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Survey T2 spaces

The problem from the survey:

X + z= 1

3x + 4y + z = 1

+ 4y — 2z = =2

4 1 30
sy 11 i 0

Hence we cannot solve by inverse nor by Cramer's rule. We proceed by
Gaussian elimination:

(10 1 1 10 1 1 x =1—t

341 1|—|01-1/2-1/2 y =it— 1 VteR
04 -2 -2 00 O 0 z =t

[x 1 -1

Yyl = *% + % t,Vt € R infinitely many solutions

z 0 1



In Python:

import sympy as sy

import numpy as np

b=np.array([3,4,1])

a=np.array([1,0,1])

c=b—3xa

A=np.vstack([a,b,c])

M=sy.Matrix(A)

M.rref()

np.linalg.det(A) # 1.3322676295501906e— 15
np.dot(np.linalg.inv(A),A) # array([[ 0., 0., —1.],[ 0., 1., 0.],[ 0., 0., 1.]])
np.linalg.solve(A,[1,1,—2]) # array([ 0., 0., 1.])

Hence Python for numerical reasons does not recognize the determinant to
be null and solves the system returning only one particular solution.

Knoweldge of the theory of linear algebra is important to avoid mistakes!
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e Synthesis of what we have seen so far under the light of two new
concepts: rank and range of a matrix

e We saw that:
every matrix is row-equivalent to a matrix in reduced row echelon form.

Definition (Rank of Matrix)

The rank of a matrix A, rank(A), is
e the number of non-zero rows, or equivalently

o the number of leading ones
in a row echelon matrix obtained from A by elementary row operations.

~ For an m x n matrix A,

rank A < min{m, n},

where min{m, n} denotes the smaller of the two integers m and n.



Example

1211
M=12305

3516
1211] R=Re-2R
2305 Bk
3516

~ rank(M) =2

0-1-23
0 -1-23
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Extension of the main theorem Vector Spaces

Theorem

If A'is an n x n matrix, then the following statements are equivalent:

1. A is invertible
Ax = b has a unique solution for any b € R

. Ax = 0 has only the trivial solution, x = 0

LAl £0

2.
3
4. the reduced row echelon form of A is I.
5
6. the rank of A is n
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Rank and Systems of Linear Equations Ve seece
x +2y +z=1
2x + 3y =5
3x + 5y +z =4

1211) BRR [12 1) Sk 12100
23015 2——=|0-1-213| 2——=1012-3
35114 0 -1 -211 00012
x4+ 2 + z= 1 The last row is of the type

X 4+ 27 = -3 0 = a,a#0, that is, the augmenting
Ox + Oy + 0z = —2 matrix has a leading one in the last

column
It is inconsistent! rank(A) =2 # rank(A | b) =3

1. A system Ax = b is consistent if and only if the rank of the augmented

matrix is precisely the same as the rank of the matrix A.
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2. If an m x n matrix A has rank m, the system of linear equations,
Ax = b, will be consistent for all b € R”

— Since A has rank m then there is a leading one in every row. Hence
[A | b] cannot have a row [0,0,...,0,1] = rank A £ rank(A | b)

— [A| b] has also m rows = rank(A) # rank(A | b)
— Hence, rank(A) = rank(A | b)

Example

1211 10-30
B=12305| ----—= |01 2 0 rank(B) =3
3514 00 0 1
Any system Bx = d in 4 unknowns and 3 equalities with d € R3 is consistent.

Since rank(A) is smaller than the number of variables, then there is a
non-leading variable. Hence infinitely many solutions!

10



Example

13 -2000

B_ 00 1 231 .
{00 0 015
00 0 00O

rank(B) =3 <5=n

x1 + 3x + 4dxy
X3 + 2xa

X5

13040 -28
00120 —14
00001 5
00000 O

= —28

= —14

= 5

X1, X3, x5 are leading variables; xo, x4 are non-leading variables (set them to

s,t € R)
x; = —28 —3s — 4t
Xp =S
x3 = —14 — 2t X =
Xqg =t
X5 =5

X1 —28 -3 —4

X2 0 1 0

x3| = | — 14| + 0 s+ |2t
X4 0 0 1

X5 5 0 0




Rank

Summary

Let Ax = b be a general linear system in n variables and m equations:

o If rank(A) = r < m and rank(A | b) = r + 1 then the system is
inconsistent. (the row echelon form of the augmented matrix has a row
[00...01])

e If rank(A) = r = rank(A | b) then the system is consistent and there are
n — r free variables;
if r < n there are infinitely many solutions, if r = n there are no free
variables and the solution is unique

Let Ax = 0 be an homogeneous system in n variables and m equations,
rank(A) = r (always consistent):

e if r < n there are infinitely many solutions, if r = n there are no free
variables and the solution is unique, x = 0.

12
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General solutions in vector notation

Example
X1 —28 -3 —4
X2 0 1 0
x=|x| =|-14| + |0 |s+ |-2|t, Vs,teR
X4 0 0] 1
X5 5 0 0
For Ax = b:
X=p+aivi +aaVo+ -+ ap_ Ny, Vo, €Ri=1....n—r
Note:
—ifa;=0,Vi=1,...,n— r then Ap = b, ie, p is a particular solution

—ifar=1and o; =0,Vi=2,...,n— r then

Ap+vi)=b — Ap+Av;=b 2= Ay, =0



Rank

Thus (recall that x =p +1z, z € N(A)):

o If Aisan m x n matrix of rank r, the general solutions of Ax = b is the

sum of:
e a particular solution p of the system Ax = b and

e a linear combination aivi + asvs + -+ - + an— Vs, of solutions
Vi,Va, - ,V,_, of the homogeneous system Ax = 0

e If A has rank n, then Ax = 0 only has the solution x = 0 and so Ax = b
has a unique solution: p

14
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Range VI Spaces

Definition (Range of a matrix)
Let A be an m x n matrix, the range of A, denoted by R(A), is the subset of
R™ given by

R(A) = {Ax | x € R"}

That is, the range is the set of all vectors y € R™ of the form y = Ax for
some x € R", or
all y € R™ for which the system Ax =y is consistent.

16
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Recall, if x = (a1, g, . .. ,a,,)T is any vector in R"” and
di1 di12 - din aii
dz1 d22 -+ dz2n azj
A= aj = , i=1, n
dml dm2 *°° dmn Ami

Then A= [a; a, --- a,| and
AX = ovja; + asans + ...+ apa,
that is, vector Ax in R” as a linear combination of the column vectors of A
Proof?
Hence R(A) is the set of all linear combinations of the columns of A.

~ the range is also called the column space of A:

R(A) = {0131 + azar + ...+ apa, | a1, 00,...,0, € ]R}

Thus, Ax = b is consistent iff b is in the range of A, ie, a linear combination

of the columns of A .



Example

1 2
A=1-13
21

Then, for x = [a1, as] "
1 2
Ax=|-13 [al}z
2 1] %2
so

o1+ 2as |

R(A) —a1 + 32

[ a1 + 20
—aq + 3an
i 2001 +

ay,an € R

201 + o ]

Rank
Range
Vector Spaces

1 2
—1| a1+ [3]| an
2 1
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0 x + 2y = 1

-5 - x 4+ 3y = -5

3 2x + y = 2
1 0 Ax=0

=|-5

3 has only the trivial solution x = 0.
(Why?) Only way:

[2

3| = 231—32 1 2

1 0|—-1|+0|3| =0a; +0a, =0

2 1

Hence no way to express [1, —5,2] as
linear expression of the two columns of

A.
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3. Vector Spaces
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Premise

Vector Spaces

e We move to a higher level of abstraction

o A vector space is a set with an addition and scalar multiplication that
behave appropriately, that is, like R”

e Imagine a vector space as a class of a generic type (template) in object
oriented programming, equipped with two operations.

21
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Vector Spaces Veckor Spaces
Definition (Vector Space)

A (real) vector space V is a non-empty set equipped with an addition and a
scalar multiplication operation such that for all o, 5 € R and all u,v,w € V:

1.

o

© © N o

10.

u+v € V (closure under addition)

. u+v =v+u (commutative law for addition)

2
3.
4

u+ (v+w) = (u+v)+ w (associative law for addition)

. there is a single member 0 of V/, called the zero vector, such that for all

veVv+0=v

for every v € V there is an element w € V/, written —v, called the
negative of v, such that v+w =0

av € V (closure under scalar multiplication)

a(u+v) = au + av (distributive law)

(oo + B)v = av + pv (distributive law)

a(pv) = (af)v (associative law for vector multiplication)

lv=v

22



Examples Veltor spaces
e set R”

e but the set of objects for which the vector space defined is valid are
more than the vectors in R”.

e set of all functions F : R — RR.
We can define an addition 7 + g:

(f +g)(x) = f(x) + &(x)
and a scalar multiplication of:

(af)(x) = af(x)

e Example: x 4+ x2 and 2x. They can represent the result of the two
operations.

e What is —f? and the zero vector?

23



Vector Spaces

The axioms given are minimum number needed.
Other properties can be derived:
For example:

(=1)x = —x

0=0x=(1+(-1))x = 1x+ (~1)x = x+ (~1)x
Adding —x on both sides:

—x=-x—0=—x+x+(-1)x=(-1)x
which proves that —x = (—1)x.

Try the same with —f.

24
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Examples Vector Spaces

o \/ = {0}
e the set of m x n all matrices

o the set of all infinite sequences of real numbers,
Y={y,y2 s Y- Lyi ERA(y ={yn}, n>1)
addition of y = {y1,v2,..., Vn,..., tand z={z, 25, ..., z,, ..., } then:

Y+Z:{Y1+217Y2+227---a}/n+2n-,---~,}

multiplication by a scalar « € R:

(Xy:{(XYL(WZV--?Q}/nv--a}

e set of all vectors in R? with the third entry equal to O (verify closure):

X
W= y x,y €R
0

25
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Linear Combinations Vector Spaces
Definition (Linear Combination)

For vectors vi,vo, ..., V) in a vector space V/, the vector

V = Q1V] + QoVp + ... + Vg

is called a linear combination of the vectors vy, va, ... vy.
The scalars «; are called coefficients.

e To find the coefficients that given a set of vertices express by linear
combination a given vector, we solve a system of linear equations.

e If F is the vector space of functions from R to R then the function
f x> 2x% + 3x + 4 can be expressed as a linear combination of:
f=2g+3h+4k
whereg:x»—>x2, hix—x, k:x—1

e Given two vectors vy and vy, is it possible to represent any point in the
Cartesian plane?



Subspaces VeSS spaces

Definition (Subspace)

A subspace W of a vector space V is a non-empty subset of V/ that is itself a
vector space under the same operations of addition and scalar multiplication
as V.

Theorem

Let V' be a vector space. Then a non-empty subset W of V' is a subspace if
and only if both the following hold:

e foralluve W,u+veW
(W is closed under addition)

e forallve Wanda c R, ave W
(W is closed under scalar multiplication)

ie, all other axioms can be derived to hold true

27
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Example

e The set of all vectors in R* with the third entry equal to 0.

e The set {0} is not empty, it is a subspace since 0 +0 =0 and a0 =0
for any o € R.

Example

In R?, the lines y = 2x and y = 2x + 1 can be defined as the sets of vectors:

(] lrmes) (]l

S ={x|x=tv,t R} U={x|x=p+tv,t R}

ol

28
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Example (cntd)
1. The set S is non-empty, since 0 = Ov € S.
2. closure under addition:

1 1
u—s{2]65, w_t{2

utw=svttv=(s+t)ve Ssinces+teR

3. closure under scalar multiplication:

€s, for some s, t € R

UZSB]GS for some s € R, a€eR

ou = as(v)) = (as)v € S since as € R

Note that:

e u,w and a € R must be arbitrary

29
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Example (cntd)
1.0gU

2. U is not closed under addition:
0 1 0 1 1
I L R R HEL
3. U is not closed under scalar multiplication

MEU,QGR but 2m:mgu

Note that:

e to prove just one of the above couterexamples suffices to show that U is
not a subspace

e it is sufficient to make them fail for particular choices

e a good place to start is checking whether 0 € S. If not then S is not a

subspace 30



Vector Spaces

Geometric interpretation:

(0.0 ) /(oA 0) *

~ The line y = 2x + 1 is an affine subset, a ,translation” of a subspace

31
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Theorem

A non-empty subset W of a vector space is a subspace if and only if for all
u,ve W and all a, 3 € R, we have au + v € W.
That is, W is closed under linear combination.

32



S umma ry Vector Spaces

Rank of a matrix and relation to number of solutions of a linear system

General solutions of a linear system in vector notation
e Range, set of linear combinations of the columns of a matrix
e Vector spaces: properties

Linear combination

Subspaces: non-empty + closed under linear combination

33
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