DM559

Linear and Integer Programming

Lecture 6

Rank and Range

Marco Chiarandini

Department of Mathematics & Computer Science
University of Southern Denmark



Numerical Issues in Python
an

Outline Range

1. Numerical Issues in Python

2. Rank

3. Range



Numerical Issues in Python
an

Outline Range

1. Numerical Issues in Python



Numerical Issues in Python
an

Exercise Range

Solve the following system of linear equations:

X + z = 1
3x +4y + z = 1
+ 4y — 2z = -2
30
det(A)—l‘ 2’4—1’1 2‘—0

Hence we cannot solve by inverse nor by Cramer’s rule. We proceed by Gaussian elimination:

(10 1 1 10 1 1 x =1—t

341 1|—1(01-1/2-1/2 y =—3+3t,VteR
0 4 -2 -2 00 O 0 z =t

[x 1 -1

Yyl = *% + % t,Vt € R infinitely many solutions

z 0 1
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In Python:

import numpy as np
rl=np.array([1,0,1])
r2=np.array([3,4,1])
r3=r2—3xrl
A=np.vstack([r1,r2,r3])

np.linalg.det(A) np.linalg.solve(A, [1,1,—2])
# 1.3322676295501906¢— 15 # array([ 0., 0., 1.])
np.dot(np.linalg.inv(A), [1,1,—2])

# array([-1., 0., 1.])

np.dot(np.linalg.inv(A),A)

# array([[ 0., 0., —1.],[ 0., 1., 0.],[ 0., 0., 1.]])

Hence, Python for numerical reasons does not recognize the determinant to be null and solves the
system returning only one particular solution.

Knoweldge of the theory of linear algebra is important to avoid mistakes!

import Sympy as sy or you can carry out the row operations
M=sy.Matrix(A)
M.rref() yourself
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Rank

Rank

e Synthesis of what we have seen so far under the light of two new concepts: rank and range of

a matrix

e We saw that:
every matrix is row-equivalent to a matrix in reduced row echelon form.

Definition (Rank of Matrix)
The rank of a matrix A, rank(A), is
e the number of non-zero rows, or equivalently
e the number of leading ones
in a row echelon matrix obtained from A by elementary row operations.

~ For an m x n matrix A,
rank A < min{m, n},

where min{m, n} denotes the smaller of the two integers m and n.
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Example

1211
M=12305

3516

1211] B=fe2h 1 2 1 1] RoR 121 1
2305 =——— |0 -1 23] =—5 (012 -3
3516 0-1-23 000 0

~> rank(M) = 2




Numerical Issues in Python
Ran!

Extension of the main theorem Range

Theorem

If A'is an n x n matrix, then the following statements are equivalent:

. Ais invertible
. Ax = b has a unique solution for any b € R

. Ax = 0 has only the trivial solution, x = 0

A £0

1
2
3
4. the reduced row echelon form of A is |.
5
6. the rank of A is n
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Rank and Systems of Linear Equations Range
X+ 2y +z=1
2x + 3y =5
3x + 5y +z =4

L2l R (12 i) gER S (L2
230:5 = |0 -1 —2:3 S 012:—3
3514 0 -1 -211 00012
X +2y + z= 1
X + 27 = -3 The last row is of the type 0 = a,a # 0, that is,
Ox + Oy + 0z = —2 the augmenting matrix has a leading one in the
last column
It is inconsistent! rank(A) =2 # rank(A | b) =3

1. A system Ax = b is consistent if and only if the rank of the augmented matrix is precisely the

same as the rank of the matrix A.

10
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2. If an m x n matrix A has rank m, the system of linear equations, Ax = b, will be consistent for
allb e R

— Since A has rank m then there is a leading one in every row. Hence [A | b] cannot have a row
[0,0,...,0,1] = rank A &£ rank(A | b)

— [A| b] has also m rows = rank(A) # rank(A | b)

— Hence, rank(A) = rank(A | b)

Example
1211 10 -30
B=12305| ----— (01 2 0 rank(B) =3
3514 00 0 1

Any system Bx = d in 4 unknowns and 3 equalities with d € R3 is consistent.

Since rank(A) is smaller than the number of variables, then there is a non-leading variable. Hence
infinitely many solutions!
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Example

13-2000

00 1 231

[Alb] = 00 0 015
00 0 000

rank([Alb]) =3 <5=n
x1 + 3x + 4xy
x3 + 2xa
X5

Numerical Issues in Python
Ran

13040 -28
- 00120 —14
00001 5
00000 O
= —28
= 14
= 5

X1, X3, x5 are leading variables; x», x4 are non-leading variables (set them to s, t € R)

x; = —28 —3s — 4t

Xo =S
x3 = —14 — 2t X =
Xq =1t

X5 =5

X1 —28 -3 —4

X2 0 1 0

x3| = |—14| 4+ |0 |s+ |[—2]|t
X4 0 0 1

X5 5 0 0




Rank

Summary

Let Ax = b be a general linear system in n variables and m equations:

e If rank(A) = r < m and rank(A | b) = r + 1 then the system is inconsistent. (the row echelon
form of the augmented matrix has a row [0 0 ... 0 1])

e If rank(A) = r = rank(A | b) then the system is consistent and there are n — r free variables;
if r < n there are infinitely many solutions, if r = n there are no free variables and the solution
is unique

Let Ax = 0 be an homogeneous system in n variables and m equations, rank(A) = r (always
consistent):

e if r < n there are infinitely many solutions, if r = n there are no free variables and the solution
is unique, x = 0.

13
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General solutions in vector notation

Example
X1 —28 -3 —4
X2 0 1 0
x= x| =|-14|+ |0 |s+ |-2|t, Vs,teR
X4 0 0 1
X5 5 0 0
For Ax = b:
X=p+avi+avo+---+a, Vo, Vo,eRi=1....n—r
Note:
—ifa;=0,Yi=1,...,n—r then Ap = b, ie, p is a particular solution

—ifag=1and a; =0,Vi=2,...,n— r then

Ap+vi)=b — Ap+Av;=b ﬂ Avy =0

14
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Thus (recall that x =p + 1z, z € N(A)):

e If Alisan m x n matrix of rank r, the general solutions of Ax = b is the sum of:

e a particular solution p of the system Ax = b and

e a linear combination a1vi + aava + - -+ + ap—,v,—, of solutions vi,va, -+ ,v,_, of the
homogeneous system Ax = 0

e If A has rank n, then Ax = 0 only has the solution x = 0 and so Ax = b has a unique solution:
P

15
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Definition (Range of a matrix)
Let A be an m x n matrix, the range of A, denoted by R(A), is the subset of R™ given by

R(A) = {Ax | x € R"}

That is, the range is the set of all vectors y € R™ of the form y = Ax for some x € R”, or
all y € R™ for which the system Ax =y is consistent.

17



Recall, if x = (a1, g, . .. ,a,,)T is any vector in R” and
di1 412 - din aii
dz1 a22 -+ ad2p azj
A= a = i=1
dml dm2 - dmn Ami

Then A= [a; a, --- a,| and
AX = a1a; + axas + ...+ aya,

that is, vector Ax in R” as a linear combination of the column vectors of A

Hence R(A) is the set of all linear combinations of the columns of A.
~ the range is also called the column space of A:

R(A):{alal+a2a2+...+anan ‘ al,(XQ,...,(XHER}
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Thus, Ax = b is consistent iff b is in the range of A, ie, a linear combination of the columns of A
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Example

1 2
A=1-13
21

Then, for x = [a1, ao] T

1 2

Ax= | -1 3 [0‘1} -
2 1| *
SO
a1+ 2ap i
R(A)={ |—a1+ 30z

Numerical Issues in Python
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[ oy + 20 1 2
—a1+3as | = |—1| a1+ |3] a»
i 2c1 + ap 2 1

a1, cR

2001 + an i




Example

x + 2y = 0

- x4+ 3y = -5

2x + y = 3
1 2 5 0
Ax=|—-1 3 71:—5
2 1 3

0 1 2

-5 =2]1-1| — (3 :231—32
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x + 2y = 1
- x 4+ 3y = -5

2x + y = 2
Ax=0

has only the trivial solution x = 0. (Why?) Only
way:

1 2
0|—1] +0|3| =0a; +0a, =0
2 1

Hence no way to express [1, —5, 2] as linear
expression of the two columns of A.
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