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Initialization

Simplex: Exception Handling, Overview =i

Handling exceptions in the Simplex Method

1. Unboundedness

2. More than one solution a. F=10
3. Degeneracies b. F # () and 3 solution
> benign I) one solution

ii) infinite solution
c. F# 0 and A solution

» cycling

4. Infeasible starting
Phase | + Phase Il



Initialization

Outline pusliey

1. Initialization



. . ag ege Initialization
Initial Infeasibility Dualty
max X; — Xo max X3 — Xo
X1 + Xxo S 2 X1 + X + X3 =2
2X1 + 2X2 2 5 2X1 + 2X2 — X4 = 5
X1, X2 2 0 X1, X2, X3, X4 Z 0

» |nitial tableau

| | x1 1 x2 1 x3 1 x4 1| -z15b|
IR T TSI RTR
Il x31 11 11 11 ol o1l 2]
Il x4 21 21 0ol -11 0165/
e ——
| Il 11 -11 0ol ol 1]o0]

~ we do not have an initial basic feasible solution!!



Initialization

In general finding any feasible solution is difficult as finding an optimal
solution, otherwise we could do binary search

Auxiliary Problem (I Phase of Simplex)
We introduce auxiliary variables:

*

w* = max —xs = minxg
X1 + X2 + X3 = 2
2X1 + 2X2 — X4 + X5 = 5

X1, X2, X3, X4, X5 > 0

if w* =0 then x5 = 0 and the two problems are equivalent
if w* > 0 then not possible to set x5 to zero.

» Initial tableau

| | x1 | x2 | x3 | x4 | x5 | -z | -w | b |
[T S T TR RS SR ] |
| Il 11 11 1] 0ol ol ol o121
| Il 21 21 ol-11 1] ol olS®&]
lz | 11 -11 ol ol ol 11 01lo0]
I T LT Tes R S |
lw | ol ol ol ol-11] ol 11]o0]

Keep z always in basis



Initialization

» we reach a canonical form simply by letting x5 enter the basis:
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0 exists then no feasible solution

—1 then no solution with X5

to initial problem

* __
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max X3 — X2
x1 + X2

2X1 + 2X2

X1, X2

IV IV IA

()]

Initialization
Duality

X2

e
V

X1




Initial Infeasibility - Another Example 55

max X3 — Xo max X3 — Xo
x1 + xo < 2 X1 + X0 + x3 —9
2x1 + 2xp > 2 2x; + 20 S ox =2
X1, %2 2 0 X1,X2,X3, X4 Z 0

Auxiliary problem (I phase):

W =max —Xs = Minxs
X1+ X2 + X3 = 2
2x1 + 2x — X1 + x5 2

X1, X2, X3, X4, X5 = 0



» |nitial tableau
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~+ we do not have an initial basic feasible solution.
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> set in canonical form:

ol -11 ol o
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> x; enters, x5 leaves

1 1
L 1 A - 1 O
| [

1 |
—t——— =
| |
—t——— =
| |
—t——— =
1N N
NN
W I HN
Moo=
! |
—_ — — — 5 —
1 1
1 N |
NN AN

NN
X IlH 1 H 1O
! |
—t ==t =
M I OO I O
Mo |
| 1
—t ===t
N I O QAN 1 O
[ |
1 |
—t——— =
- 1 O+HO I O
Kol
| 1
—_ . — — — 4+ —
1 1
| |
! N 1 =
[ |

0 we have a starting feasible solution for the initial

0 hence x5 =



Initialization

> (Il phase) We keep only what we need:

| -z |
|

11 1/2
01l 1/2

0
1

| x1 | x2 | x3 | x4
0ol -2

11 ol 2
ol ol 2

S S S

I ol ol 2
I 11 11 1

Optimal solution: x; =2, % =0,x3 =0,x4 = 2, z = 2.
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max X3 — X2
x1 + X

2X1 + 2X2

X1, X2

IV IV IA

N

Initialization
Duality

X2

e
=
RS
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Initialization

In Dictionary Form Bucts

max X3 — Xp X3 = 2 — X1 — Xo
x1 + x <2 xs = =5 4+ 2x3 + 2x
2X1 + 2X2 2 5 z X1 + X
xi,x2 > 0 ] ]
sol. infeasible
We introduce corrections of infeasibility
max—Xxoszrr)lmon<2 3= 2 — x31 — x2 + X
1 2 — Xo <
X4 = —H 2x 2x, X
mo 2 o8 AT EEZaadei
x1,x2,% = 0 n 0

It is still infeasible but it can be made feasible by letting xo enter the basis
which variable should leave?

the most infeasible: the var with the b term whose negative value has the
largest magnitude

13



Initialization

Simplex: Exception Handling, Summary =i

Handling exceptions in the Simplex Method

1. Unboundedness

2. More than one solution a. F=10
3. Degeneracies b. F # () and 3 solution
> benign I) one solution

ii) infinite solution
c. F# 0 and A solution

» cycling

4. Infeasible starting
Phase | + Phase Il
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Initialization

O utl i ne Duality

2. Duality
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Initialization

Dual Problem i

A dual variable y; associated to each constraint:

Primal problem: Dual Problem:
max z = c'x min w = b'y
Ax < b Ay > ¢
x>0 y=>0

17



Initialization

Bounding approach Budiny

max 4x; + x> + 3x3

x1 + 4xo <1
3x1 + x + x3 <3
x1,%2,x3 > 0

a feasible solution is a lower bound but how good?
By tentatives:

(x1,x2,x3) = (1,0,0) ~ z* >

(x1,%2,x3) =(0,0,3) ~>z">9

What about upper bounds?
2. ( x1 + 4x ) <
+3'(3X1+X2 +X3)§
11X1 + 11X2 + 3X3 S

2.1
3-3
11

4X1+X2+3X3 S 11X1 +11X2—|—3X3 S 11
c’x < yT Ax <y'b
Hence z* < 11. Is this the best upper bound we can find?

18



Initialization
Duality

multipliers y1, y» > 0 that preserve sign of inequality

yvi-( x + 4x ) < xn(1)
1y (3 + x +  x3) < »(3)
(y1 +3y2)x1 4+ (dy1 + y2)x2 + yox3 < y1+ 3y

Coefficients

yi + 3y2 > 4
4y, + 21
y2 >3

z=4x1+x2+ 3x3 < (y1 + 3y2)x1 + (4y1 + y2)x2 + y2x3 < y1 + 3y» then to
attain the best upper bound:

min y1 + 3y»
yi + 3y2 > 4
4y + yp > 1
y2 >3
yi, 2 2 0
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Initialization

Multipliers Approach Buainy

1 ail 312 ... An!arnl Ane2 --- A,men 01 by
Tm | @mL 3m2 -+ dmn!3m.nt1 3mnt2 - 3mmin!01bm
Tm+1 1 G c, ! 0 0 0 1110
Working columnwise, since at optimum ¢, <0 forall k =1,....,n+ m:
maui  +  max ...+ Tmami + Tmpia <0
Tidn  + Mdn ... - T Tmdmp + Tmyicp < 0
191,041, 282,042y oo Tmdmntt < 0
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Tmi1 = 1
w1 by -+ T2 by .+ Tmbm (§ 0)
(since from the last row z = —7b and we want to maximize z then we would

min(—mb) or equivalently max wb)

20



max mib1 + mba ... + Tmbm

miai1r + M2a21 ... + Tmami <
m1din + 72820 ... + Tmamn <
T1,7T2y...Tm S

max —yi1bi + —y2bo ... + —Ymbm
—y1a11 + —Yead2 ... + —Ymam

—y1din + —Y2a32n ... + —Ymamn
—Yi,—=y2,... — Ym
min w = by
ATy > c
y =20

Initialization
Duality

—C1

—Cn

IN

—C1

—Cn

ININ

21



Initialization

Example Dusiy

max 6x; + 8x»

5x1 + 10x < 60
4X1 + 4X2 S 40
xp,x2 > 0

571 + 4m + 6m3 < 0
10m, + 4m + 813 < 0
lmy + Omp + O3 < 0
Omy + 1my 4+ 0m3 <0
Omy + Om + 1m3 =1
60m; + 40m,

yi=-m2>0

y2 = —m >0

22



Initialization

Duality Recipe Budiny

' Primal linear program  Dual linear program ’
Variables ' L1, To,s ey Ty YL Y25y YU ’
Matrix ' A AT ’
Right-hand side ' b c )
Objective function ' max cT'x min b’y )
Constraints ith constraint has < y; >0
> ;<0
= Yi € R
z; >0 jth constraint has >
z; <0 <
T € R =




Initialization

O Utl i n e Duality

2. Duality

Theory



Symmetry

The dual of the dual is the primal:

Primal problem:

Let’s put the dual in the usual form

Dual problem:

min b7y
— Ay
y

VAN I
O o0

IV AA

—max—bTy
—c

0

Initialization
Duality

Dual Problem:
min - w

Ay

y

Dual of Dual:

—min ¢
—Ax
X

X

VIV A
[
G-

25



Initialization

Weak Duality Theorem Busing

As we saw the dual produces upper bounds. This is true in general:

Theorem (Weak Duality Theorem)

Given:

(P) max{c"x| Ax < b,x > 0}
(D) min{bTy | ATy > ¢,y >0}

for any feasible solution x of (P) and any feasible solution y of (D):

cTx<bTy

Proof:
From (D) G < 27;1 yiaijVj and x; > 0.
From (P) b; > Zle ajx;¥j and y; >0

n

m m
ZCJXJ < Z (Zy@,) Xj = Z Zaijxi yi < Zbi)/i
i i=1

i=1 \j=1

26



Initialization

Strong Duality Theorem Busivy

Theorem (Strong Duality Theorem) (Gale, Kuhn, Tucker, 1951; Dantzig, Von
Neumann, 1947))

Given:
(P) max{c"x | Ax < b,x >0}
(D) min{bTy | ATy > c,y > 0}
exactly one of the following occurs:
. (P) and (D) are both infeasible
. (P) is unbounded and (D) is infeasible

. (P) is infeasible and (D) is unbounded

. (P) has feasible solution x* = [x{, ..., x}]
(D) has feasible solution y* = [y, ..., y}]

~

A W N

CTX* _ bTy*

27



Duality

Proof:

> all other combinations of 3 possibilities (Optimal, Infeasible, Unbounded)
for (P) and 3 for (D) are ruled out by weak duality theorem.

> we use the simplex method. (Other proofs independent of the simplex
method exist, eg, Farkas Lemma and convex polyhedral analysis)

> The last row of the final tableau will give us

n+m n

m
_ ok = — * = = *
z=2z + CkXk = Z° + Gixj + Cn+iXn+i (™)
k=1 j=1 i=1

= z" + Cgxg + Cnxn

In addition, z* = 377, ¢;x;" because optimal value

28



Initialization
Duality

> Let's verify the claim:
We substitute in (*) 3° ¢;x; for z and x,; = by — 77, ajx; for
i=1,2,..., m for slack variables

n m n
ZCJ-)g:z*wLZEij*ZY;* b,-fZa,'ij
j=1 i=1 j=1
m n m
= (z* — Zy,-*b;) + Z (EJ + Z aijy,'*> X
i=1 j=1 i=1

This must hold for every (xi, x2, ..., x,) hence:
m
z* = Z by’ = y* satisfies ¢"x* = bT y*
i=1

m
cj:Ej—kZa,-J-y,-*,j:l,Z...,n
i=1

29



Since ¢, < 0 forevery k =1.2.....n+ m:

m

m
G <0~ cjfzy,*a,-j§0w Zy,-*a,'chj
i=1 i=1

Cori <0~y =—Cnti 20,

= y* is also dual feasible solution

Initialization

Duality
Jj=12...,
i=1,2,...,

30



Initialization

Complementary Slackness Theorem Duaiity

Theorem (Complementary Slackness)

A feasible solution x* for (P)
A feasible solution y* for (D)

Necessary and sufficient conditions for optimality of both:

m
i=1

If x; 0 then 5"y a; = ¢; (no surplus)

If>_yiaj > ¢ then x7 =0

Proof:
F=ox* < y*Ax* < byt = w*
Hence from strong duality theorem:

Xt —yAx =0

In scalars
n m
=D yiay) xf =0
j=1 i=1 \Zfo’

<0

Hence each term must be = 0

31



Duality - Summary Buaity

» Derivation:

» Bounding Approach

v

Multiplers Approach

> Recipe

> Lagrangian Multipliers Approach (next time)
» Theory:

> Symmetry
» Weak Duality Theorem
> Strong Duality Theorem

» Complementary Slackness Theorem
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