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Abstract
We prove that the symmetric convexified Tsirelson space is of weak cotype 2 but not of
cotype 2.
Introduction

Weak type 2 and weak cotype 2 spaces were originally introduced and investigated by V.D.
Milman and G. Pisier in [10] and weak Hilbert spaces by Pisier in [13]. A further detailed
investigation can be found in Pisier’s book [14]. The first example of a weak Hilbert space which
is not isomorphic to a Hilbert space is the 2-convexified Tsirelson space (called the convexified
Tsirelson space in this paper). This follows from the results of W.B. Johnson in [4]. For a detailed
study of the original Tsirelson space we refer to [3].

Let X be a Banach space with a symmetric basis. It was proved in [14] that if X is a weak
Hilbert space, then it is isomorphic to a Hilbert space and this has lead to the belief that if X is
just of weak cotype 2, then it is of cotype 2. However, this turns out not necessarily to be the
case. The main result of this paper states that the symmetric convexified Tsirelson space is of
weak cotype 2 but not of cotype 2.

We now wish to discuss the arrangement of this paper in greater detail.

In Section 1 we give some basic facts on properties related to weak type 2 and weak cotype 2
while Section 2 is devoted to a review of some results on the convexified Tsirelson space which
we need for our main result. Most of these results are stated without proofs since they can be
proved in a similar manner as the corresponding results for the original Tsirelson space.

In Section 3 we make the construction of the symmetric convexified Tsirelson space, investi-
gate its basic properties and prove our main result stated above.
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1 Notation and Preliminaries

In this paper we shall use the notation and terminology commonly used in Banach space theory
as it appears in [8], [9] and [16]. Bx shall always denote the closed unit ball of the Banach space
X and if X and Y are Banach spaces, then B(X,Y) (B(X) = B(X, X)) denotes the space of
all bounded linear operators from X to Y.

We let (g,,) denote a sequence of independent standard Gaussian variables on a fixed prob-
ability space (€2, S, 1) and recall that a Banach space X is said to be of type p, 1 < p < 2,
(respectively cotype p, 2 < p < oo0) if there is a constant /' > 1 so that for all finite sets
{z1,29,...,2,} C X we have

(IS0 Pt < KO ele)? (L1
(respectively i §
(S} < ([ asoro|dn0)). 12

The smallest constant /& which can be used in (1.1) (respectively (1.2)) is denoted by K?(X)

(respectively K,(X)).
If L is a Banach lattice and 1 < p < oo, then L is said to be p-convex (respectively p-concave)
if there is a constant C' > 1 so that for all finite sets {x, z5,...,2,} C L we have
a 1 & 1
1O )7l < O llaslP)» (1.3)
7=1 J=1
(respectively

n

O llslP)r < CI b)) (14)

j=1
The smallest constant C' which can be used in (1.3) (respectively (1.4)) is denoted by C?(L)
(respectively C),(L)).
It follows from [9, 1.d.6 (i)] that if L is of finite concavity (equivalently of finite cotype), then
there is a constant X > 1 so that

ISPy < ([ 1132 oo Paue)* < KIS b)) (1.5)
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A Banach space X is said to be of weak type 2 if there is a constant C'and a 6, 0 < § < 1,
so that whenever £ C X is a subspace, n € N and T' € B(E, ¢4), then there is an orthogonal
projection P on ¢4 of rank larger than n and an operator S € B(X, ¢5) with Sz = PT'z for all
r € Fand||S]| < C|T].

Similarly X is called a weak cotype 2 if there is a constant C' and a 9, 0 < 0 < 1, so that
whenever £ C X is a finite dimensional subspace, then there is a subspace F' C F so that
dim F > § dim F and d(F, (3™F) < C.

Our definitions of weak type 2 and weak cotype 2 space are not the original ones, but are
chosen out of the many equivalent characterizations given by Pisier [14].

A weak Hilbert space is a space which is both of weak type 2 and weak cotype 2.

If Ais a set we let | A| denote the cardinality of A.

Definition 1.1 If (z,,) and (y,) are sequences in a Banach space X, we say that (z,) is K-
dominated by (y,,) if there is a constant K > 0 so that for all finitely non-zero sequences of

scalars (a,,) we have
1> anzall < K1Y anyall-

The sequences (x,,) and (y,) are K -equivalent if they K -dominate one another.

We will need some information about property () and related properties.

Definition 1.2 A Banach space X has property (Hs) if there is a function C(-,-) so that for
every 0 < § < 1 and for every normalized A-unconditional basic sequence (x;)!, in X there is
a subset ' C N such that |F| > én and (z;);cr is C(\, 0)-equivalent to the unit vectors basis

off‘ZF‘. If we only have that (x;);cr is C (), ) dominated by the unit vector basis ofﬁ‘F‘, we say
that X has property upper (Hs). Similarly, we define property lower (Hs).

Definition 1.3 A Banach space X is said to have property (H) if there is a function f(-) so that
for every normalized \-unconditional basic sequence (xz;)?_, in X, we have

1 n
mnm < ;xz‘ﬂ < f(A)n'2.

Similarly, we can define property upper (H ) and property lower (H).
The following is clear.
Proposition 1.4 Property upper (resp. lower) (Hs) implies upper (resp. lower) (H).

We will see later that the converses of Proposition 1.4 fail.
The next result shows that any percentage of the basis will work in the definition of (Hs).
The proof follows from the argument of Pisier [14, Proposition 12.4, page 193].



Lemma 1.5 For a Banach space X, the following are equivalent:

(1) X has property upper (resp. lower) (Hs).

(2) There exists one 0 < & < 1 satisfying the conclusion of property upper (resp. lower)
(H2).

The corresponding result for property (H) is in [3, Proposition Ael, page 14].

Lemma 1.6 For a Banach space X, the following are equivalent:

(1) X has property upper (resp. lower) (H).

(2) There is a 0 < § < 1 so that for every A\-unconditional basic sequence (x;)!_, in X there
is a subset F' C {1,2,--- n} with |F| > on and (x;);cr has property upper (resp. lower) (H).

The next theorem is due to Pisier [14, Proposition 12.4].
Proposition 1.7 Every weak Hilbert space has property (Hs).
We also have from Pisier [14, Proposition 10.8, page 160 and Proposition 11.9, page 174]:

Proposition 1.8 The following implications hold for a Banach space X :
(1) Weak cotype 2 implies property lower (H).
(2) Weak type 2 implies property upper (H).

The converses of Proposition 1.8 are open questions. However, for Banach lattices it is
known that property (H ), property (H>) and being a weak Hilbert space are all equivalent. This
is a result of Nielsen and Tomczak-Jaegermann [12].

2 Convexified Tsirelson Space

Since there is only a “partial theory” developed for the convexified Tsirelson space T2, we will
review what we need here.

Notation 2.1 If I/, I are sets of natural numbers, we write E < F' if for everyn € E and every
m € F,n<m.If E={k}, we just write k < F for E < F.

Definition 2.2 Let (t,)°°, be the canonical unit vectors in RY. The convexified Tsirelson space
T? is (see [3]) the set of vectors x = >, Gnty for which the recursively defined norm below is
finite.

X 1/2
||| 72 = max{sup|ay|, 2~ 2sup (Z HEﬂH%) + (2.1)
j=1

where the second “sup” is taken over all choices
k’SE1<E2<"'<Ek,

and Ex =

nekl ant"'



Remark: It follows from Pisier [14, Chapter 13] ([3, Chapter 1] for the original Tsirelson space)
that there exists a norm satisfying (2.1) above.

We will now list the known results for this space (which we will need) and where they can
be found. Although many of the results we need have formally been proved for the original
Tsirelson space T, using the fact that 7 is the 2-convexification of T we can easily carry these
results over to 72, The first result can be found in [3] and [14].

Proposition 2.3 The unit vectors (t,,) form a 1-unconditional basis for T%. The space T? is of
type 2 and weak cotype 2 but does not contain a Hilbert space. Also, the unit vector basis (e,,)
of s 1-dominates all subsequences of (t,). That is, for v € T? |z|r2 < ||z||s,. Finally, if
Ic{nn+1n+2,---}ywith|l| <nandx =) _;ant, then ||z|s < 2||z|712.

nel

We also need Lemma II.1, page 19 of [3]. This lemma is stated in [3] for the original Tsirelson
space but the proof works the same in 7.

Proposition 2.4 Let y,, = >, r, aiti (n = 1,2,3,--+) be a normalized disjointly supported
sequence in (t,,) and let p,, = min I,,. Then for every sequence of scalars (a,) we have

1> antpllze <UD anyullre.
n n

Next we need to see which subsequences of the unit vector basis of 7 are equivalent to the
original basis. To do this we need:

Notation 2.5 The fast growing hierarchy from logic is a family of functions on N given by:
go(n) = n+1, and fori > 0, gir1(n) = g§”> (n), where for any function f, f™ is the n-fold
iteration of f. We also set expy(n) = n and for i > 1 and n,

exp;(n) = 2ei—1(n)
Finally we let log,(n) = n, and for any i > 1 and n large enough so that log, ,(n) > 0, let
log;(n) = log(log;_;(n)).

The next result is due to Bellenot [1]. He does this result in the original Tsirelson’s space 7',
but the proof works perfectly well in T2,

Proposition 2.6 A subsequence (t,) of (t,,) is equivalent to (t,,) if and only if there is a natural
number i so that k,, < g;(n), for all large n. Moreover, (tx, ) always 1-dominates (t,,) and there
is a constant K > 1 so that the equivalence constant is K for the case k,, = g;(n).

One important consequence is (see Pisier [14] or Casazza and Shura [3]).

Proposition 2.7 For every natural number i, every g;(n)-dimensional subspace of span (t;);>n,
is K*-isomorphic to a Hilbert space and K'*-complemented in T>.
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If X is a weak Hilbert space with an unconditional basis, then it follows from [12] that the
conclusion of Proposition 2.7 remains true after a suitable permutation of the basis.

The next result comes from [3, Theorem IV.b.3, page 39]. The theorem there is proved for
the regular Tsirelson space but the techniques easily adapt to convexified space. Also, although
the theorem is stated for distances between subspaces, the proof actually checks the equivalence
constant of normalized disjointly supported sequences with n-elements in (¢,,) and the unit vector
basis of /7. So we state this form here.

Proposition 2.8 Every n-dimensional subspace of T? is K'log,(n) isomorphic to (3, for every
i > 2with log;(n) > 1. Moreover, every normalized disjointly supported sequence (x;)7_, in T?
is K'log;(n)-equivalent to the unit vector basis of (3, and if the support of the ;s lies in (t;)52,,,
then (x;)’_, is 2-equivalent to the unit vector basis of (.

We need one more result on convexified Tsirelson.

Proposition 2.9 Ifx =3 ajt; € T?, then for alln € N and all i > 2 with log,(n) > 1,

1Y ajtuslir> < 2K (login)||z| 72

J

Proof: By Proposition 2.6 and Proposition 2.8 we have

IN

(Z!aj!2> + K7 agtyre
j=1

j=n+1

n oo
1>~ ajtujllze <1 astugllee + 110 ajtugllz
j j=1

j=n+1

< K'(logm)|1 Y ajtslle + K|l Y ajtjllze < 2K (loggn)||z|2,

j=1 j=n+1

where in the second inequality above we use Propositions 2.3 and 2.6 and the fact that nj < g»(j)
for all > n + 1; and in the third inequality we have used Proposition 2.8. O

3 Symmetric Convexified Tsirelson Space

There is almost no existing theory for the symmetric convexified Tsirelson space. But there is a
theory for the symmetric Tsirelson space. We will list the results we need on this topic. They
can be found in Casazza and Shura [3, Chapter X.E].

Notation 3.1 For T? or (T?)* we will work with the non-decreasing rearrangement operator D.

That is, if v = ) ant, then Dz =) a’t, where (a},) is the non-decreasing re-arrangement
of the non-zero al, s where by non-decreasing we mean the absolute values are non-decreasing.

The construction of Chapter VIII of [3, Chapters VIII and X.B] shows
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Proposition 3.2 Let 11 denote the group of all permutations of N. There is a constant K > 1 so
that for any x =Y ayt} € (T?)* we have

2]l spr2)) =t supgenll Y _ aomtyll@zy < K[| Dxl|rey < Ksup,enll Y aowmytyllsire)-
3.1)

We will define the dual space of the symmetric convexified Tsirelson space first because it is
natural in terms of the above.

Definition 3.3 We let S[(T%)*] be the family of all vectors for which ||x||sz2)+ is finite. Then
this is a Banach space with a natural symmetric basis, denoted (t5*), called the dual space of the
symmetric convexified Tsirelson space.

To define the the symmetric convexified Tsirelson space we need a result kindly communi-
cated to us by N.J. Kalton.

Let X be a Banach sequence space with the standard unit vector basis (e;). Define the
permutation operators S, (£) = (&), for ¢ € IT and let L}, to be the linear map such
that L] (e,) = eny; for all n € N. Finally we let oy denote the spaces af real sequences which
are eventually 0.

Theorem 3.4 Suppose X is a Banach sequence space which is p-convex and q-concave where
1 < p < q < 0. Suppose maxo< <y || L|| < Ck® where a +p~' < 1. Then

€0y = inf 155€ ], @ € con

defines a quasi-norm on coo which is equivalent to a norm. The dual of X,y is X3, , where

€]

X;up = 3'161115[) ||SU§| X*-

Proof: Let us start by supposing z1, - - -, Ty € o are disjointly supported and that oy, - - -, 0, €
IT. Then

|1+ -+ + 2

k
Xinf < ” ZLi_lsajijX
j=1
F 1
- 1
< QI3 So,aill%)7
j=1

k
< O (Y 1150,251%) 7

J=1

Now taking an infimum over o; gives

1
H~T1+"'+xk‘ gfinf)p, (3.2)

k
Xy < ORIl
j=1



Let us use (3.2) first to show that || - |

Xiny 18 @ quasi-norm. Indeed if z,y € cqo then

I + ]

Xy < 2770l

Xiny < 2] max(fz], |y])] Xing Tl x000)-

Next note that (3.2) implies

41
-+ @i, < ORF mas fla]x,,,

From this it follows easily that if @ + % < % < 1 we have

k
1
j=1
for disjoint xy, - - -, x. Thus we have an upper r-estimate for X, .

It is trivial to show X, ¢ has a lower g-estimate. Now by [5, Theorem 4.1] (a simpler proof is
given in [6, Theorem 3.2] ) it follows that X, ¢ is lattice-convex and this means that an upper r-
estimate implies (lattice) s-convexity for all s < r (Theorem 2.2 of [5]). Hence X, is r-convex
for every r with a + }D < % In particular 1-convexity implies the quasi-norm is equivalent to a
norm. In fact X7 . is a reflexive Banach space.

m

Now it is obvious that X;,, C (X7, )" and X7, C (X,,r)*. Hence it follows easily that

sup sup

(Xing)" = X3 O

sup*

Remark: We can apply the above result to the case of the weighted ¢,—space X, with 1 < p <
oo defined by the norm

3=

o0
1€llx = (Z |&n[Pwn)
n=1
where (w,,) is an increasing sequence satisfying an estimate of the form
W, < Ckawn

where a < p — 1. The Xj,,; is defined by the quasi-norm

o0

Xy = (O (€t

n=1

€]

where (') is the decreasing rearrangement of (|,|). In this case X, is the Lorentz space
d((w,)~", q).

This result can be rephrased. If (v,,) is a positive decreasing sequence satisfying an estimate
v, < CkPvy,, where b < 1 then d((v,,), p)* can be identified with the space of all sequences ()
so that

o0

(&), 97)e < co.

n=1



This result is a special case of results of Reisner [15].

Proposition VIII.a.8 of [3] states that the decreasing rearrangement operator D is a bounded
non-linear operator on the original Tsirelson space 7'. This result then immediately carries over
to the 2-convexification of 7' which is our convexified Tsirelson space T2. By Proposition 2.9
we have that Theorem 3.4 holds in this case. We summarize this in the following result:

Proposition 3.5 There is a constant K > 1 so that for any © =Y, a,t, € T? we have

infoenll Y Gomtnllr: < |Dzllr2 < Kinfoenll Y aotmytnllre. (3.3)
Moreover, there is a norm || - || s(r2) on the set of vectors for which || Dz || < oo satisfying
1
Mellsa2 < 1Dzllr2 < Kllz]sere). 3.4)

Note that our operator D does not satisfy a triangle inequality, but does with the constant A
on the sum side of the triangle inequality.

Definition 3.6 The symmetric convexified Tsirelson space is the Banach space S(T?) of vectors
for which ||x||gr2) < oo with natural unit vector basis (t;). By Theorem 3.4 this is a reflexive
Banach space whose dual space is S[(T?)*].

It is known [3] that every infinite dimensional subspace of S(7'?)) contains a subspace which
embeds into 7. In particular S(7?) is a Banach space with a natural symmetric basis which has
no subspaces isomorphic to ¢, or £, for 1 < p < oco. Also 7% embeds into S(7?). Since the
unit vector basis of /5 uniformly dominates all block bases of (¢,,) in T2, it follows that the unit
vector basis of S(7%) is also dominated by the unit vector basis of /s.

Proposition 3.7 The space S(T?) fails property upper (H) (even for disjointly supported ele-
ments) and fails property lower (H,). Hence S(T?) is not of weak type 2 and not of cotype
2.

Proof: First we check property lower (Hs). Since (t?) is symmetric and is dominated by the unit
vector basis of /s, it follows that if this family had subsets dominating the unit vector basis of /5,
then (¢5) would be equivalent to the unit vector basis of /5 which is impossible.

For property upper (H), fix M > 1 and choose a decreasing sequence of non-zero scalars
(a;)fy with ||>°"  asell,, > M and || "7 ait;||72 = 1. This can be done by a obvious
modification of the construction of [[3], Chapter IV]. For all 1 < 7 < 2n let

n(j+1)

— S
Tj = E @il

i=nj+1



be vectors in S(T?). So ||z;||lsz2) < K forall 1 < j < 2n. Now, D(X2" x) = S v
where each y; is an appropriate permutation of x;. Since the y.s are disjoint, there is a subset
I c{1,2,---,2n} with [I| > n and each y; with 7 € I has its support in (¢5)32,,. Hence,

2n
l szHs ) > KD xi)llre > K7D willee
=1 =1 el
1/2 1/2
(%( ! (Z ||y¢||%z> (22)(4K)_1 (ZH%IIZ) > (4K)7" MY = (4K)~' Mn'/?,
i€l el

In inequality (1) above we use Proposition 2.8 and in inquality (2) we use Proposition 2.3.
Since M was arbitrarily large, it follows that S(7) fails upper (H) - for disjoint elements.
O

We shall now need a result essentially due to S. Kwapien. In the form we present it is due to
W.B. Johnson and it appeared in [7]

Proposition 3.8 There is a function
2k27"
N(k,e) = [—}

€

such that for any fixed 0 < € < 1, every order complete Banach Lattice L, and every k-
dimensional subspace F of L, there are N = N(k,¢) disjoint elements (xj)év:l in L and a
linear operator V : F' — X = span(x;) such that for all x € F we have

Ve — xf| < ef|z]]

Proposition 3.9 There is a constant K > 1 so that for every subspace E of S(T?) of dimension
n, we have for all i € N for which log,_n exists,

d(E, %) < K'log; on.

Moreover, any normalized disjointly supported sequence of vectors (x;)"_, in S(T?) is K'log;_on-
equivalent to the unit vector basis of (3.

Proof: By giving up one level of logs we may assume by Proposition 3.8 that we are working
with a normalized disjointly supported sequence of vectors (x;)7_, in S(T%). We will show that
this disjointly supported sequence is K'log, ,n-equivalent to the unit vector basis of /. Now
there is a disjoint set of permutations y; of the x; so that

n n
1
1D ajajllsre ol > ayille
j=1 j=1

. 1/2
1 2
> gH;WJHW > K (logn) logn <Z\@J\ > ’
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where in the second inequality above we use Proposition 2.4 and the third uses Proposition 2.8.
Also, let Dx; = z; and

wi =Y 2 (k)tnge—1)15,

k

We may asume that K is larger than the type 2 constant of 7. By Proposition 2.9 we have

. " 1/2
KIS ajwllpe < K2 (Z Iaj|2||wjll%z)
j=1 Jj=1
< K? <Z|aj|2[2Ki(login)]2> < 2K (log;n) (ZIW) :
i=1 7=

where in the second inequality above we used the fact that the type 2 constant of 77 is less than
or equal to K. Now,

IN

n
ID> " ajz;||sr
j=1

d(E, 03) < 2K*3(log;n)? < K'(log; n).
The log,_,n in the statement of the theorem comes from the fact that we first applied Proposition

3.8. O

Recall that the Maurey-Pisier Theorem (see e.g. [11], page 85) states that if X is a Banach
space then ¢, and {,, are finitely representable in X where

px = sup {p|Xis of type p},

and
gx = inf {¢|X is of cotype q}.

However, Proposition 3.9 implies that the only ,-space which is finitely representable in S(7?)
is /5. This gives the following result.

Corollary 3.10 The space S(T?) is of type p for all 1 < p < 2 and of cotype q for all 2 < q.
Before we go on, we need a criterion for a Banach space to be of weak cotype 2. We

shall say that a Banach space X has property (P) if there is a constant K so that whenever
{z1,29,...,2,} C X is a finite set with max;<j<n [s;| < || 227, sj7;]| for all (s;) C R, then

Vi< K( [ | a0 *du(0)’ (3.5)

It was proved by Pisier [14, Proposition 10.8] that if X is of weak cotype 2, then it has
property (P). It turns out that ( P) characterizes weak cotype 2 spaces. This fact might be known
to specialists but we shall give a short proof here:
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Theorem 3.11 If X has property (P), then it is of weak cotype 2.

Proof: Let £ C X be a finite dimensional subspace, say dim(F) = 2n. By a result of Bourgain
and Szarek [2, Theorem 2] there is a universal constant C' and {z1, zs, ..., 2, } C X so that for
all (s;) C R we have
n n 1
max [s;| < || sz <C(D ] s)? (3.6)
i=1 J=1

1<j<n

Using property (P) we get that
Vi< K( [ 132 (o Paute) @)
j=1

where K is the constant of property (P). Now, (3.7) and the right inequality of (3.6) allow us to
use the well-known formulation of Dvoretzky’s theorem (see e.g. [11], Theorem 4.2, also [16],
pages 25 and 81) to conclude that there is a universal constant 7 such that if k¥ < nK 2C?n,
then there is a k-dimensinal subspace F' C [x;] with d(F,15) < 2. From [14, Theorem 10.2] it
now follows that X is of weak cotype 2. O

We shall say that a sequence (r;)7_; in a Banach space X is 1-separated if ||z; — ;|| > 1
forall 1 <4i,j < n,i# j. It follows immediately from Theorem 3.11 that if every 1-separated
sequence in X satisfies (3.5), then X is of weak cotype 2.

We are now ready to prove that the symmetric convexified Tsirelson space is a weak cotype
2 space with a symmetric basis which is not of cotype 2. Hence its dual space is a symmetric
space which is of weak type 2 but fails to be of type 2.

Theorem 3.12 The space S(T?) is a weak cotype 2 space.

Proof: Let (z;)7_, be a 1-separated sequence in S(7%). Without loss of generality we may
assume that for all 1 <4 < n we have ||2;||g(r2) > 1. We wish to show that (3.5) holds. If K is
a constant which satisfies (1.5) for both 7% and S(7?) and (3.4), then by definition we can find a
o € II so that:

n n n

1O 15522 lr2 = 1150 (> |22 lze < KINO 124122 lsere) (3.8)

7j=1 7j=1 j=1

Since S, is an isometry on S(T?), we can without loss of generality assume that actually
xj = Sexjforall 1 < j < n.

Put & = loglogn and let P be the natural projection of 7% onto the span of (¢;) ?:1- We now
examine two cases.

Case I: There is a subset I C {1,2,---,n} with |[I| > F so that || Pyz;||,, > logk for all
Jjel.
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Now we compute,

n ) ) 1 n 1 n
(/HZ%(ﬂ%”s(wﬂﬂ(@f (% EH(ZWP)WHS(T?) 2 ﬁ||(2|%|2)1/2||T2 (3.9)
j=1 j=1 J=1
1< 1
> O 1P ) Pl > O [P )2l
@ K ; ’ @ (log k) K3 ; ’
1 1

= — Poxi|%)? > n,

where inequality (1) follows from equation (1.5); (2) from the fact that ||P;|| < 1; (3) from
Proposition 2.7; and (4) from our assumption on case 1.

Case II: There is a subset I C {1,2,--- ,n} with [I| > F so that || Pyx;[|,, < logk for all
jel

In this case we make the following claim:

Claim: There is a subset J C I with |.J| > %, so that for all j € J,

1
(I = Py)zjlrs > K
If not, there is a set .J as above with
1
(I = Py)zjlre < K

By a standard volume comparison argument (see e.g. [11], Lemma 2.6, or [14], Lemma 4.16)
the cardinality of a set of points which are ﬁ apart in a ball of radius log £ in k-dimensional
Hilbert space is at most (1 + 8K log k)* which by our choice of k is less than or equal to 7 (at
least for large n). Hence there exist i, j € J, i # j so that

1
Po(ti — )l < —.

Now we compute using our assumptions and Proposition 2.3:

lz: = jllsrsy < Kz = @jllre < K| Pe(a; = 25) |22 + K[[(I = Pe)ail|r2 + K|[(I = By)aj|22

1 1 1 1 1
< X — — < K— - =,
< K||Pe(x; — 25)|le, +K8K +K8K <Ko=+ =3

This contradicts our 1-separation assumption. So the claim holds.
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Now by the claim, the beginning of the proof, (1.5) and Proposition 2.7 we get

n ) 1 1 n
( / 12 a0 g din®)* 2 g1 las) 2 e (3.10)
j=1 j=1
1
> EH(I—PIJ(Z |5 1%) 2|2
@ =
> ([ 1000 = P ruaur)’
j=1
. 1/2
> E<Z||(I—Pk)%||2w)
@ =
1/2
1 1 |JIM2 _ \/n
P —)? > >
s () e e

where inequality (1) follows from equation (1.5); (2) follows from the fact that || — P|| = 1;
(3) holds because 77 is type 2 with constant (we assume) less than or equal to K; (4) follows
from the fact that £ = log log n and ((/ — Py)z,,) is supported on (¢;)3°, and Proposition 2.7;
and (5) is our Claim. This completes the proof. O

As a corollary we obtain:

Corollary 3.13 Even for Banach lattices property upper H and the weak type 2 property do not
imply the upper Ho property. Similarly, property lower H and the weak cotype 2 property do not
imply the lower Hy property.
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