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CSP

Input:
o Variables X = (xi,...,x,)
e Domain Expression DE = {x; € D(x1),...,x, € D(x,)}

a constrained satisfaction problem (CSP) is
P =(X, DE, C)

C finite set of constraints each on a subsequence of X.
ceConY=(,...,yk)is C C D(y1) x ... x D(yk)

(vi,...,vp) € D(x1) x ... x D(x,) is a solution of P
if for each constraint C; € C on x;, ..., x;, itis



Notation and Terminology

Finite domains ~~ w.l.g. D C Z

Constraint C: relation on a (ordered) subsequence of variables
® X(C) = (X, Xix,) is the scheme or scope

|X(C)| is the arity of C (unary/binary/non-binary)

(4]

o C C zZX() containing combinations of valid values (or tuples)
T € ZIX(©)

@ constraint check: testing whether a 7 satisfies C

(]

C: a t-tuple of constraints C = (Gy,..., C)

(4]

expression
o extensional: specifies satisying tuples (aka table in Comet)
o intensional: specifies the characteristic function

CSP normalized: iff two different constriants do not involve exactly the same vars
CSP binary iff for all C; € C, |X(C)| =2



Notation and Terminology

Given a tuple 7 on a sequence Y of variables and W C Y,

o 7[W] is the restriction of T to variables in W/ (ordered accordingly)
o 7[x] is the value of x; in 7
o CC Cif X(C)=X(C") and for all 7 € C the reordering of 7 according
to X(C') satisfies C'.
Example

C(x1,x2,x3) 1 X1+ X2 = x3
C'(x1,%2,x3) 0 x1+x2 < x3

Given Y C X(C), my(C) denotes the projection of C on Y. It contains
tuples on Y that can be extended to a tuple on X(C) satisfying C.



Notation and Terminology

Given P = (X, DE, C) the instantiation / is a tuple on
Y = (X1, xk) © X: ((xa,va)s - vy (Xky Vi)
e [ on Yisvalid iff Vx; € Y, I[x;] € D(x;)
o [ on Y is locally consistent on Y iff it is valid and for all C € C with
X(C)CY, I[X(C)] satisfies C
@ a solution is an instantiation / on X(C) which is locally consistent

@ / on Y is globally consistent if it can be extended to a solution, i.e.,
there exists s € sol(|CSP) with | = s[Y]

Example
= < = (X17X2,X3.‘X4)7D(€ — {D(X,) — {].S},VI}7
C= {Cl = alldiff(x;[,X27X3)7 C2 = X1 S X2 S X3, C3 = Xa Z 2X2}>

7TX1>X2(C1) = (Xl 5& X2)

h = ((x1,1), (x2,2),(xs,7)) is not valid

I = ((x1,1), (x2,1), (x4, 3)) is local consistent since X(C3) C Y and L[X(C3)]
satisfies C3

I is not global consistent: so/(P) = {(1,2,3,4),(1,2,3,5)}




Notation and Terminology

CSP is NP-complete!
~ solved by extending partial instantiations to global consistent ones

P’ is a tightening of P if

X =Xp,DEp: CDENC €C,AC" € C,X(C)=X(C")and C"' C C.
Any instantiation / on Y C Xp locally inconsistent for P is locally
inconsistent for P’

Sp is the space of all tightening for P

We are interested in the tightenings that preserve the set of solutions
(sol(P) = sol(P’)) whose space is denoted S5 and among them the
smallest

P* e Sl is global consistent if any instantiation / on Y C X which is locally
consistent in P* can be extended to a solution of P.

Computing P* is exponential in time and space ~~ search a close P in
polynomial time and space

Define a property ® that states necessary conditions on instantiations that
enter in the definition of local consistency



Constraint Propagation

We reach a P that is ® consistent by constraint propagation:
o tighten DE
o tighten C, ex: x1 +x0 < x3 ~ x1 + X0 = x3
@ add Cto C

this is implemented by

@ reduction rules: sufficient conditions to rule out values that have no
chance to appear in a solution

@ rules iterations: a set of reduction rules for each set of constraint that
tighten

Focus on domanin-based tightenings



Domain-based tightenings

Task:

Finding a tightening P in Sp such that:

forall x; € Xp, Dp:(x;) contains only values that belong to a solution itself,
i.e., Dp:(xi) = Ty (sol(P)

It is clearly NP-hard since it corresponds to solving P itself.

@ Reduction rules:

D(xi) < D(xi)N{vi|D(x1) x D(xj—1)x{vi} x...D(x;+1) x... D(xx)NC # 0}

@ Rules iterations

Define ®: e.g., unary, arc, path, k-consistency



Domain-based tightenings

Note: Not all ®-consistent tightenings preserve the solutions
We search for the ®-closure ®(P) (the union of all P’ € Sp d-consistent) =
enforcing ® consistency

Example
P = <X = (X17X27X33X4)3D8 = {D(Xl) - {172}VI}7
C={G=x1<x0GC=x<x3G=x #x3})

® all values for all variables can be extended consistently to a second variable

P = (X = (x1,x2,x3,%),DE = {D(x1) = 1,D(x2) = 1,D(x3) = 2,Vi},
C={G=x1<xG=x<x3,G=x#x3})

P’ is consitent but it does not contain (1,2,2) which is in sol(P)
®(P) : (X, DEo,C) Do(x1) =1, Do(x2) = {1,2}, Do(x3) = 2




Domain-based tightenings

®(P) can be computed by a greedy algorithm:

Proposition (Fixed Point): If a domain based consistency property ¢ is
stable under union, then for any P, the P" with DEp/ obtained by iteratively
removing values that do not satisfy ® until no such value exists is the
®-closure of P.
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Generalized Arc Consistency (GAC)

Given P, C € C, x; € X(C)

e v € D(x;) is consistent with C in DE iff 3 a valid tuple 7 for C:
v; = 7[x;]. T is called support for (x;, v;)

e DE is GAC on C for x; iff all values in D(x;) are consistent with C in
DE (i.e., D(x;) C T3 (C N ix(c)} (DE)))

o Pis GACiff DE is GAC for all vin X onall C €C

@ P is arc inconsistent iff the only domain tighter than DE which is GAC
for all variables on all constraints is the empty set.
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In general arc consistency does not imply global consistency.
An arc consitent but inconsistent CSP:

£

x € {a, b} y € {a, b}

A consistent but not arc consistent CSP:

o = @)

x € {a, b} y € {a}
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AC3

function Revise3(in xi: variable; ¢ constraint): Boolean ;
begin
CHANGE « false;
foreach v: € D(x:) do
if Ar € cNwx(o(D) with T[z,] = v; then
remove v; from D{z;);
CHANGE + true;
return CHANGE ;
end

@M e W R e

function AC3/GAC3(in X: set): Boolean ;
begin 3 4r\
/* initalisation */; O(er’d") time
7 Q—{(zi,e) |eeCoxi e X(e)}
/* propagation */;
8 while @ # 0 do

9 select and remove (24, ¢) from Q;
10 if Revise(xi,c) then
11 if D(x;) =0 then return false ;
12 else Q — QU{(z;.c") | e CArcd Zenm,a; e X(C)Nj#ih
13 return true ;
end
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AC3

Example

P = <X:(X7Y7Z)7 DE = {D(X): D(Y) :{1’2’3a4}aD(Z):{3}}v
={G=x=<y G=y#z}})

Initialisation: Revise (X.c1), (Y.cl), (Y.c2), (Z,c2) Propagation: Revise (X.cl)

cl: c2:
X Xe=y Y Y4Z Z

10 + 4 constraint 4+ 1 constraint 9 constraint
checks checks checks

(a) (b)
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AC4

function AC4(in X: set): Boolean ;

[44] B W N

o~

10
11
12
13
14
15

begin
/¥ initialization */;

Q — 0; S[ej,v;] = 0,Vv; € D(x;), Ve € X;
foreach z; € X, ¢;; € C,v; € D(x;) do
initialize counter[r;, vi,x;] to [{v; € D(x;) | (vi,v;) € ey };
if counter|w;,vi, ;] = 0 then remove v; from D(x;) and add (2, vi) to
Q;
add (zi,v;) to each S[z;, vy] st. (vi,v5) € ciy;
if D(z;) = 0 then return false ;
/* propagation */;
while @ # 0 do
select and remove (x;,v;) from Q;
foreach (xi, vi) € S[z;,v;] do
if vi € D(x;) then
counter [, vi, x;] = counter[w;, vi, x;] — 1;
if counter|z;,v;,z;] =0 then
remove v; from D(z;); add (zi,v;) to @Q;
if D(z;) = 0 then return false ;
return true ;
end
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AC4

Example

P=(X=

counter(zr, 1,y =4
counter|r,2,y] = 3
counter|r, 3,y = 2
counter(zr,4,y] =1

Sl 1] = {(y. 1), (»,2)
S[z.2] = {(y.2).(y,3)
Sla, 3] = {(¥,3), (¥, 4)
Sl 4] = {{y,4)}

(x,y,2), DE ={D(x) =

D(Y) - {1727374}’D(Z):{3}}a
C={G=x<Zy G=y#z}})

counter[y, 1, z] =1
counter(y,2,z] =2
counter(y,3,z] =3
counter(y,4,z] =4

1
Sly. 4] = {(x, 1), ( TZ)(J‘3
1

counter(y,1,z] =1
counter(y,2,z] =1
counter[y,3,2] =0
counter(y,4,z] =1
counter|(z,3,y] = 3

Sy 1] = {(z.1).(=,

Sly. 2] = {(z,1),(x,2),(
Sy, 3] = {(x,1), (2, 2), (
) (,4), (

S[z,3] = {(y. 1), (. 2). (
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AC6

function AC6(in X: set): Boolean ;
begin
/¥ initialization */;

1 Q — W; Slrs,v] =0, Vv; € D(x;), Yz, € X,
2 foreach x, € X,¢;; € C,v; € D(z,) do
3 v; — smallest value in D(zx;) s.t. (vi,v;) € cij;
4 if v; ezists then add (xi,vi) to S[z;,v;);
5 else remove v; from D(x;) and add (z;,v:) to Q;
6 if D(z;) = 0 then return false ;
/* propagation */;
7 while () # ) do
8 select and remove (z;,v;) from @,
foreach (xi, vi) € S[z;,v;] do
10 if vi € D(x:) then
11 v} « smallest value in D(x;) greater than v; s.t. (vi,v;) € cij;
12 if v ezists then add (z;,v:) to S[z;,vj];
13 else
14 remove v; from D(z;); add (z;,v:) to Q;
15 if D(x;) = [} then return false ;
16 return true ;

end



ACb6

Example

{1’ 2,3, 4}a D(Z) - {3}}7

P=(X=(x,y,2), DE ={D(x) = D(y) =
C={CG=x<y G=y#z}}

Sla, 1] ={(y, 1), (,2), (%.3), (5. 1)} Sy, 1] = {(z,1),(2,3)}
Sl 2] = {1} Sy, 2] = {(x,2)}
S[z.3) ={} S[y.3] = {(z.3)}
Sl 4] = {} 5[y, 4] = {(x,4)}

S[Z 3] - { Y, 1)7 y: 2): (974)}



Reverse2001

function Revise2001(in x;: variable; ¢;;: constraint): Boolean ;
begin

1 CHANGE + false;

2 foreach v; € D(x;) s.t. Last(xi,vi,z;) € D(x;) do

3 v; + smallest value in D(x;) greater than Last(w;, vi, z;) s.t.
(vi,%5) € i
4 if v; emists then Last(z;, vi, z;) « vj;
5 else
6 remove v; from D(x;);
7 CHANGE « true;
8 return CHANGE ;
end
funection AC3/GAC3(in X: set): Boolean ;
begin

/¥ initalisation */;

T Q — {(ri,¢) |eeCx € X(e)}:
/* propagation */;

8 while ) # ) do

9 select and remove (z;,¢) from Q;
10 if Revise(x:i,c) then
11 if D(x;) =0 then return false ;
12 else @ — QU {(x;.c) | delCnd £enm,o; e X()nj#£ih
13 return true ;
end
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Reverse2001

Example

P = <X:(X7Y=Z)7 Dg:{D(X):D(y):{172a3a4}aD(Z):{3}}a
C={G=x<y, G=y#z}})

Lastz,1,y] =1
Last(z,2,y] =2
Last(x,3,y] =3
Last[z,4,y] =4

Last[y,l,z] =1
Last[y,2,2] =1
Last(y.3,2] =1
Last[y.4,2] =1

Last[y,1,2] =3
Last[y,2,z] =3
Last[y, 3, z] = nil
Last[y.4,z] = 3
Last(z.3,y] =1
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