
cormen26.l-26.2Flows.ttnetwork N - CHE , c) .

is a directed graph D= IV. E) associated

with a capacity function C : E → Ro

( Clun ) 20 It luiv ) c-A)

If ④v1 d- E (not
an edge of G)

then Clun ) - O

N-ssomptionincormeniifuvk-Ethencuk-EINB.me
give a more general

definition of a flow

than that in corners
below .

A flow f in N is any function f.
E-→ Do

such that of law ) Eclair ) fluid
c- E

The balance bf of a flow f-
is the function

bfcv) = [ flaw
) - -2 flaw )

④WIEE ⑨YEE



obswvation-Foreveryflowfi-nane-worhIN-CYEiclweha.veI bflo ) = 0 ☒ I
OEV

PWI bflor ) = 2- flviw
) - I f- (un )

④WEE ④c- E

so in 2- bflu) each edge @N )
contributes + flaw )

OEV

in bflu) and
- flaw ) in bf@ 1 so

0 in total

•"→•v

bflul.tt fluid ¥uµbflv )

Definition let N -

- CHE , c) be a network

and let site V be distinct vertices .

A flow

f- in N is an ⑤t ) - flow if
then is some

30 So that

K if u = s

bflo )
= { - K if u =toif 041st

We say that an ⑤ 1- flow has flow conservation

in all vertices distinct from sit



The vertex s is the source and

the vertex G- is the sink

Definition The value of an 1-flow fin Willkie)

is denoted Ifl and is defined
to be

Ifl = Iflsio)
- Zflois )

OEV veil

Noh This is the same bfls )
ao flaw )=0

when ④ IE

so If / = bfls ) and if / = - bflt )

as Ibfkr ) =o by the observation
#-)

UEV

Definitions The maximum flow problem

on N=CYE ,
c) with special

vertices sit is

maximise K

such that K if 0=5

bflo ) = { - K if e-toif octbs.tl
o a- flunkclient fact
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IS f- a maximum ⑤
ti - flow ?

No

4/3+170
°

¥-1
s ¥;µ÷ c- New 1- flow of

value 5

3/3



so

"

µ t flow d- values
4/0

10/3
611

3/3

We cannot increase the flow
value if we

only increase
flow in some edges !

But there is a
better flow :

s

c- tiowotv.int
4/0

10/3
613

3/3

And it is maximum ,

but how do we prove

this ?

And how can we find a maximum ④
flow efficiently

?



Definition let N=(v. E. c) be a
network with sources

and sink E.
An Csit ) - cut is a portion

✓ = SUT when
T = Vis and se S

,
TET

the capacity of
this.tl - cot ⑤

T ) is

c ( SF ) = Ice

1¥

tenma let N=Cv , Eoc) be
a
network and

f- an ⑤tl - flow
In N

.

Then for every

④ 1-Cut ⑤T) in
N we

have

Ifl = f- (SI ) - f
(Tes )

PIT if / = [ btw)
OES

= 2-⑦ flaw ) -[ flaw ))
res ④WIEE ④ c- E

= [ [ flaw ) - 2- f- (un) =f(sit
-f- ITS )

VES WET UET
✓ c- s

see next page !



i*"*
• arc , insides

contribute 0 tosome
arcs S -3T contribute

9- • ←• u with + to som
- flat) V'
\

•
arcs 1-→ s contribute

s - fluid ) T with - to son

lemma_ For every Cst
) - cut ⑤Tl in

N=lYE,c)

and every ④
1-flow f in N we

have

Ifl E CGI )

Pw from previous
lemma

Ifl = f- Is ,T ) - f- IT ,
S )

I c(Sit ) - 0 as fluid Ecluiv )

and flails 0
= CCSF )



814 5=00

¥••÷¥÷••÷•÷••soo
10/3

3/3

'

Ifl = 7- = c. (SI )

so Ifl is maximum
as

Ifl Ects ,T ) for every
1- cut

and we
achieved equality !

How can we go from
8/4

si s

.

4/0 "°
joy,↳ 61,

¥3
"I

313 to 313



Residualnetworks
let N=CV,E ,c) and

let f bean Cstl - flow in
N

The residual network Nf of
N with respect to f

is Nf = ( V , Ef , Cf )
when

cflu.us = {
""" l - fluid ) if @see

fluid it@ let

0 otherwin

and Ef = }@v1 c-Vxvlcfluiu
) >o }

( recall that we assume
no :# u

in N )

→÷¥P *¥¥¥¥+s p
'

s

Nf

P directed s→t path in Nf ⇐ P' oriented path from start i. N
with forward and backwards

arc)



Every directed ⑤ tl - path P in Nf corresponds
to a

path like this
in N :

fac fac f>o f>o fac
f >° fac

p 's

o-sio-o-o-o-o-ej@flet8fP7-minfcuCvi-feIuCv1forwa.eare on P
' }

d- (P) = min 4 flaw ) I@V1 backward arc
on

P
' /

and JCP )= min 18th ,
ICP) }

Then we can increase the flow by
OCP ) units a) follows

+JCPI + OTP) -JCP) -JCP) +OCP ) -
ICP )

0-7-0-3@←0<-0
- > to

✗%)

s

→of

corresponds to this
flow fp in Nf :

go
g o

# o
•

•

c-

thesultldenohdftfpisansctttlouofyvahulflt1fp1=Iflt8



See Leanna 26.1 - Corollary 26.3 in Cormen

for calculations but the idea is simple
:

•
0 I f(Tfp / (un ) a- Clun ) by definitionof

OCP)

• f(Tfp ) is an ⑤ tl - flow since we add
the same

amout of flow
into each v-ts.to

> out of it

• Ifftp./--lfl+lfp/=lfl-c8lP )
as we in crean the flow

by Jlp ) on

precisely one are
out of s

We call a directed ⑤tl
- path P in Nf an

augmenting path and its capacity
is the

value JCP ) that we calculated



Back to our example

* s ÷
611

313

Nf : s•¥fµ¥i c- 9- i. sun

3

P is the green path in Nf .
It has capacity

8 (P ) = min 45,2 ,
6,31=2 and if

we
let fp

be an ④ 1- flow of value
2 along. p then ☒Tfp)

is the flow of value
7 we had before :

"

S
°

¥
zy,

10/3



T-ordt-olkersonmethod-yintes.es - valued

input : a network
N=(V. E. c) and

s-ttverb.ua/-V

output a maximum
⑤tl - flow f-

in N

1. f@in :-O it@out c- E

2. construct Nf

3.
while 7-⑤c- 1- path P in Nf

do

JCPH-min3cfluivll@oV1onPfY.fpeflow of
JLP) units along

P in Nf
5.

b. f- ← f- Tfp
7. construct Nf
8. end

9. output f-

Note

•

As long as Nf contains an
ausounhus

path P we know that f-
is Not maximum

as If Tfp / =/ f- It 101PM > Ifl



①
• The son of the capacities ofthe

arcs from s to V-s is a

% fin , h integer ( as we assumed Claire74

• The value of f increase , by a that one

V-s in each iteration (augmenting path

so the algorithm wolf stop .

How do we prove that f-
IS maximum

when the algorithm stops ?

I¥¥IIItT→.tn#owinn--c"""

ÑCH then is no ⑤ti -path in Nf
④ It Ifl = Cls ,

T ) for some ⑤
c- I - out § ,

T )

Prot
(11--312) if P is an

1-path in Nf
then Stp ) >0

so I f-ftp.1-lfltdlp) > If I →←

so no⑤ ti - path in Nf

② ⇒41 If I f- 1--45,1-1 then f is

maximum a) If I c- c(SIT 't for every
⑤ti - cut City



②⇒③ : soppon then
is no ⑤t ) - path in Nf

sistuntot

vertices reachable

s from s in Nf

C- is not reachable

S T
so C-ET

in Nf then is no edge ④
v1 with UES ,

VET

This mean , that in N we
have

as p(f) C- Ef if

fpiskccp.FI

b•¥-• a as @ale Ef it

flab ) >0
S T

Now we have

Ifl = f- (SF) - f CIS )

= Cls ,T ) - o

=
CCS ,T )

so ③ 1 holds 0
.



NotesotFord-FolKenonsalsonthu@Wearejuothoob.usto - an 1- path to augmentations

so the algorithm may
make very small progress

•

' "
E. • +

µ

•

°

.

*t.ro#-m/
running time 0 (1894--1)

"

f-
*
maximum flow

so not polynomial

• If capacities may be
irrational numbers

then the algorithm may never
terminate !

Can we get a better
algorithm

if we Choon the
augmenting

path , mon cleverly ?



en.EE?..-.I:::::t::-..s.+..+..i.m-
are

shortest ⑤ti - paths .

This leads to polynomial run mus
blue OCWIIE 17

Recall Breath - First - search distance firms

in Nf :

;¥F¥FÉ.EE#-E'0¥. --¥f¥ .
- -

P

V
,
V2 Vs Vp

let p
be current distance from Sto t in the residual

network Nf

Which new edges will appear
in the residual

network of f-Tfp ?

Only arcs opposite to arcs on
P !

flow only changes on arcs corresponding
to pairs joined by an alp on P



•¥tf=¥¥ - ¥

.tt#E*:E--tE-IE--I:fE:---I-D-I---EI*
P
possible new else

, i. Nfpfp

connguenuotthis-i.is at least
The distance from s tot in Nfinfp
as large as the

distance from s tot in Nf

so the distance distls ,
t) from shot in

current residual network is an
increasing foncti



•
disks ,t ) El in the beginning

•
distlsitl In-1 as long as then is an@

tl -path

•

at most IEI paths with
same distance

disks.tl =p

during the algorithm
: at least one edge

of P

is not in Nfpfp by
definition of SIP)

•
Thus at most ④1- 1) LEI = OCIVHEI) ausmmh.us path,

• Each augmenting path is found using
BFS in time

0 ( Nl -14=1)

•
In total the algorithm spends 0 ( NHEI

- INKED

= OCNIIEF) steps to find
a maximum

flow

Not the algorithm works for all capacity function,

( not just integer touch'm)


