
13.9chern.tt/3oonds-
Recall that the random

variables ✗ andy

are independent if
the events ✗=i andY=j

are independent , that is plt-iay-jt-plx-i.pt/--j
)

consider a collection ✗ , ,
Xz

,
. . ,
✗
n
of independent

0 - I valued ( indicator ) random
variables .

Then with ✗ = Éxi we have
f- I

E(H=ÉE( ✗c.) = Épi

when pi =p
(✗i. 1)

i"
c:-c

Intuition : If X ,
,
.
. .

,
✗nonindependent

then fluctuations are likely to
cancel outsothat✗shooldstaydonto

0orgo : derive bounds
on

p ( X > Elt )) and p(
✗ < ECX)

called Chernoff bounds after their

inventor .



(13-42) Let X , Ya , . . ,X ,
be independent 0-1 random variable ,

let ✗ = EX ; and
let µ >_ ELX )Thenv-oiowehavePL-XXHDPJCLY.io/tfh-+,pr00t:-

We una sequence of transformations

C) Ft> o p [✗ > CHO)pJ=p[et✗> et
"-10110]

as etT is monotone increasing with y

② 1 By Markov
's inequality we have for every non

-negative

random variable Y and positive number 8

p [Y
> 8) c- E¥ go

8 PEY>8) IECY) # 1

Combining (1) and ☒1 we set

34 p[✗>Cleo)p)=p[et✗>
et"-011°] set

"-011° E[et×]

So we need to
bound E[et×]

E = E(etE✗i)=E(e"¥)=E / ite.tk/=iTECe*Yi--ia:-c

Her the last equality follows from
the fact that

✗uh - - - Xu an independent

Recall that 4,2 independent
⇒ E(4. 2) =E(4) • Etc )



E(et×i) = pi . É -111-pi) .É° = piet-111-p;) = ltpilett )

so E(et✗i) ± eiiktt
)
as It✗ ECT when ✗ 20

and we get

E- (ett ) =iTE(et✗i) e
itePolet-1 )
in

e- 1

,

e-zp.IE- 1)

= eet- 1) Epi

⇐ eÉ- " " as Epi -- ECXK µ

Inserting this in PEX>Cleanse
-41+9! E(et× )

we set
PEX > lied)µ) e e-

t( to!µecet_ 1) µ

This holds for all t > o so takins
C- = In (1+0) we get

p [
✗ > Ceo )µ) a- e-

1411+9-14?µe(e'
" "+1

, )µ

= ④ g)
-4+9! ell -10

- 1) µ

=É¥*]
"

☐



Similarly one can show

"""""""""""&""t°""""]✗ = Éxi and let p >_ ECX)
E-1

Thin V-J with
00<1 we haveptxaci-ojpjse-t.io#

Easier formulas to an
when 0<5

PIX > Cleo)µ ) I e-
¥10

p (✗ <
G-d) v1 E e-

EP when o<del



Example of application of Chernoff
bounds

✗ = # heads in n flips of a fair coin

we have seen
that

E- (X ) = 1- and VCX ) = ¥

We want to bound
the probability

that

1×-11>-1 ( so ✗ c- For F-%)

By Chebyshev :

p[ 1×-11>-1-7 c- ¥ = ¥÷, = ¥

By Chernoff :

pl ✗ -1>-1-1 =p (
✗ 24+1-2112 )

← e-
⇐1¥ :

= e-¥

p(✗ - Es :-) =p ( ✗
a- e- II. E)

a- e-⇐1¥
-E
=
e-%

so p[1×-11>-1-3 c- e- ¥-1 e- % ⇐ 2.e- 2^-4



Chebyshev p Ex
-Elz :-) a- In

Chernoff p Ex
-El >F) a- 2. e-

IT

n
1/600÷÷÷÷i:÷÷÷

New calculation :

set o=F÷ then 2- •E- EVE

then by Chernoff
bound

p (-1×-1-121-26.19)<-2
.
e-31--1--611

= 2-

so very untimely
with derivation , larger

than F¥ from 1-


