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Cutting Plane Algorithms

Valid Inequalities

IP: z=max{c"x:x€ X}, X ={x: Ax<b,xeZ}
e Proposition: conv(X) = {x : Ax < b,x > 0} is a polyhedron

LP: z = max{c”x : Ax < b,x > 0} would be the best formulation

Key idea: try to approximate the best formulation.

Definition (Valid inequalities)
ax < b is a valid inequality for X CR" ifax < bVx € X

Which are useful inequalities? and how can we find them?
How can we use them?



Example: Pre-processing
o X ={(x,y) : x <999y;0 < x <5,y € B'}
x < by

o X ={x€Z] :13x; + 20x2 + 11x3 + 6x4 > 72}

72

2x1 + 2x0 + X +x>13x +20 + x3 + >
— —Xo + X: —X
1 2 3 4= 71 2 3T

11
2xX1 +2x0 +x3+ x4 > 7

o Capacitated facility location:

> xj< by VjEN
ieM
d xj=a VieM
JEN

Cutting Plane Algorithms

6
=6+ 37

Xij < by

Xij < a;

Xij > 0,_)/_, e B” Xij < min{a,-, b_/}’yj



Cutting Plane Algorithms

Chvatal-Gomory cuts

e XePNZy, P={xeR}:Ax<b}, AecR™"

e ucRT7, {ar,a,...a,} columns of A

CG procedure to construct valid inequalities

1) Zuajxj <ub valid: u>0
j=1
2) ZLuaijj <ub valid: x > 0 and ZLuaijj < Zuanj
j=1
3) ZLuaijj < |ub] valid for X since x € Z"

Jj=1

Theorem
by applying this CG procedure a finite number of times every valid inequality for X can be obtainedJ
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Cutting Plane Algorithms Cutting Plane Algerithme

« XePNZ?
e a family of valid inequalities 7 : a’x < b, (a, b) € F for X

e we do not find them all a priori, only interested in those close to optimum

Cutting Plane Algorithm
Init: t=0,P°=P
lter. t: Solve z' = max{c'x:x € Pt}
let x* be an optimal solution
if xt € Z" stop, x' is opt to the IP
if x* ¢ ZZ" solve separation problem for x* and F
if (af, b") is found with a‘x’ > b* that cuts off x*

PHl = Pn{x:a'x< b i=1,...,t}

else stop (P' is in any case an improved formulation)



Cutting Plane Algorithms

Gomory'’s fractional cutting plane algorithm

Cutting plane algorithm + Chvatal-Gomory cuts
e max{c'x: Ax=b,x > 0,x € Z"}

e Solve LPR to optimality

X, = b, — auxj, uecB

e If basic optimal solution to LPR is not integer then 3 some row u: b, & 7',
The Chvatal-Gomory cut applied to this row is:

xg, + ZFLU'JXJ' < | by

JEN

(B, is the index in the basis B corresponding to the row u) (cntd)



Cutting Plane Algorithms

e Eliminating xg, = b, — >_ 3, in the CG cut we obtain:
jen

> (3 — |3ui])x > by — | bu]

JEN o<hi<1 0<f<1

Z fquj 2 fu

jeN
f, > 0 or else u would not be row of fractional solution. It implies that x* in which x3, = 0 is
cut out!

e Moreover: when x is integer, since all coefficients in the CG cut are integer the slack variable
of the cut is also integer:

s=—fut Y fux

JEN

(theoretically it terminates after a finite number of iterations, but in practice not successful.)



Cutting Plane Algorithms

Example

X2

max x; + 4xo

X1 + 6X2 S 18

<3

x1,x2 >0
X1, Xointeger

X1
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Cutting Plane Algorithms

We take the first row: | | ol 11 1/6 | -1/6 | O | 15/6 |
CGeut Yo fuixj = fu~ gx3+ 2xa > 3

Let's see that it leaves out x*: from the CG proof:
1/6 (Xl + 6X2 S 18)
5/6 (xa <3)
X1 + x2 <3+5/2=55

since x1, xp are integer x; + x» < b

Let's see how it looks in the space of the original variables: from the first tableau:

X3:18—6X2—X1
X4:3—X1

> x1+x <5

N+~

1 5
6(18 — 6X2 7X1) + 6(3 *Xl) >

11



e Graphically:

e Let's continue:

—_ ——_— —  —

-1/6 | -5/6 | 1
1/6 | -1/6 |
0 | 1 |
P, [, o
-2/3 | -1/3 | ©

Cutting Plane Algorithms

o o o o o
XP —o3
o o

OX]O+ 6X2 = 18

xp+x2 =5

— X1
l\‘ X1+ 4x2 =2

We need to apply dual-simplex
(will always be the case, why?)

ratio rule: min{\%| :a; <0}
i
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o After the dual simplex iteration:

| x1 | x2 | %3 | x4 | x5 | -z | b |
. [ S S, B S, |
|l ol ol1/5 | 11 -6/51 01l 3/5 |
| ol 111/5 | ol -1/51 01| 13/5 |
| | ol -1/51 o1l6/5 | 01 12/5 |
N [ S S, E S S, |
| ol 0o1-3/51 01-2/51 11 -64/5 |

e In the space of the original variables:

4(187X176X2)+(57X17X2)22
X1+5X2§15

Cutting Plane Algorithms

We can choose any of the three rows.

Let's take the third: CG cut:
§X3 + %Xs > %
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