-arc-strong subdigraph with at most twice that number of arcs.

Corollary 3.1. Every k-arc-strong digraph contains a spanning k-arc-strong

subdigraph with at most 2kðn� 1Þ arcs.
Proof. Let D be k-arc-strong and fix a vertex r 2 VðDÞ. Since D is k-arc

strong we have in particular that �Dðr; vÞ � k for every v 2 VðDÞ � r. Hence by

Theorem 3.1, D has k arc-disjoint out-branchings Fþ
r;1;F

þ
r;2; . . . ;F

þ
r;k all of which

have root r. Similarly, D has k arc-disjoint in-branchings F�
r;1;F

�
r;2; . . . ;F

�
r;k all of

which have root r. Let D0 be the spanning subdigraph of D induced by the arc set

of these 2k branchings. Then jAðD0Þj � 2kðn� 1Þ and for every v 2 VðDÞ � r we

have �D0 ðr; vÞ � k and �D0 ðv; rÞ � k. Now it is an easy exercise, using Menger’s

theorem, to prove that D0 is k-arc-strong. &

Lovász [18] gave a constructive proof of Theorem 3.1, which can easily be

turned into a polynomial algorithm to find k arc-disjoint out-branchings with the

same root or detect that no such set of branchings exist in a given digraph D with

a specified vertex r. Hence we have the following corollary:

Corollary 3.2. There exist a polynomial algorithm to find, in a given k-arc-

strong digraph D, a spanning k-arc-strong subdigraph with at most 2kðn� 1Þ
arcs. &

The following result due to Camion is well known and easy to prove (see the

proof of Lemma 4.1 below).

Theorem 3.2 [10]. Every strongly connected semicomplete digraph contains a

hamiltonian cycle. &

We assume throughout this paper that k � 1 is an integer.

4. SMALL STRONG SPANNING SUBDIGRAPHS IN
DIGRAPHS WITH HIGH MINIMUM DEGREE

A cycle C in a digraph D is non-extendable if D has no cycle C0 such that C � a

is a subpath of C0 for some arc a of C and jVðC0Þj > jVðCÞj. The next two
results both generalize Theorem 3.2:

Lemma 4.1. Let D be a strong digraph and let C be a non-extendable cycle

in D. Then no vertex of D� VðCÞ is adjacent to all vertices in C.

SPANNING K-ARC-STRONG SUBDIGRAPHS 271
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Proof. Denote C ¼ c1c2 . . . crc1 and let

S ¼ fx 2 VðDÞ � VðCÞ j x is adjacent to all vertices in Cg:

Then, for each vertex x 2 S either x )VðCÞ or VðCÞ) x as C is non-extendable.

Suppose that there exists a vertex x such that x )VðCÞ. Let civ1v2 . . . vtx; t � 1,

be a shortest path from C to x. Then, civ1v2 . . . vtxC½ciþ1; ci� is a cycle of length

greater than that of C, contradicting the assumption that C is non-extendable. So

there is no vertex x such that x )VðCÞ. A similar argument shows that there is no

vertex x such that VðCÞ) x. Hence S ¼ ;. &

The next theorem implies that for strong digraphs whose underlying graphs

have at most a fixed number c of non-neighbors for every vertex, one can always

find a spanning strong subdigraph with at most the same constant c arcs above the

number of arcs in a minimum spanning strong subdigraph (take q ¼ 0).

Theorem 4.1. Let D be a strong digraph, let R denote the complement graph of

UGðDÞ and let c � 0 be an integer. Suppose we have

X
fu2VðDÞ:dRðuÞ>cg

½dRðuÞ � c� � q: ð2Þ

Then there exists a strong spanning subdigraph H of D such that jAðHÞj �
nþ cþ

ffiffiffiffiffi
2q

p
.

Proof. Let z1 be arbitrary, let D1 ¼ D and let C1 be a non-extendable cycle

containing z1 in D1. If C1 is a hamiltonian cycle, then this can play the role of H.

Otherwise contract C1 into one vertex z2 and let D2 denote the resulting digraph

(we delete multiple arcs if some are created as well as the loop created at z2).

Let C2 be a non-extendable cycle containing z2 in D2. If C2 is a hamiltonian cycle

in D2 then stop. Otherwise contract C2 into one vertex z3 and let D3 denote the

resulting digraph. Continue this way until the current non-extendable cycle Cj is a

hamiltonian cycle in Dj.

Denote by Hi the subdigraph of D induced by the arcs of C1;C2; . . . ;Ci. It

is easy to see that Hi has jVðHiÞj þ i� 1 arcs and that jVðHiÞj � iþ 1. Hence,

it suffices to show that the process above can continue for at most cþ
ffiffiffiffiffi
2q

p

contraction steps.

Suppose x is a vertex in Di which does not belong to Hi. We claim that

dRðx;VðHiÞÞ � i. The claim holds for i ¼ 1 by Lemma 4.1. Suppose the claim

does not hold for some step i above and let this i be chosen as small as possible.

Then we have dRðx;VðHi�1ÞÞ ¼ i� 1 ¼ dRðx;VðHiÞÞ. Since jVðHi�1Þj � i this

implies that x has an arc to or from some vertex of VðHi�1Þ in D and thus x is

adjacent to zi in Di. Furthermore, x must be adjacent to every y 2 VðHiÞ�VðHi�1Þ
since we have dRðx;VðHi�1ÞÞ ¼ dRðx;VðHiÞÞ. However, this means that x is

adjacent to every vertex of Ci, contradicting the fact that Ci is a non-extendable
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cycle in the strong digraph Di. This shows that dRðx;VðHiÞÞ � i for every step i

above and the claim is proved.

Let j be chosen such that Cj is a hamiltonian cycle in Dj. By our remark above

Hj is a spanning strong subdigraph of D with nþ j� 1 arcs. Hence, we may

assume that j > c. Let p � 0 be chosen such that j ¼ cþ pþ 1. For each

i ¼ cþ 1; . . . ; cþ p we choose a vertex xi 2 VðHiþ1Þ � VðHiÞ. Using that

dRðxiÞ � i� 1, since xi has at least i� 1 non-neighbors in Hi�1, and the

definition of q we get

q �
Xcþpþ1

i¼cþ1

½dRðxiÞ � c� �
Xp
i¼0

i ¼ pð pþ 1Þ
2

:

Thus, we have pð pþ 1Þ � 2q which implies that p �
ffiffiffiffiffi
2q

p
(with equality only if

q ¼ 0). This implies that Hcþpþ1 is a spanning strong subdigraph of D with at

most nþ cþ
ffiffiffiffiffi
2q

p
arcs. &

By subdividing an arc xy we mean replacing the arc xy by an ðx; yÞ-path

xv1v2 . . . vry where r � 1 and each vi is a new vertex with in-degree and out-

degree one. It is easy to derive the following consequence from Theorem 4.1

(simply suppress the subdividing vertices and consider D, see also Section 7):

Corollary 4.1. Suppose D ¼ ðV;AÞ satisfies the hypothesis of Theorem 4.1 and

let ~DD be obtained from D by subdividing some arcs. Then ~DD contains a strong

subdigraph ~HH ¼ ð~VV ; ~AAÞ such that V � ~VV and j~AAj � j~VVj þ cþ
ffiffiffiffiffi
2q

p
. &

5. REACHABILITY IN DIGRAPHSWITH HIGHMINIMUMDEGREE

For a given digraph D and each u 2 VðDÞ let IDðuÞ be the set of vertices in D

which can reach u by a directed path.

Lemma 5.1. Let D ¼ ðV ;AÞ be a digraph, let R denote the complement graph

of UGðDÞ and let c � 0 be an integer. Suppose, we have

X
fu2V:dRðuÞ>cg

½dRðuÞ � c� � q: ð3Þ

Let a � 1 be a fixed integer and define ID;a ¼ fw : jIDðwÞj < ag. Then jID;aj �
aþ cþ

ffiffiffiffiffi
2q

p
.

Proof. Let u1; u2; . . . ; un be an ordering of VðDÞ such that jIDðu1Þj �
jIDðu2Þj � � � � � jIDðunÞj. Observe that if there is an arc between ui and uj for

some i; j such that 1 � i < j � n then IDðuiÞ � IDðujÞ. This is clear if ui! uj.

On the other hand, if uj! ui, then we have IDðujÞ � IDðuiÞ implying that

IDðuiÞ ¼ IDðujÞ because of the way we ordered the vertices.
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Choose r such that either jIDðurÞj < a and jIDðurþ1Þj � a, or r ¼ n holds.

We may assume that r exists since otherwise ID;a ¼ ;. Thus, we have ID;a ¼
fu1; u2; . . . ; urg.

If aþ c > r, then we have jID;aj ¼ r < aþ c and we are done. So we may

assume that r � aþ c. By the remark above, for every i; j such that 1 � j < i � n,

either ui and uj are non-adjacent, or uj 2 IDðuiÞ. Hence, for every i such that

a � i � r we have

dRðuiÞ � ði� 1Þ � jIDðuiÞj � i� 1 � ða� 1Þ ¼ i� a:

Using this we get

Xr
i¼aþc

½dRðuiÞ � c� �
Xr�a�c

i¼0

i ¼ ðr � a� cÞðr � a� cþ 1Þ
2

:

Combining this with the assumption that
P

fu2V:dRðuÞ>cg½dRðuÞ � c� � q it is

easy to see that r � aþ cþ
ffiffiffiffiffi
2q

p
and the proof is complete. &

Lemma 5.2. Let T be a tournament and R a subset of AðTÞ. Suppose that

X
fu2VðTÞ:dRðuÞ>cg

½dRðuÞ � c� � q ð4Þ

and that z is a vertex such that

dþT ðuÞ � dþT ðzÞ þ � for all u 2 VðTÞ: ð5Þ

Let W be the set of vertices which are not reachable from z by a directed path in

D ¼ T � R. Then

jW j � 2cþ 2dRðzÞ þ 2� � 1 þ
ffiffiffiffiffi
2q

p
:

Proof. Let B ¼ VðTÞ �W and observe that there is no arc from B to W in D.

Thus we have

X
u2W

dþT ðuÞ �
jW jðjW j � 1Þ

2
þ jBjjWj �

X
v2W

dRðvÞ

¼ jW jðjW j � 1Þ
2

þ jBjjWj

�
X

fv2W :dRðvÞ�cg
dRðvÞ þ

X
fv2W :dRðvÞ>cg

dRðvÞ

0
@

1
A:
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Thus using that
P

fv2VðTÞ:dRðvÞ>cg½dRðvÞ � c� � q we conclude that there exists

a vertex u 2 W such that

dþT ðuÞ �
jW j � 1

2
þ jBj � c� q

jW j : ð6Þ

By the definition of B we have z 2 B and

dþT ðzÞ � jBj � 1 þ dþR ðzÞ � jBj � 1 þ dRðzÞ: ð7Þ

Combining (5), (6), and (7) we obtain

jW j � 1

2
þ jBj � c� q

jW j � dþT ðuÞ � dþT ðzÞ þ � � jBj � 1 þ dRðzÞ þ �:

This implies that

jW j2 þ jWj � 2cjW j þ 2qþ 2jW jdRðzÞ þ 2�jW j

and solving for jW j we get jW j � 2cþ 2dRðzÞ þ 2� � 1 þ
ffiffiffiffiffi
2q

p
. &

6. PROOF OF THEOREM 2.1

Let T ¼ ðV;AÞ be a k-arc-strong tournament on n vertices. If n � 64k then it

follows from Corollary 3.1 that T contains a spanning k-arc-strong subdigraph

with at most 2kðn� 1Þ < 128k2 arcs and the theorem follows. Hence, we may

assume below that n > 64k.

Let v1; v2; . . . ; vn be an ordering of the vertices of T such that dþðv1Þ �
dþðv2Þ � � � � � dþðvnÞ. Note that since T is a tournament this ordering also

satisfies d�ðv1Þ � d�ðv2Þ � � � � � d�ðvnÞ. Let X ¼ fvn�kþ1; vn�kþ2; . . . ; vng and

Y ¼ fv1; v2; . . . ; vkg.

Since T is k-arc-strong, it follows from Menger’s theorem that there are k arc-

disjoint paths P1;P2; . . . ;Pk from Y to X such that all end vertices of these paths

are disjoint (see also Section 7). Let y1; y2; . . . ; yk and x1; x2; . . . ; xk be chosen

such that X ¼ fx1; x2; . . . ; xkg, Y ¼ fy1; y2; . . . ; ykg and Pi is a ðyi; xiÞ-path for

i ¼ 1; 2; . . . ; k.

Let T� ¼ T � X � Y and for each i ¼ 1; 2; . . . ; k define the subtournament Ti
of T by Ti ¼ ThVðT�Þ [ fxi; yigi.

Let ci ¼ �i ¼ 2k � 2, i ¼ 1; 2; . . . ; k. Observe that for every i ¼ 1; 2; . . . ; k and

every u 2 VðTiÞ we have

dþTiðuÞ � dþTiðxiÞ þ �i: ð8Þ
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This follows from the way we ordered the vertices of T . Similarly, for every

i ¼ 1; 2; . . . ; k and every u 2 VðTiÞ we have

d�TiðuÞ � d�TiðyiÞ þ �i: ð9Þ

Define q1; q2; . . . ; qkþ1 recursively as follows:

q1 ¼ 0

qi ¼ qi�1 þ 2ð2k � 2 þ
ffiffiffiffiffiffiffiffiffiffiffi
2qi�1

p
Þ; i ¼ 2; 3; . . . ; k þ 1: ð10Þ

Note that we have q1 < q2 < � � � < qkþ1 and it is not difficult to show by

induction on i that qi < 16kði� 1Þ. In particular, we have

qkþ1 < 16k2: ð11Þ

This estimate is not sharp, but for convenience we shall use it below.

We first prove the existence of arc-disjoint strong subdigraphs H1;H2; . . . ;Hk

of T with the following two properties:

(A) jAðHiÞj � jVðHiÞj þ 8k; i ¼ 1; 2; . . . ; k.

(B) jV � ðVðH1Þ \ VðH2Þ \ � � � \ VðHkÞÞj � 64k.

This is the main step since, as we show at the end of the proof, given this it is

rather straightforward to verify the claim of the theorem.

Let D1 ¼ ðT� � ðAðP2Þ [ AðP3Þ [ � � � [ AðPkÞÞÞ [ VðP1Þ [ AðP1Þ. Above and

also several times below we abuse the standard notation slightly. By

T� � ðAðP2Þ [ AðP3Þ [ � � � [ AðPkÞÞ we mean the digraph Z one obtains from

T� by deleting every arc from T� which belongs to AðP2Þ [ AðP3Þ [ � � � [ AðPkÞ.
Thus, D1 is the digraph one obtains from Z by adding all vertices and arcs of P1

which are not already in Z.

Let D0
1 ¼ D1hVðT1Þi. Then D0

1 is a spanning subdigraph of T1 and has

n1 ¼ n� 2k þ 2 vertices. Since every vertex of T1 is incident with at most two

arcs from each of the paths P2;P3; . . . ;Pk, every vertex in D0
1 has at most 2k � 2

non-neighbors.1

Let R1 ¼ AðT1Þ � AðD0
1Þ, that is, R1 consists of those arcs from

AðP2Þ [ AðP3Þ [ � � � [ AðPkÞ that join two vertices in T1. Applying (8) and

Lemma 5.2 to T1;R1 and x1 with the parameters c1; �1; q1, we see that in D0
1 the

set of vertices not reachable from x1 has size at most 2c1 þ 2dR1
ðx1Þ þ 2�1 � 1.

Analogously, we can prove that in D0
1 the set of vertices which cannot reach y1 has

size at most 2c1þ 2dR1
ðy1Þ þ 2�1 � 1. Now, using the fact that D0

1 is a subdigraph

of D1 and that D1 contains the ðy1; x1Þ-path P1, we conclude that D1 has a strong

1Observe that P1 may contain several vertices from X [ Y � fx1; y1g and each of these vertices have up to n� 3

non-neighbors in D1. This is the reason why we consider D0
1 and not D1 below.
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component Q1 of size at least

n1 � ð4c1 þ 2ðdR1
ðx1Þ þ dR1

ðy1ÞÞ þ 4�1 � 2Þ � n� 2k þ 2 � ð3ð8k � 8Þ � 2Þ
¼ n� 26k þ 28:

Note that since we have assumed n > 64k we do in fact get a strong component

containing both x1 and y1 in D1.

Now we apply Corollary 4.1 to Q1 with c ¼ c1 and q ¼ q1 and conclude that

Q1 contains a spanning strong subdigraph H1 with at most jVðQ1Þj þ 2k � 2 arcs

(recall that P1 may contain several vertices from X [ Y � fx1; y1g which is why

we apply Corollary 4.1 rather than Theorem 4.2 to Q1).

Next we take D2 ¼ ðT� � ðAðH1Þ [ AðP3Þ [ AðP4Þ [ � � � [ AðPkÞÞ [ VðP2Þ [
AðP2Þ and D0

2 ¼ D2hVðT2Þi. Again D0
2 is a spanning subdigraph of T2 and has

n2 ¼ n� 2k þ 2 vertices. Let R2 ¼ AðT2Þ � AðD0
2Þ. As we have removed only

arcs from H1 and P3;P4; . . . ;Pk we see that if a vertex u of D0
2 has

dR2
ðuÞ > c2 ¼ 2k � 2, then dH1

ðuÞ > 2. Now using thatX
v2VðH1Þ

ðdH1
ðvÞ � 2Þ ¼ 2ðjAðH1Þj � jVðH1ÞjÞ � 2ð2k � 2Þ ¼ ðq2 � q1Þ;

we get that X
fu2VðT2Þ:dR2

ðuÞ>c2g
½dR2

ðuÞ � c2� � 2ð2k � 2Þ ¼ q2: ð12Þ

Since x2 and y2 each are incident with at most two arcs in H1 (which happens

precisely if they are on P1), we have dR2
ðx2Þ; dR2

ðy2Þ � 2ðk � 1Þ. Thus, as above

we can apply Lemma 5.2 to D0
2 and x2; y2 and (using that P2 is a path in D2)

conclude that D2 has a strong component Q2 of size at least

n2 � ð4c2 þ 2dR2
ðx2Þ þ 2dR2

ðy2Þ þ 4�2 � 2 þ 2
ffiffiffiffiffiffiffi
2q2

p
Þ

� n� 26k þ 28 � 2
ffiffiffiffiffiffiffiffiffiffiffi
2qkþ1

p
> n� 26k þ 28 � 2

ffiffiffiffiffiffiffiffiffi
32k2

p

> n� 38k þ 28:

Again it follows from our assumption on n and the fact that P2 is a path in D2

that x2; y2 do indeed belong to the same strong component of D2.

Applying Corollary 4.1 to Q2 with c ¼ c2, q ¼ q2 and using (12), we conclude

that Q2 contains a spanning strong subdigraph H2 with at most jVðQ2Þj þ
2k � 2 þ

ffiffiffiffiffiffiffi
2q2

p
arcs. Note thatX

v2VðH2Þ
ðdH2

ðvÞ � 2Þ ¼ 2ðjAðH2Þj � jVðH2ÞjÞ � 2ð2k � 2 þ
ffiffiffiffiffiffiffi
2q2

p
Þ ¼ ðq3 � q2Þ:
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Now the general pattern should be visible: Assume that we have found arc-

disjoint strong subdigraphs H1;H2; . . . ;Hi�1 of D1;D2; . . . ;Di�1, respectively,

such that for j ¼ 1; 2; . . . ; i� 1, xj; yj 2 VðHjÞ and we have

jAðHjÞj � jVðHjÞj þ 2k � 2 þ
ffiffiffiffiffiffi
2qj

p
¼ jVðHjÞj þ ðqjþ1 � qjÞ=2; ð13Þ

implying that X
v2VðHjÞ

ðdHj
ðvÞ � 2Þ � ðqjþ1 � qjÞ: ð14Þ

In the ith step we let

Di ¼ ðT� � ðAðH1Þ [ � � � [ AðHi�1Þ [ AðPiþ1Þ [ � � � [ AðPkÞÞ [ VðPiÞ [ AðPiÞ:

Let D0
i ¼ DihVðTiÞi and take Ri ¼ AðTiÞ � AðD0

iÞ. As xi; yi are incident to at most

two arcs in each of H1;H2; . . . ;Hi�1 we have dRi
ðxiÞ; dRi

ðyiÞ � 2k � 2.

In order to apply Lemma 5.2 to Ti;Ri; xi we need to estimate the sumP
fu2VðTiÞ:dRi ðuÞ>cig½dRi

ðuÞ � ci�. Note that if a vertex u 2 VðTiÞ has dRi
ðuÞ > ci ¼

2k � 2, then u is incident with more than two arcs in at least one of H1;
H2; . . . ;Hi�1. Summing up the possible contributions from degrees above 2 in

H1;H2; . . . ;Hi�1 and using (14) we have:

X
fu2VðTiÞ:dRi ðuÞ>cig

½dRi
ðuÞ � ci� � qi: ð15Þ

Now we apply Lemma 5.2 to see that Di contains a strong component Qi such

that xi; yi both belongs to Qi (again we use the assumption on n, the fact that

qi < 16k2 and that Di contains the path Pi).

Applying Corollary 4.1 to Qi with c ¼ ci; q ¼ qi, we conclude that Qi contains

a spanning strong subdigraph Hi with at most jVðQiÞj þ ð2k � 2Þ þ
ffiffiffiffiffiffi
2qi

p
¼

jVðQiÞj þ ðqiþ1 � qiÞ=2 arcs.

It follows by induction on i that (A) holds (recall that qi � 16kði� 1Þ)
To prove that (B) holds, we need to estimate how many vertices of T belong to

at most k � 1 of the Hi’s.

Let R� ¼ AðP1Þ [ AðP2Þ [ � � � [ AðPkÞ [ AðH1Þ [ AðH2Þ [ � � � [ AðHkÞ and

define the digraph D� by

D� ¼ T� � R�:

Thus, VðD�Þ ¼ VðT�Þ and AðD�Þ consists of those arcs of T� that are not

in R�.
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For each i ¼ 1; 2; . . . ; k we define the following digraphs:

T�
yi
¼ ThVðT�Þ [ fyigi

T�
xi
¼ ThVðT�Þ [ fxigi

D�
yi
¼ ðT�

yi
� R�Þ [ VðHiÞ [ AðHiÞ

D�
xi
¼ ðT�

xi
� R�Þ [ VðHiÞ [ AðHiÞ

Observe that D� is a subdigraph of each of the digraphs Di;D
�
xi

and D�
yi

for all

i ¼ 1; 2; . . . ; k.

If a vertex u 2 VðTÞ has dR�ðuÞ > 4k, then u is incident to more than two arcs

in at least one of H1;H2; . . . ;Hk. Hence, in the same way as we argued above one

can prove the following:

X
fu2VðTÞ:dR� ðuÞ>4kg

½dR�ðuÞ � 4k� �
Xk
i¼1

2ðjAðHiÞj � jVðHiÞjÞ

�
Xk
i¼1

ðqiþ1 � qiÞ

� qkþ1 < 16k2 ð16Þ

Below we always use the parameters c ¼ 4k; � ¼ 2k � 1 and q ¼ 16k2.

Let

R�
xi
¼ AðT�

xi
Þ \ ðR� � AðHiÞÞ and R�

yi
¼ AðT�

yi
Þ \ ðR� � AðHiÞÞ

Observe that

dR�
xi
ðxiÞ � 2k � 1 and dR�

yi
ðyiÞ � 2k � 1: ð17Þ

This follows from that fact that R�
xi

ðR�
yi
Þ contains no arcs from Hi and

for each j 6¼ i an arc incident with xi ðyiÞ belongs to AðHjÞ only if it also

belongs to Pj ðxi ðyiÞ can only belong to Hj if it lies on PjÞ. Thus for each

AðPjÞ [ AðHjÞ, j 6¼ i we have at most two arcs incident with xi (yi) in R�
xi

(R�
yi

).

Finally, we may have that the only arc incident with xi (yi) on Pi is also in

R�
xi

(R�
yi

).

For each i ¼ 1; 2; . . . ; k, let Xi be the set of those vertices which cannot be

reached from xi in D�
xi

by a path that uses only arcs from VðT�
xi
Þ and let Yi be the

set of those vertices which cannot reach yi in D�
yi

by a path that uses only arcs

from VðT�
yi
Þ. That is, in the paths above we are not allowed to use an arc from

AðHiÞ unless it is also an arc of VðT�
xi
Þ, respectively, VðT�

yi
Þ. Applying Lemma 5.2
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to T�
xi

, R�
xi

, and xi, we see that

jXij � 2cþ 2dR�
xi
ðxiÞ þ 2� � 1 þ

ffiffiffiffiffi
2q

p
< 8k þ 4k � 2 þ 4k � 2 � 1 þ 6k

< 22k

Applying Lemma 5.1 to D� we see that

jID�;22kþ1j � 22k þ 1 þ 4k þ
ffiffiffiffiffiffiffiffiffi
32k2

p
� 32k: ð18Þ

Now we can bound the number of vertices in X1 [ X2 [ � � � [ Xk: Using that D�

is a subdigraph of D�
xi

and the fact that xi can reach all but at most 22k vertices in

D�
xi

, we see that that every vertex which cannot be reached from xi in D�
xi

must

belong to ID�;22kþ1. This holds for every i ¼ 1; 2; . . . ; k. Hence, we conclude that

jX1 [ X2 [ � � � [ Xkj � 32k: ð19Þ

By an analogous argument (using R�
yi

instead of R�
xi

) we see that

jY1 [ Y2 [ � � � [ Ykj � 32k: ð20Þ

Let X0
i (Y 0

i ) be the set of vertices that cannot be reached from xi (cannot reach

yi) in D�
xi

(D�
yi

). Clearly X0
i � Xi and Y 0

i � Yi, so the bounds above also hold with

Xi replaced by X0
i and Yi replaced by Y 0

i.

Now using that no vertex of Hi belongs to X0
i [ Y 0

i we get that

jVðH1Þ \ VðH2Þ \ � � � \ VðHkÞj � n� 64k:

This proves that (B) holds.

Let W ¼ VðH1Þ \ VðH2Þ \ � � � \ VðHkÞ and A0 ¼ AðH1Þ [ AðH2Þ [ � � � [
AðHkÞ. Note that, since the digraphs Hi’s are arc-disjoint, the digraph

D0 ¼ ðV ;A0Þ satisfies

�D0 ðu; vÞ � k for all u; v 2 W : ð21Þ

Now let Q be the directed multigraph on jV �W j þ 1 vertices that one obtains

from T by contracting the set W to one vertex w (that is we delete any possible

loop at W , but keep multiple arcs between w and vertices from V �W). Since

contraction preserves arc-strong connectivity Q is k-arc-strong. Hence, by

Corollary 3.1, Q contains a spanning k-arc-strong subdigraph Q0 with at most

2kjV �W j arcs.

Let A00 be the arc set which corresponds to AðQ0Þ back in T and define H by

H ¼ ðV ;A0 [ A00Þ. Using (21) it is easy to show that H is a spanning k-arc-strong
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subdigraph of T . It remains to bound the number of arcs in H. We saw that A00 has

size at most 2kjV �W j. Now, combining (A) and (B) we get

jAðHÞj ¼ jA0 [ A00j � jA0j þ jA00j

�
Xk
i¼1

jAðHiÞj
 !

þ 2kjV �W j

<
Xk
i¼1

jAðHiÞj
 !

þ 128k2

�
Xk
i¼1

½jVðHiÞj þ 8k� þ 128k2

� nk þ
Xk
i¼1

8k þ 128k2

� nk þ 136k2:

Thus, H is the desired small k-arc-strong subdigraph of T and the proof is

complete. &

7. ALGORITHMIC ASPECTS

Theorem 7.1. There exists a polynomial algorithm which, given any k-arc-

strong tournament T on n vertices, returns a spanning k-arc-strong subdigraph

D0 of T such that jAðD0Þj � nk þ 136k2:

Sketch of proof. Basically our proof above is constructive, but let us give a

short sketch of how to find the desired subdigraph in polynomial time. First,

observe that given any strong digraph one can find a non-extendable cycle in

polynomial time just by applying an obvious greedy strategy: start from an

arbitrary cycle C. If some vertex of V � C is adjacent to all vertices of C,

then (following the proof of Lemma 4.1) it is easy to find a cycle C0 extending C.

Now continue from C0.
Now it is easy to see that the proof of Theorem 4.1 can be turned into a

polynomial algorithm for finding a spanning strong subdigraph with the desired

number of arcs. This again implies that Corollary 4.1 has an algorithmic version:

First, find a spanning strong subdigraph H of D such that jAðHÞj � nþ cþ
ffiffiffiffiffi
2q

p
.

To obtain ~HH from H we simply replace each arc of H which corresponds to a

subdivided arc in ~DD by the corresponding path in ~DD.

Suppose, T is k-arc-strong and that X; Y are as defined in the proof of

Theorem 2.1. We can find paths P1;P2; . . . ;Pk such that each Pi starts in Y and

ends in X and all end vertices of P1;P2; . . . ;Pk are disjoint as follows: add two

new vertices s; t to T along with the following arcs fsy : y 2 Yg [ fxt : x 2 Xg.
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Now we can find P1;P2; . . . ;Pk by finding k-arc-disjoint ðs; tÞ-paths in the

resulting digraph. This can be done in polynomial time using flows (see e.g., [2]).

For each i ¼ 1; 2; . . . ; k, we can find Qi by finding the strong components of Di

and identifying the strong component which contains both of xi; yi. Then, using

the algorithmic version of Corollary 4.1 we can find the subdigraphs

H1;H2; . . . ;Hk in polynomial time. Let A0 ¼
Sk

i¼1 AðHiÞ and W ¼
Tk

i¼1 VðQiÞ
and let Q be obtained from T by contracting W into one vertex w. Using a

polynomial algorithm of Corollary 3.2 we can find k-arc disjoint out-branchings

and k-arc-disjoint in-branchings all rooted at w in Q. Let A00 be the union of the

arc sets of these 2k branchings and take H ¼ ðV;A0 [ A00Þ.
In the case when n � 64k, we simply apply the algorithm of Corollary 3.2 for

finding k-arc disjoint out-branchings and k-arc-disjoint in-branchings all rooted

at some vertex z in T and take their union. &

8. FURTHER CONSEQUENCES AND FUTURE WORK

For a given digraph we denote by ���ðDÞ the maximum degree of a vertex in the

complement of UGðDÞ. Clearly, ���ðDÞ � �ðDÞ � 1.

A digraph D ¼ ðV;AÞ is semicomplete multipartite if V can be partitioned into

r � 2 disjoint sets V1;V2; . . . ;Vr such that there are no arcs with both end vertices

in some Vi and whenever x; y belong to different sets Vi;Vj there is an arc between

x and y. It is easy to see that ���ðDÞ ¼ �ðDÞ � 1 holds for every semicomplete

multipartite digraph.

The cyclomatic number of a directed graph D ¼ ðV;AÞ is the parameter

jAj � jV j þ cðDÞ, where cðDÞ denotes the number of connected components of

UGðDÞ. A digraph is cyclic if every vertex belongs to a cycle. The following

conjecture is implicitly formulated in [11]:

Conjecture 8.1 [11]. Every strong digraph D contains a cyclic spanning sub-

digraph with cyclomatic number at most �ðDÞ.
An example due to Favaron (see [8]) shows that it is not always true that a

strong digraph D contains a strong spanning subdigraph with cyclomatic number

at most �ðDÞ. However, applying Theorem 4.1 we see that the following holds:

Theorem 8.1. Every strong digraph D contains a strong spanning subdigraph

with cyclomatic number at most ���þ 1. &

This implies that Conjecture 8.1 is true (even in the stronger form, requirering

a strong subdigraph) for the class of semicomplete multipartite digraphs.

Theorem 8.2 [7]. Every strong digraph D has a spanning strong subdigraph

with at most jVðDÞj þ 2�ðDÞ � 2 arcs.

As we mentioned in the introduction it is an NP-hard problem to find a

spanning strong subdigraph with the minimum possible number of arcs in a given
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digraph. Using Theorem 4.1 and the fact that there is a polynomial algorithm

to find the desired strong subdigraph with few arcs, we see that the following

holds:

Theorem 8.3. Every strong digraph D with ���ðDÞ � n
r
contains a spanning

strong digraph with at most ð1 þ 1
r
Þn arcs. Furthermore, such a subdigraph can

be found in polynomial time.

Khuller et al. [16,17] proved that for general digraphs, a variant of the

algorithm used in the proof of Theorem 4.1 (contracting cycles which are

sufficiently long and taking the arcs of the contracted cycles as a spanning

subdigraph) results in a spanning strong subdigraph with no more than 1:61 times

the number of arcs in an optimal spanning strong subdigraph. It is worth noting

that whenever r � 1:64 the algorithm of Theorem 8.2 above gives a better

approximation guarantee and furthermore is simple to implement.
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