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capacity function

C : E -374 and set
are distinct vertices

of V. Then then is an integer
- valued maksinrum flow

in N ( so f : E →%) .

P : This follows from
the way

the Ford Fulkerson algorithm

works by induction over
the # ausnmhns path, und

before the algorithm
ha , found a maximum

flow :

- initially f=o so clearly integer -
valued

• assume the flow f, after
i ausmnbus paths is integer - valued

• In Nf
,

all capacities are integers
a) Can f ; an

integer functions .
So JLP in ) is an integer where Piti

is

the it 1)
'at augmenting path

•
This implies that fie ,

is integer -valued since
we

just add or subtract
JCP:-c ,) on some edges

D.
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Bipwhh matchingCorman 26.3

A graph 6=14E) is bipwhh if
we can partition

its vertices in two nb
✗

,
Y s -
t all edges

in E have an end
in ✗ and the

other in Y

we also denote aDED bipwhh graph
G- IX.YoE)

✗ Y

A matching is ant of edges ,
no
two of

which share an end -
vertex : af of . . if

The maximum matching problem is

given a graph
6--14 E) Find a matching

MEE of makoiuum size



For non - bipartite graphs this is

a difficult problem
but it can

be solved in polynomial
time

Biparhkcanreduotin.to#-lowprob6m-

E¥
Y

✗ y
all capacities
are 1

G-Hi , E) NIG)

Theory The size of a maximum matching
M*

in G is equal the the value
of a maximum

flow f-☒ in N (G)



proof
-

@ 1 If-9>-1wit

f- I

☒ I +

=
>

M* send 1 am tot flow

alone each of the IM
* I blew

Celis joint ) paths

④ If*KIM-4
• By the integrality

theorem then is an

inte go valued
maximum flow f-

*
in N (G)

.

This will send one umtot flow
on

exactly I feel edges from ✗
to Y and

then forma matching ! ¥1.
f- I not

possible



N-neatapplieah.no/-theintegmlitythoam-
Definition a graph 6--14 E) is k - regular if

I@ I = k fuev ,

that is
,

each vertex is

:#incident to keds.co

Theoremlkiiniski.dk#
For every

kzl every
k- regular biperbh graph

G-Hi ,E)

has a perfect matching ( IM
1=1×1--141 )

First observe that if
6 is k -regular ,

then

1×1--141 : count
E in two ways

1×1 - k =/El = 141 - k ⇒ 1×1--141

Consider NGCI and wtf
be the flow

that ha , f- Is, ✗ 1=1 = fly ,E)V-xc-kyc-Yflxyt.tkltxy c- E



f- 11k on each

•

☒.DO☒⇒-¥t
f- the on each

- Then If 1=1×1 - c / sins } ) so f-

is a maximum flow

. By the integrality
theorem

,

then

exists an integer
- valued maxflowft

with 16-4--1×1

So by the previous
theorem G has

a matching Mot size 1×1
☐
.

o/\o 2- regular
\
.

-1
. no perfect matching



Flowswithgenoalbalanus
Suppon we

are given a
network N= ( V ,

E
,
c)

and an additional integer
-
valued to notion b :v→z

Denote N by N = ( V , E , C ,b)

Question : Does then
exist a flow f- in

N with

os_fluivJsccuN3f@NK-EAWDbfwJ-bloy7.As
we know Ibf@1--0 for

every flow

OEV

we can assume
that -2614--0

vev

Construct a network N
'

from Nas

follows
b >o 6--0 bco

÷#÷t¥☐¥÷
"

V
>o
-

ko N ko



c-- blu)

÷t÷F☐=÷:¥.
V> o N
-

Vio ko

claim N ha , a flow f- with

o c- f-Ec and bf=_b

if and only if N
' ha , an I -flow

of value I bet
3016814

I ⇒ : if f- satisfies bf=- bando
c- fascism

then f
'
which equals f- on edges inn

and ha , fis.ir )= blot toe V>
f-
'
lait = - blat taek

is an 1-flow in N' of value Ebert
yolked



⇐ : if f
'

is ans.CH - flow of value

-2681 in N
'

holbein }

then the flow f.IE (f
'

restricted to E)

is a flow in N with bflo)=bG )
☐
.

Remaster : The problem of
deciding whether a

biparhh graph
6--1×14 ,

E) with 1×1--141

has a matching of size 1×1 ( called a perfectmatching

is the same as asking
for a flow f-

with

bf @ 1--1 if
we ✗ and bf@ 1=-1

if vey

in the following
network :

6=1 c-I 6=-1

¥
Ñol



Orienting a graph to a directed graph
with

specified out . degrees

Detin-honn-non.cn/-ationofasraphG--CViET
is any

directed graph D= CV ,
A) that we

can obtain from 6 by assigning
each edge

@ ,
v1 c- E one

of the possible
orientations u-su or

v-su

The out - degree , dtplu
) of a verb> in a digraph

i , the number
of arcs goins out

• tu u•¥, It@+4
Orientation problem : Given 6--14 E) anda

function o : V → Zo s
.
t Iolo)= IEI
OEV

Does then exist an orientation D of
G such that

dtplo ) = olo) to - all oev ?

2.← owl 2

,

I
•

9%2 I
•
✗

•
2

t.IE!
I 1 1 I



T.IT?::i:=Y::!I--.x.w.n-ow=ie1OEV

make a reference orientation D
' of 6 by arbitrarily

orienting each edge of G.
let Al be the arcs of D

' and

Interpret an integer (0-1)
flowfonthears Also follows

fluv ) = I ⇒ rerun uv

ftp.v ) -0 =) Keep orientation uv

Call the resulting
orientation of 6 Df .

they

d-fywi-d-f.to) - Efrat + Etten ¥&€g ¥¥⑤WIEA
'

④EA
'

D
'

Df
= d¥④ - bflol

Hence Df is a good
orientation of 6 precisely

when 0@ I _-d¥f@l=d¥ ,
@ 1- bflo )

④
bflo ) = dj ,@i - old

so 6 has the desired
orientation if and

only if the
network N' = (V

,
A !c=- 1

,
b)

has a flow f with osfsl and bfG1=b@
1
,

where blo ) = It ,@ 1-ocv )



Remains

• D
'
was our fixed (arbitrary ) orientation

so dt , lol is a constant
for each or

• b @ I = dYj@l-oCo1isaboacouotan.t to
- each u

and I bet = Zloties -061)
crew well

= Elfin - Joel
well OEV

= LEI - IE 1--0

so b is a valid balance function

Nok that we can find
the desired

orientation when it exists by
finding

an integer valued feasible flow
f-

and reversing thonarcs
of D

' to - which fluid -4



Determiningtheedge-connech-vityunnsflou.se
Recall that the edge

- connectivity
,

i@ 1
,
of a

graph 6 is the minimum
# edge, whoa

removal

disconnects 6 (
so oizeota minimum

cut ) ☒
min#
edges

• let d Kray) be the minimum
size of an arid- out

that is min # edges whom
removal kill, all#

1-paths

•

Then ✗ (G) = minhccxoyllxoyev
)

.

In fact for every fixed
vertex ✗ we have ✗ (G) = min }Hx.us/vc-r-H

=/⑨ so
somewhere

✗ (G) else ,

• Conclusion : it is enough
to find

the values live.us/uevh and
take

the minimum



How to determine ✗ (✗ is) ?

Un flows !

?⃝ →É
G

€

0€ ← O¥
hedges

h arcs in each direction

so we are looking for a min capacity ☒ in
-
out

in = CHE
,
⇐ 1)

rename ✗ to s and or to t

now we look for a minimum④
1- cut

in a network

By the ma✗flow nun
out thin , the

capacity of a minimum sit
1- cut in

equals the value I f-* 1 ofa maximum③t 1- flow

so for each vev-✗ we can determine I lxir )



Then an IV l - l choice , for oneV1 4×1

So we need WI - l mat flow calculations

to determine Hair ) I rethink 1

and then we get 116
) a)

☒ I -- mm } this toenail

Reinarhr : In Corman ⇐ are not

allowed but we can easily change

the digraph
. →

c- I

lucran , running hue but
still polynomial

land we don't need to
do it

as wecan redefine the
residual

network to work when then an ⇐ .)


