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1  Introduction

Hadamard matrices are square matrices with entries +1 and —1 whose row vectors are
mutually orthogonal, that is, their scalar products is equal to zero.
It follows from the definition that a Hadamard matrix H of order n satisfies

H'H = nlI,

where the superscript T indicates the matrix transpose and I, the n x n identity matrix.
Thus, det H = +1n"/2. An example of Hadamard matrix of order 12 is given in Figure 1.

Hadamard matrices of order n were introduced by Jacques Hadamard in 1893 as
solution to the maximum determinant problem, that is, the n x n complex matrix M
with elements [M;;| < 1 that have the maximum possible determinant in absolute value
is a real matrix M with the properties of a Hadamard matrix.

The Hadamard conjecture, one of the most interesting open problems in combina-
torics, states that there are Hadamard matrices with every size n = 4k (and for n > 2
no other sizes are possible). The smallest unsolved case is 668. The previous smallest
unsolved case was 428 and was solved in 2004 by [3].

1.1 Applications

Hadamard matrices have a few interesting applications. They can almost directly be
used as error-correcting code (generalized in ReedMuller codes) [7]. Moreover, they can
be used in statistics in balanced repeated replication (BRR) to estimate the variance of a
parameter estimator.

1111 11111111
1 - 1 11 1 - — — 1 -
1 - - 1 11 1 — — — 1
11 - — 1 11 1 - - -
1 - 1 - — 1 11 1 - -
1 - — 1 - — 1 11 1 -
1 - — — 1 — — 1 11 1
11 — — — 1 — — 1 1 1
111 - - — 1 - — 1 - 1
111 1 - — — 1 -1
1 - 111 - — — 1 - — 1
11 - 111 - - — 1 — -

Figure 1: Two common representations of Hadamard matrix of order 12.
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1.2 Equivalence of Hadamard matrices

There are some trivial transformations that applied to an Hadamard matrix return an-
other Hadamard matrix. These are row negation, column negation, row interchange,
and column interchange. Two Hadamard matrices are considered equivalent if one can
be obtained from the other by any combination of these transformation.

Every Hadamard matrix has an equivalent normalized Hadamard matrix, in which
every element of the first row and column are +1. If a Hadamard matrix of order 4k is
in its normalized form then every row (column), except the first, has 2k minus ones and
2k plus ones. The example in Figure 1 is in normalized form.

The number of inequivalent Hadamard matrices of order n is known only for n < 28
and is:

Order 1 2 4 8 12 16 20 24 28
Inequivalent matrices |1 1 1 1 1 5 3 60 487

Millions of inequivalent matrices are known in orders 32, 36, and 4o.

1.3 Constructions of Hadamard matrices

There are several methods for constructing Hadamard matrices. The first has been intro-
duced by Sylvester in 1867, before Hadamard matrices became known with their name.
Sylvester’s construction shows that there is a Hadamard matrix of order 2 for every
non-negative integer k. Let H be a Hadamard matrix of order n. Then the partitioned

matrix
H H
H —-H

is a Hadamard matrix of order 2n. This observation can be applied repeatedly and leads
to the following sequence of matrices, also called Walsh matrices.

Hy = [1],
Ha = E —11]

Hyiv Hoxs
H., = 2 2
2 |:H2k—l _sz—1:|

for k > 2. This construction is equivalent to say that the Kronecker product of two
Hadamard matrices is an Hadamard matrix.

The Hadamard matrices obtained in this way have some further special properties:
they are symmetric and with null trace. Moreover the elements in the first row are
all positive. These properties make this kind of construction particularly suitable for
engineering applications such as communication systems and digital image processing.

and

Several others methods for constructing Hadamard matrices have been found. A list
with explanation and further references of some of these methods can be found at [2]. A
repository of Hadamard matrices of order up to 1000 is also available at the same web
site and at [6, 8].

In this assignment, we focus on a special construction method: the construction of
Hadamards with two circulant cores via Hadamard ideals. In [1] the authors introduce gener-
alized Legendre pairs of length ¢ and show that they can be used to generate Hadamard
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matrices with two circulant cores of order 2/ + 2. Later, in [5], the authors made this
construction more systematic through the notion of Hadamard ideal. This allowed to per-
form an exhaustive search of all Hadamard matrices with two circulant cores for orders
up to 52 corresponding to ¢ = 25. However, exhaustive search failed to yield results
beyond Hadamards of order 68, that is ¢ = 33. Other techniques from computational al-
gebra and genetic algorithms increased the number of Hadamard matrices constructed
in this way [4].

The task of the assignment is to design and implement heuristic algorithms for the
the construction of Hadamard matrices via Hadamards ideals.

In the next section we give the details of how the construction of Hadamard matrices
with two circulant cores can be reduced to the problem of finding Hadamard ideals.

2 Hadamard matrices with two circulant cores

A matrix A = [a;] is a circulant matrix if a;; = 411, (j_j (mod ¢))- Let a = (a1,...,ar)
and b = (by,...,b,) be two vectors of ¢ elements and A, and B, the two circulant £ x ¢
matrices that they generate:

ay da ... ay b1 bz . bg

agp ay ... 4ady— bg b1 - bg_
Ag=1|. . . . ', Be=1|. . '

a daz ... ai bz b3 e bl

The Fletcher-Gynsin-Seberry construction of Hadamard matrices with two circulant
cores [1] states that a Hadamard matrix of order 2¢ 4 2 is obtained by two circulant
matrices Ay and By in the following way:

r— —1---1]1---1 1
- 11l1..-1]= _
1 1
o A B
H2(+2: 1 1 ! ! 7 (1)
1 _
Do Bf —Af
_1 - =

where — stands for —1, and the following further restrictions on ¢ and the vectors 2 and

b.
e Since 2/ 4 2 must be a multiple of 4, / must be an odd integer.
o All elements of Hadamard matrices are required to be 1 and hence, for example,
3 —-1=0,...,a5-1=0 b —-1=0,...,07-1=0 (2)

e Moreover, the following categories of constraints derive from the definition of
Hadamard matrices of order 20 + 2, that is, H}, ,Hapio = (20 +2) L.
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— The two circulant core matrix must satisfy the matrix equation:

AAT + BBT = (20 +2)I, - 2],

where [, is the identity matrix of order ¢ and ], is a matrix of order ¢ with all
elements equal to one.

This entails (the Diophantine constraint):

(£e) (2] -2

and we might restrict to consider only one of the solutions of this equation
(see [5] for a detailed treatment) which imposes:

a+...+a,=1, bi+...+by=1 (3)

— Let P,(s) be the periodic autocorrelation function defined on a (finite) sequence
of ¢ real numbers {ag, a1, ...,a,_1} by

(-1
Pa(s):Zaia(iJrs)modg, s=0,1,...,0—-1 (4)
=0

1

Then the Hadamard condition imposes the following further constraints on
the elements of the vectors a and b:

Py(s) + Py(s) = -2, s=1,...,0—1 (5)

Vectors a and b which are solutions to this system of equations are also called
generalized Legendre pairs.

The system of constraints (2), (3) and (5) defines the [-th Hadamard ideal H [5] and is
used to generate Hadamard matrices with two circulant cores.
Note that since ¢ must be odd, we have the following symmetry property:
¢—1

Py(s) = Pa(l—s), s:l,...,T (6)

and the system of equations can be reduced from 2/ +2 + (I — 1) to 2¢ 4+ 2 + m equations,

with m = I_Tl

3 Known Results

It is known that for some ¢ a Hadamard matrix of order 2¢ 4 2 with two circulant cores
exists. We refer to [5] for a most up-to-date list of results which appeared in several
different publications. For these values of £ < 200 the existence of generalized Legendre
pairs is instead unresolved: 77, 85, 87, 91, 93, 115, 117, 121, 123, 129, 133, 145, 147, 159,
161, 169, 171, 175, 177, 185, 187 and 195.

Similarly there are values of ¢ for which solutions have been found.

e exhaustive search ¢ < 25 [5]



DMS87 — FALL 2008 Exam ProjecTt

e truncated exhaustive search ¢ < 47 [1]

e incomplete search for 49 < ¢ < 55 [1]

The progression of the number of solutions |V (H;)| for each ¢ up to 25 is summa-
rized in the following table copied from [5]:

Matrix order |V(H)]

3 8 9 = 1x3°2

5 12 50 = 2x5°

7 16 196 = 4 x 72

9 20 972 = 12x92
11 24 2,904 = 24 x 112
13 28 7,098 = 42 x 132
15 32 38,700 = 172 x 152
17 36 93,058 = 322 x 172
19 40 161,728 = 448 x 192
21 44 433,944 = 984 x 212
23 48 1,235,744 = 2336 x 23?

25 52 2,075,000 = 3320 x 252

To illustrate the difficulty of finding solutions to the system of polynomial equations
of the Hadamard ideal we mention that the size of the discrete search space {—1, +1}%
(also called the boolean hypercube) is equal to 22‘. The size of the subspace of solutions
V(H;) defined by equations (2), (3) and (5) is upper bounded by the following lemma

[5].

Lemma 1 For every odd ¢ =3, ..., we have
V(H))| < C2, - ¢2
1

where Catalan numbers C,, are defined by:
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