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—— Abstract

We consider the problem of forwarding packets arriving online with their destinations in a line
network. In each time step, each router can forward one packet along the edge to its right, and the
packet arrives at the next router one time step later. Packets are forwarded until they reach their
destination. The flow time of a packet is the elapsed time between its release and its arrival at its
destination. The goal is to minimize the maximum flow time.

This problem was introduced by Antoniadis et al. in 2014, with a focus on line networks. They
proposed several natural algorithms. For one, they proved that it is not O(1)-competitive; for others,
they claimed analogous lower bounds, seemingly leaving no natural candidate for an O(1)-competitive
algorithm.

In this paper, we study a natural algorithm not considered in that work. Our algorithm, simply
called GREEDY, selects packets according to their projected flow time under the assumption that
they are not delayed any further. We focus on the special case in which each packet needs to be
forwarded by one or two routers; this case captures core difficulties. We show that GREEDY achieves
a competitive ratio of exactly 2 — 217% where k is the number of active routers in the network.

We also give the first nontrivial general lower bound, which applies even to randomized algorithms:
using the same type of instances as in our lower bound for GREEDY, we show that no algorithm can
be (4/3 — &)-competitive for any € > 0.
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1 Introduction

We consider packet scheduling in a network. Routers often have backlogs of packets awaiting
transmission, so a policy is needed to decide which packet to forward at each time. Ideally,
such a policy would optimize the Quality of Service (QoS) experienced by application-layer
clients. This is difficult, however, because routers are generally not informed of which packets
belong to which clients. As in Antoniadis et al. [3], we therefore optimize the QoS of the
packets themselves by minimizing their flow time.

More specifically, we study online packet forwarding on a line network. Packets are
released in an online manner, each with an origin and a destination router. Time is discrete.
In each time step, any number of packets may be released at any number of routers, and
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Forwarding Packets Greedily on the Line

each router may forward at most one packet to its neighbor on the right. The buffer at
each router has unbounded capacity. Routers do not know the states of other routers. The
objective is to minimize the maximum flow time, where the flow time of a packet is the time
between its release and its arrival at its destination.

We measure algorithms by their competitive ratios. Let OPT be an optimal offline
algorithm for packet routing on the line. For any algorithm Arc, we let ALG(I) denote the
maximum flow time achieved by ALG on the input sequence I. For any ¢ > 1, an online
algorithm ALG is said to be c-competitive if there exists a constant b such that, for any
input sequence I, ALG(I) < ¢- OrT(I) 4+ b. The (asymptotic) competitive ratio of ALG is
the infimum over all values ¢ for which ALG is c-competitive.

This work is motivated by the results by Antoniadis et al. [3], who defined this appealingly
clean but “surprisingly challenging” (a predicate we tend to agree with) problem and also
focused on the line network. Antoniadis et al. showed that a natural algorithm, Earliest
Arrival, is not O(1)-competitive, and claimed the same for three other natural classes of
algorithms, seemingly leaving no natural algorithm as a candidate for being O(1)-competitive.
They posed the existence of such an algorithm as an open problem and revealed that there
was a modest wager on its resolution. In the first progress on this problem since their paper
appeared more than a decade ago, we study the natural GREEDY algorithm. Although we
do not settle the wager, our results advance the understanding of this problem and identify
GREEDY as a natural candidate for being O(1)-competitive.

Specifically, we develop a good understanding of the case in which all packets have a
length of at most two, where the length of a packet is the number of routers that need to
forward it. As detailed below, core difficulties already arise for such packets. We therefore
hope that our work helps pave the way towards solving the general problem.

Contributions

Minimizing the maximum flow time on the line seems to entail a fundamental trade-off
between the following two proxy objectives:
Give highest priority to packets with the earliest release times. This is the Earliest Arrival
algorithm, which is not O(1)-competitive [3], essentially because it ignores how far the
packets still have to travel.
Prioritize packets by how far they still have to travel (their remaining length). This is
the Furthest-To-Go algorithm, which Antoniadis et al. claim is not O(1)-competitive [3].
Indeed, a length-1 packet can be repeatedly delayed by a continuous stream of length-2
packets, even though forwarding it first would yield a maximum flow time of 3. The
algorithm fails because it ignores when packets were released, namely the first proxy
objective.

We formalize that there is a non-trivial trade-off by providing the first general lower
bound on the achievable competitive ratio. In Section 4, we show that even randomized
algorithms cannot be better than 4/3-competitive. Our construction repeatedly forces the
algorithm to choose between the two proxy objectives. Remarkably, the lower bound requires
only packets of length 1 or 2.

We propose an algorithm that we term GREEDY, which resolves the trade-off in a simple
way: it prioritizes packets according to the sum of the two proxy objectives, namely how
long they have been in the system plus the distance they still have to travel. (We give a
different, equivalent formulation later.) In yet other words, this algorithm prioritizes the
packets by the flow time they are going to get under the optimistic assumption that they
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are not delayed any further—therefore the name. So GREEDY does not act by a “proxy
objective” but by the real objective. Viewed this way, the reader may agree that this is the
most natural policy to consider.

Our main result is an analysis of GREEDY in the case mentioned above—-packets of
length 1 or 2. Although this may seem restrictive, the fundamental trade-off already arises
in this setting. We prove that GREEDY is (2 — 55— )-competitive, where k is the number of
active routers in the line network, and establish a matching lower bound for GREEDY. These
results are presented in Section 3, where we begin with the lower bound to build intuition.

We conjecture that the competitive ratio of GREEDY is constant, possibly even 2. Indeed,
we do not see how longer packets could be used to raise the lower bound on GREEDY further.
If our conjecture is true, we believe that our techniques will be useful in proving it.

Related work

Most previous work on routing algorithms under the adversarial model has focused on
stability (whether the number of packets in the system remains bounded over time) and
throughput maximization. We refer to [2, 7, 10, 18, 20, 21] for representative papers on
stability and to [4, 6, 11, 15, 17, 19, 23] for work on throughput maximization.

In the aforementioned work [3], Antoniadis et al. show that Earliest Arrival and Furthest-
To-Go are scalable for the maximum-flow-time objective, i.e., O(1)-competitive with arbit-
rarily small speed augmentation. They also show that no O(1)-competitive algorithm exists
for average flow time. Havill [14] considered online packet routing on bidirectional paths and
rings with the objective of minimizing the makespan. They showed that Longest In System
and Moving Priority have competitive ratio 2 on linear arrays and also gave a 2-competitive
algorithm for bidirectional ring routing. Im and Moseley [16] considered speed scaling for
job scheduling on machines connected by a tree, with the objective of minimizing total flow
time, and gave constant-competitive algorithms with constant speed augmentation. Disser et
al. [12] give approximation algorithms for bidirectional scheduling on a path to minimize
total completion time and show that this problem is NP-hard. Erlebach and Jansen [13]
study the problem of establishing and completing a given set of calls as early as possible for
bidirectional and directed calls in various classes of networks. Adamy et al. [1] studied call
control in rings. Given a ring network with edge capacities and a set of paths, the goal is to
find a maximum-cardinality subset of the paths such that no edge capacity is violated. They
give a polynomial-time algorithm to solve the problem optimally.

The problem we consider can be viewed as a special case of job shop scheduling with unit
processing times [5], in which each job must be processed on a contiguous set of machines in
left-to-right order. Soukhal et al. [22] considered flow shop scheduling on two machines. Wei
and Yuan [24] considered two-machine flow shop scheduling with equal processing times. See
also Chen [9].

2 Preliminaries

We let k£ denote the number of active routers in the line network, i.e., routers with a neighbor
to their right that they can forward packets to. Thus, the last router on the line, which can
only receive packets, is ignored. Similarly, if router 7 is the last router that needs to forward
a packet p, we call router i the last router of p, even though the destination of p is router
i+ 1. When a router forwards a packet, we also say that it processes the packet.

The release time of a packet p is denoted r(p). The length £(p) of p is the number of routers
that need to process p, so £(p) € {1,2}. At any given time t > r(p), p’s remaining length
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Forwarding Packets Greedily on the Line

(the number of routers that still need to process p) is denoted £(p,t). The completion time,
C(p), of a packet p is the first time ¢ such that £(p,t) = 0, and its flow time is C(p) — r(p).
We define the delay of packet p at time ¢ by

d(p,t) =t —1r(p) — (£(p) — L(p, 1))

and the priority of packet p at time ¢ by

m(p,t) = L(p) + d(p,t) =t —7(p) + £(p, ).

The delay of a packet is thus the number of time steps it has spent in the system minus the
number of time steps in which it has been processed so far. Consequently, once a packet’s
priority equals its eventual flow time, it is processed in every subsequent time step until
completion.

Without loss of generality, we assume that OPT is zealous on each router, meaning that
whenever at least one packet is waiting to be processed on a router, OPT processes a packet.

3 The Algorithm Greedy

Since the priority of a packet at any point in time is a lower bound on its flow time, a natural
greedy choice is to forward packets with high priority. This is what the greedy algorithm
does.

GREEDY: In each time step, every router with at least one waiting packet forwards a
packet of highest priority. Ties may be broken arbitrarily.

By providing matching upper and lower bounds, we show that the competitive ratio of
GREEDY is exactly 2 — 1/2%~1 for k routers and packets of lengths 1 and 2.

3.1 Lower bound for Greedy

We begin with the lower bound on GREEDY’s competitive ratio, thus building intuition
from concrete examples before proving the matching upper bound. With only one router,
GREEDY is optimal, since both it and OPT are zealous. As a warm-up to the general result
(Theorem 2), we first consider k = 2 routers, using the same notation as in the proof of
Theorem 2.

» Proposition 1. The competitive ratio of GREEDY is at least 3/2, even with only k = 2
routers.

Proof. Let h > 4. The input sequence I contains the following packets:
At time 0, h packets are released that need to be processed on router 1; denote this set
by Aj.
At time 2, h packets are released that need to be processed on routers 1 and 2; denote
this set by Bj.
At time h + 3, 2h packets are released that need to be processed on router 2; denote this
set by Bs.
Because the packets in B; are released two time steps later than those in A;, GREEDY
prioritizes the packets in A; on router 1. On router 2, GREEDY prioritizes the packets in By
over those in By. Thus, GREEDY processes By on router 1 during time steps h to 2h — 1 and
on router 2 during time steps h 4+ 1 to 2h. Consequently, the packets in Bs are processed
during time steps 2h + 1 to 4h, resulting in a maximum flow time of 3h — 2.



176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

J. Boyar, L. M. Favrholdt, K. S. Larsen, K. Schewior, and R. van Stee

An optimal schedule, in contrast, achieves a maximum flow time of 2h by giving priority
to the packets in B; on router 1, thus processing the packets in A; during time steps 0 to 1
and h + 2 to 2h — 1, the packets in By on router 1 during time steps 2 to h+ 1 and on router
2 during time steps 3 to h + 2, and the packets in By during time steps h + 3 to 3h + 2. This
way, both the last packet in A; and the last packet in Bo have flow time 2h.
3

Hence, GREEDY(]) = 2 OPT(I)—2, yielding a lower bound of 2 on GREEDY’s competitive

ratio. |

We now extend this construction to any k& > 2 routers. The construction for k = 4 is
shown in Figure 1.

» Theorem 2. For k routers, the competitive ratio of GREEDY is at least 2 — 2,%1

Proof. We first define a family of input sequences with parameters k and h > 2. The
parameter h can be arbitrarily large, which is necessary to make the result asymptotic. The
sequence I,’; consists of the blocks of packets A?, A%, ... 7AZ_1 and B Bh. ..., B;’;” defined
below. In the remainder of the proof, we omit the superscript A on the blocks A? and Bzh.

All packets have length 2, except those in A; and By, which have length 1. This choice
strengthens the lower bound by improving its dependence on the number of routers k. The
release times of the packets in blocks A; and B; are determined by the total number of
packets in By, Bs, ..., B;_1, based on:

i—1
T = Z |B,| | +max{0,i— 2}.

j=1

All packets in a block are released at the same time. Let r(X) denote the release time for
the packets in a block X. For 1 <: <k —1:

Block A;: 28=1=%. h packets released on router max{1,i — 1} at time r(4;) = ;.

Block B;: (2F~1 — 2F=1=1)1 packets released on router i at time r(B;) = r; + 2.
Block By: 2%~ . h packets released on router k at time r(By) = ry + 2.

To compare the largest flow times achieved by GREEDY and OPT, respectively, we use
the following identities, valid for 1 <¢ < k — 1:

|As| + [Bi| = |Br| =27 - (1)
S IA; =) 2 ch= (2 g2 ) = (2 2 b= (B (2)
j=1 j=1

For k = 4 routers, the schedules of GREEDY and OPT are depicted in Figure 1. First, we
verify that GREEDY’s schedule is as shown.

Each B-block is released two time steps after the corresponding A-block, and A; and B;
are released at least |B;_1| time steps after A;_; and B;_1, respectively. Thus, the release
times and GREEDY’s priorities 7 imply the following relations at every time ¢ and on every
router:

if a packet a from A; and a packet b from B; are both waiting to be processed, then

m(a,t) > w(b,t);

if a packet b from B; and a packet a’ from A;;; are both waiting to be processed, then

(b, t) > w(d,t).

We show below that the first B; packet arrives on router ¢ + 1 before B, is released, so that

GREEDY processes packets in order Ay, By, As, Bo, ..., Bi_1, Bg, as depicted in Figure 1.
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Forwarding Packets Greedily on the Line

The following calculations determine the completion time and flow time of the last packet in
each block for GREEDY under this processing order.

Before the first packet in A; is processed, all blocks A; and B; with j < ¢ have already
been completed. Moreover, because all packets except A; and By have length 2, they require
an additional time step to move from one router to the next. GREEDY finishes the last packet
of Ay at time eqrgppy (A1) = 2¥72h, and its flow time is

fGREEDY(Al) = 2k_2h- (3)

For 2 <i <k — 1, GREEDY finishes the last packet of A; by time

eGrepoy (A Z|A |+Z|B | +i—1. (4)

Subtracting its release time from Equation (4) and using Equation (2) shows that its flow
time is

Jareeoy (Ai) = Z |Aj| +1= (Zk_l — 2k_1_i) h+1. (5)
j=1

For 1 <i <k — 1, GREEDY finishes the last packet of B; by time
ecrery (Bi) = Z('AJ‘ + [Bj]) + 4, (6)

Jj=1

because B; starts on the router where A4; ends. Subtracting its release time from Equation (6)
shows that its flow time is

fGREEDY(Bl) = 2k_1 -h—1 and

fGREEDY(Bi) = Z |Aj‘ + |Bi| = |BZ| + |BZ| = (Qk - Qk_i) h, (7)

=1

using Equation (2).
GREEDY finishes the last packet of By by time

k—1
eareepy (Br) = Z |A | + |B )+ |Br| + k-1, (8)
j=1

because By, is processed on only one router. Subtracting its release time from Equation (8)
shows that its flow time is

k—1
fermmoy(Be) = [ D _1A;| | +[Brl = 1= [Be_a| +|Bi| = 1= (2" = 1) h — 1, (9)
j=1

by Equation (2).
We now verify that B;y; is released only after GREEDY has completed A; (and hence
also B;_1), ensuring that GREEDY is processing B; on router i + 1 when B, is released.
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For1<i<k-1,

7 i—1
r(Bixn) = | D IBj| | +i—1+2=|Bi|+ [ Y [B;| | +i+1
j=1 j=1
7 i—1
= Z|A¢\ +Z|Bj| +i+ 1, by Equation (2)
j=1 =1

= egreepy (4i) + 2, by Equation (4).

Finally, since r(A4;41) = r(Bi+1) — 2, the calculation above also gives egrerpy(4i) =

r(Ai+1). Thus, for every ¢ > 1, GREEDY finishes processing A; exactly when A, is released.

We have now verified all assumptions used above, so Equations (4)—(9) are valid, as is
the depiction of GREEDY’s schedule in Figure 1, with the blocks scheduled one after another

in order of their priorities. Comparing the flow times for A4;, B;, and By from Equations (3),

(5), (7), and (9), we obtain
GREEDY(II];) = fGREEDY(Bk) = (Zk - 1) h—1.

(10)

We now analyze OPT’s schedule; again the reader can use Figure 1 as a guide. The
depicted schedule for OPT is feasible: the first packet of each B-block starts one time step
after its release, and the A-blocks have much larger delays relative to their release times. The
adversary releases the B-packets earlier than OPT requires in order to increase the flow time
of GREEDY: GREEDY’s maximum flow time occurs on By, whereas OPT’s occurs on Ay_1.

For 1 <i <k —1, OpT finishes the last packet of B; by time
eopr(Bi) = Z |Bj| + i+ 2.
j=1

Subtracting its release time from Equation (11) gives that its flow time is

forr(B1) =28"2h 41 and
forr(Bi) = |Bi| +2= (281 =2 ")) b+ 2.

(11)

(12)

Block By, starts when Bj_; finishes, at time Zf;ll |Bj| + (k—1)+2=1r(Bx)+1, by

Equation (11). It finishes after |By| further time steps, so its flow time is

forr(Bk) = |Bk| +1= 2F=1p 4 1.

(13)

We next consider the blocks A;. OPT finishes the last packet of A; at time |A;|+ |B1| =
2k=1h. Thus, since r(4;) = 0, eopr(A1) = forr(A1) = 2F71h. For 2 < i < k—1, OpT

finishes the last packet of A; by time

eorr(4;) = |Ai| + eopr(B;) — 1, since A; ends on the router where B; starts

= |A;| + Z |Bj|+i+2 | —1, by Equation (11).
j=1

Subtracting its release time from Equation (14) gives that its flow time is

Jorr(Ai) = |Ai] + Z |Bj| +i+1—1r(A;)

j=1
= |A;| +|Bi| +3
=2"1. h 43, by Equation (1).

(15)
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This flow time is obtained for every i > 2, and in particular for Aj_;.
Comparing Equations (12), (13), and (15), we see that OPT’s flow time for A;_; is
slightly larger than its flow time for Bj. Therefore,

OPT(II?) = forr(Ak—1) = oF=1. h 4+ 3. (16)
Solving Equation (16) for h gives

_ Opt(I}) -3

h 2k—1

Then,

GrEEDY(I}) = (2¥ — 1) h — 1, by Equation (10)

orpt(Il) -3
= (2 1) Q=0

1 1

Since OPT(I}) grows without bound as h increases, the competitive ratio of GREEDY
cannot be smaller than 2 — 21%1 |

1

Note that in the proof of Theorem 2, the cost of OPT is never greater than that of GREEDY
on any prefix of I7', so OPT’s schedule is an online-bounded optimal [8] solution for GREEDY.
Thus, GREEDY has an online-bounded ratio of at least 2 — 2,%1 In online-bounded analysis,
the offline optimal algorithm that an online algorithm competes against is constrained to
never perform worse than the online algorithm on any prefix, and therefore cannot fully

exploit its knowledge of when the input ends.

3.2 Upper bound for Greedy

We now turn to the main result of the paper, the upper bound for GREEDY, beginning with
some definitions. A packet p is alive for a given algorithm at any time ¢ such that ¢t > r(p)
and ¢(p,t) > 0.

Fix an optimal offline algorithm, OPT.

» Definition 3. Let a;(t) be the number of alive packets in OPT’s schedule that still need
to be processed on router i at time t. Similarly, let g;(t) be the number of alive packets that
GREEDY still needs to process on router i at time t.

The optimal flow time is bounded below by the maximum value of a;(¢) over all time steps
and routers.

» Definition 4. We define A;(t) = gi(t) — a;(t) for all routers i and times t.

Thus, A;(t) is the number of packets by which OPT is ahead on router 4 at time ¢: it is the
number of packets that OPT has processed on router ¢ before time ¢ minus the number that
GREEDY has processed there before time ¢. The value A;(t) may be positive or negative.

» Lemma 5. For each time t > 0, we have Aq(t) = 0.

Proof. Both OpT and GREEDY are zealous, and packets arrive at router 1 at the same times
for both algorithms. Therefore, the number of alive packets on router 1 is always the same,
and Al(t) =0. |
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%1 P I By
4h 4h+1

4h

. 5 4h+3 432
0 4h + 2 h+2
8h—1 8h
Sh+1 8h 6h + 2
Th+1

"/ Figure 1 Example of the lower-bound construction for k = 4 routers. The small boxes on the left
and right give the release times of the blocks; the choice of side is only for readability and has no
algorithmic significance. The horizontal guide lines indicate the corresponding release times. In the
center, GREEDY’s schedule is shown on the left and OPT’s on the right. A block that is open to the
left indicates that its processing started on the previous router. Within each block, the release time
appears at the upper left, the completion time at the lower right, and the flow time in the center.
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We wish to bound A,(t), the number of packets by which OpT is ahead on router i at
time ¢. This is the purpose of Lemmas 6-7. The basic idea of the proof is the following:
Each unit by which A; exceeds A;_; corresponds to a packet whose last router is ¢ — 1 and
which GREEDY has processed there but OPT has not. The reason OPT did not process it is
that it was processing another packet released on router ¢ — 1 that contributes to its lead
on router i. If there are £ such packets, then OPT still has to process ¢ packets on router
i — 1. Each of these packets must have priority at least that of the packets OPT processed,
because GREEDY preferred them. Processing them takes OpPT ¢ additional steps, giving a
lower bound on its cost.

» Lemma 6. If A;(t+1) = A;(t)+ 1> A,_1(t) > 0, then, at time t, there are A;(t +1) —
A;_1(t) packets with current priority at least A;(t+ 1)+ 1 that OPT still needs to process on
router 1 — 1.

Proof. The equality A;(t 4+ 1) = A;(¢) + 1 implies that GREEDY is idle on router ¢ at time
t, so GREEDY has processed all packets released on router ¢. Thus, by time ¢, OPT has
processed at least A;(t + 1) length-2 packets that were released on router i — 1 and that
GREEDY has not yet processed there. Let P be this set of packets, and let p be a packet of
minimum release time in P. Note that

t—r(p) 2P| = Ai(t+1),

since OPT processes P on router ¢ — 1 between r(p) and ¢.
Now consider the sets of packets that GREEDY and OPT process on router ¢ — 1 before
time ¢. Call these sets G and O, respectively, and note that

O] = |G| + A;—1(2). (17)
Moreover, since P C O\ G,
|O\G| = |P| = A(t + 1), (18)
S0
|G\ O] = |0\ G| — A;_1(t), by (17) and removing O N G from both O and G
> Ai(t+1)— A;—1(t), by (18).

Since all packets in P are released on router ¢ — 1, they become available to GREEDY there
immediately upon release. Therefore, by the definition of GREEDY and the fact that p has
length 2, each packet in G \ O is at least as old as p and of length 2 or is at least one time
step older than p. It follows that, at time ¢, OPT has at least A;(t + 1) — A;_1(¢) packets,
each with priority at least A;(¢t + 1) + 1, that still need to be processed on router i —1. <«

For an illustration of Lemma 6, see the lower-bound construction depicted in Figure 1.
This input sequence uses the blocks defined at the beginning of the proof of Theorem 2.
Letting ¢ = 4, we consider

t=17h+2,

since 17h + 2 is the last time before completion at which GREEDY is idle on router 4. Since
OPT processes the last two packets of B3 at times ¢ = 17h+2 and t+1 = 17h+ 3 on router 3,
the set P consists of the first 7h — 2 packets in Bjs, and

Ag(t+1) = Ay(17h +3) = Th — 2.
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The oldest packet p in P was released at time
r(p) = 10h + 3

(all packets in P have this release time). By this time, OPT has completed all but the last
packet of By, while GREEDY has completed only the first packet of Bs, so OPT is ahead of
GREEDY by

As(r(p)) = 6h —2

packets from By on router 3.
At time r(p) on router 3, OPT has not yet begun processing any of the h packets in Ag
on router 3. At time ¢t = 17h + 2, each has priority

w(As,t) =24 (17Th +2) — (10h+1) — (2—1) = Th + 2.

These are the packets in G \ O from Lemma 6. According to the lemma, the last packet in
Az that OPT processes on router 3 has priority (and flow time) at least Ay(t + 1) = 7Th — 2,
and there are at least

|As| = Ay(t+1) — As(t) = (Th—2) — (6h—2) = h

packets in As. In this example, the number of packets remaining for OPT on router 3
matches the lower bound in the lemma, and the priority 7h + 2 exceeds the guaranteed value
Ay(t+1)+1=7h—1. As noted below in the proof of Lemma 7, at least one of these packets
has flow time at least

204(t+ 1) — Az(t) =2(Th — 2) — (6h — 2) = 8h — 2
in OPT’s schedule (its actual flow time is 8h + 3).

» Lemma 7. For any routeri > 1,

max Aj(t) < (1 - 21,1_1) OPT.

t20,5<1

Proof. We prove the lemma by induction on i. For i = 1, the claim follows from Lemma 5,
establishing the base case.

For the inductive step, fix a router j > 2 and let ¢ + 1 be the first time at which the
maximum value of A; is attained. By Lemma 6, at time ¢ there are Aj(t +1) — A;_1(t) > 0
packets that OPT still needs to process on router j — 1 and whose priority is already at least
Aj(t+ 1) + 1. The first of these packets may have flow time A;(t + 1) + 1, but the last has
flow time at least 2A;(t +1) — A;_1(t). Thus,

OpT > QA](t + 1) — Aj_l(t)
> 2A(t+1) — (1 —-2277) Opt, by the induction hypothesis
>2A;(t+1) — (1 —2*7%) OpT, since j < i.

Hence,
(1-2""90pPT > A;(t+1).

This completes the induction. <
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» Theorem 8. If there are k routers and all packets have length 1 or 2, GREEDY is
(2 — 2,%1) -competitive.

Proof. Fix any router i > 2 and any packet p that is released at time r(p) on router ¢ — 1
or ¢ and has router ¢ as its last router. The priority of every packet that remains alive in
GREEDY’s schedule increases by 1 in each time step in which it is not processed. Therefore,
no packet released at time ¢ = r(p) + 2 or later, on any router, can delay p, because p has
higher priority.

At time t/, there are g;_1(t") packets alive (on router ¢ — 2 or ¢ — 1) that will eventually
need to be processed on router ¢ — 1, and

gia(t") = ai1(t') + Aia (')

1
< OpT+ (1 — 212) OpT, by Lemma 7

= <2—2i1_2) OrT.

Likewise, at time t’, there are

gi(t') = au(t) + Ag(t') < (2 _ 211> Opr

packets alive that need to be processed on router 7.

Thus, if p is released at router 4, its completion time is no later than ¢ + g;(¢'). If p is
released at router ¢ — 1, it reaches router i no later than at time ¢’ + g;_1(¢'). Because no
packet released at time ¢’ or later can delay p, it cannot be delayed on router ¢ beyond time
t' + g;(t'). Therefore, the completion time of p is at most ¢’ + max{g;—1(¢t") + 1, g;(¢') }.

Since t' = r(p) + 2, we conclude that p is completed no later than at time

1
r(p) + 24+ max{g_1(t') + 1,g:(t)} <r(p) +2+ (2 - 2¢1) OpT +1
1
<r(p) + (2 - 21«—1) OPT +3, since 1 < k.

Hence, the flow time of p is at most (2 — %%1) OpT +3. |

Since this matches the lower bound of Theorem 2, this proves that the competitive ratio of
GREEDY is exactly (2 — 2,%1) on inputs with only k active routers. Since one is dealing with
a restricted OPT when using the online-bounded ratio, (2 — Zk%l) is also the online-bounded
ratio.

4  General lower bounds

We start with a warm-up construction before proving the 4/3 lower bound for randomized
algorithms.

» Theorem 9. Any randomized algorithm has a competitive ratio of at least 6/5 even with
only k = 2 routers.

Proof. We give a family of input sequences {I;}ren. Each sequence I begins with the
following packets.
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At time 0, 2h packets are released that need to be processed on router 1. We call these
short packets.
At time h, h packets are released that need to be processed on routers 1 and 2. We call
these long packets.

Let y € [0, k] be the expected number of long packets that ALG processes on router 1 before

time 2h. The expected maximum flow time among the short packets must be at least 2h + y.

If no further packets are released, the optimal maximum flow time is 2k + 1, achieved by
giving priority to the short packets at router 1. Thus, since ALG is 6/5-competitive, there
must be a constant a such that

6
2hty <z (2h+1)+a,

or equivalently, by solving for y,

2h 6
y< —+b, whereb=a+ —.
5 5
Thus, the expected number of packets that remain for ALG to process on router 2 at time
2h 4+ 1 is at least
3h
h—y>— —b.
V=75
If now 3h additional jam packets are released at time 2h + 1 that need to be processed by
router 2, the expected number of packets that ALG still needs to process on router 2 is at
least

3h 18h

== b+ 3h = - - b
so the expected maximum flow time in ALG’s schedule is at least this number.

The optimal maximum flow time for the entire instance is 3h, achieved by giving priority
to the long packets at router 1 and thereby avoiding any conflict between the long packets
and the jam packets. Hence, ALG(I;) > 2 OPT(I;) — b. For h large enough, this contradicts
that ALG is (6/5 — €)-competitive. <

Next, we prove a lower bound of 4/3 for randomized algorithms, using the same idea as in
the proof of Theorem 9, using “short” and “long” packets iteratively to build up how much
behind OPT the randomized algorithm, ALG, is on a specific router. The proof also reuses
the idea of restricting ALG to maintaining the goal competitive ratio during each iteration
(since it is online), but allowing OPT to perform worse than ALG until the end where there
are many “jam” packets. Unfortunately, this means that the lower bound we obtain for the
competitive ratio does not immediately imply the same result for the online-bounded ratio,
even though the lower bound of Theorem 2 for GREEDY immediately implies a lower bound
for GREEDY’s online-bounded ratio.

We call an instance I (t,4, U, L)-critical if there exists an offline algorithm OFF satisfying
the following conditions:

(i) The cost of OFF on I is at most U.
(ii) At time ¢, OFF has no packets left to process on routers i,7 + 1, ..., k.
(i) At time ¢, for every 4/3-competitive randomized algorithm ALG, the expected number of

packets that ALG has left to process on router i is at least L.

First, we show the following lemma.
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» Lemma 10. For any 4/3-competitive algorithm ALG, there exists a constant b such that,
for any nonnegative L and any positive even U, the existence of a (t,i,U, L)-critical instance,
1, implies the existence of a (¢t',i4+1,3U/2, L+ U/6 —b)-critical instance, I', for some t' € N.

Proof. We extend I to I’ by releasing the following additional packets:
At time t, U short packets that need to be processed at router i.
At time ¢t + U/2, U/2 long packets that need to be processed at routers i and i + 1.

Let P consist of the L packets waiting on router ¢ at time ¢ and the U packets released
there at time ¢. Let ALG be a 4/3-competitive algorithm. Let y € [0,U/2] be the expected
number of long packets released at time ¢ + U/2 that ALG processes on router i before time
t + U. Then the expected time by which ALG has processed all packets in P is at least
t+ L+ U + y. Hence, the expected maximum flow time among the L 4+ U packets in P is at
least L+ U +y.

Based on OFF, we can define another offline algorithm OFF’ with OFF'(I') < U+1 by
processing all short packets before the long packets. Because ALG is 4/3-competitive and
OPT performs at least as well as OFF’, there must exist a constant a, independent of U and
L, such that

4
L+U+y§§(U+1)+a.

Equivalently,

U 4
y< ——L+b, whereb=a+ —.
3 3
Thus, the expected number of packets that ALG still has to process on router i/ =i + 1 at
time t' =t + U+1 is at least
U U
——y>—+L—b.
2 V=%
Finally, from OFF we construct another offline algorithm OFF” by processing the long packets
as soon as they become available and before the remaining short packets. The schedule of
OFF” has cost at most (3/2) - U and has no packets left to process on routers i/, +1,...,k
from time ¢'. <

We now prove the theorem by iteratively applying this lemma.
» Theorem 11. Any randomized algorithm has a competitive ratio of at least 4/3.

Proof. Let € > 0. Suppose ALG is (4/3 — €)-competitive. We start with the empty instance
I which is (0,0, g, 0)-critical for any positive integer q. Let ¢ and £ be positive integers,
where ¢ depends on . We set ¢ = 2¢ - ¢, allowing us to apply Lemma 10 iteratively ¢ times to
I(®) (the lemma requires the third entry of the 4-tuple to be a multiple of 2).

This yields an instance I that is (¢,4, U;, L;)-critical for some t € N, where

3 %

and, for some constant b,

—1 1—1 i— 7 7
1 2\ 1 2\’ 1
L,:§ ~.U:=b)| > = = | -U;—bi = = —|-U;-b
: (6 J )— : (3) 6 ‘T (3) 6 '
j=0 7=0 j=1

1 2! )
= <3—32+1>Ul—b%



498

499

500

501

502

503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

520

521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

540

541

J. Boyar, L. M. Favrholdt, K. S. Larsen, K. Schewior, and R. van Stee

By choosing i and ¢ sufficiently large, we obtain

1 ¢ 1 ¢
. _ . b > — — _ .
L; > <3 4> U, —bi > <3 2>Ul

Thus, by Lemma 10, ALG, being a 4/3-competitive algorithm, has in expectation more than
(1/3 —¢/2) - U; packets left to process on router ¢ at time ¢. Releasing U; additional packets
at time ¢ that need to be processed on router i therefore gives ALG an expected cost greater
than (4/3 —¢/2) - U;. In contrast, the definition of critical guarantees that OFF, and hence
OPT, can schedule I together with these additional packets with cost U;, because no packet
remains to be processed on router ¢ at time ¢. Since ¢, and hence U;, can be chosen arbitrarily
large, this contradicts the assumption that ALG is (4/3 — €)-competitive. <

5 Open Problem

We conjecture that GREEDY has a constant competitive ratio, possibly 2, for online packet
routing even when packet lengths are unbounded. A difficulty in extending Lemma 6 to
packets of length greater than two is that the packets delayed by OPT, namely those in G\ O,
need not all be located on one router. In the worst case, they could be distributed evenly
across the preceding routers, for example. The maximum packet length may therefore enter
the competitive analysis, perhaps only through an additive constant.
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