
c÷÷'%ao÷
why interesting for CS

?

•
determine # solution , to a problem

. complexity of algorithms

•
list all subjects with given properties

• passwords

PNductneke.IAYAax.r-xn-kl-f.IT/Ai#-
In words : If a procedure can be broken

into

a sequence of
k tasks such that

there are no ways to perform
ta, ki

,

then there are Nina . . . . • Nu ways

to do the procedure

32 computers each with 24 portsE×amP#
Find # of different ports

in total

A. = } computers } Az=3 ports
}

Ci , ;) ~ port j on computer
i

1 Aix AN = 1 All . IAI = 32.24 = 768



Example 4 Find # of bit strings of length n
-

Ai -- 40,14 i _- 1,2 ,
.
- in

1A
,
✗Aax . . .

✗ Anl = 2
"

-

# of functions f : A → B when 117km
Example 6

1131 -- n

Each of them elements of
A can map to

any of the
n elements of B so with

Ai = } possible imamof
element i } we have

lAi1= n and hence
M

Number of functions = 1A ,
✗ Adx . . .

✗ Anl = n

Examph7- # of 1- I function , f : A -213 when 1171--4131--4

Recall : f. is l - l if f- ⑦ l=f⑨1 ⇒ ✗ =y

m > n : no solution (see next
section pigeonhole principle

cand men
:

say A- 39.92 , . - , am } ,

then then are

n choices of iman for a ,

n- l - l l - ah

i.
n- iti ai

so there are n .@- 1) .
. . .
@- m -11) = @^ !

I - I function , from A to B



E✗amp Number of subsets of an n- nt A ( 1Al=n )

NB : This only depends on the
sizeof A

,
not

the type of elements
!

A = ha , .az , - - -

,
an 1

There is a l - l correspondence between susnt,

of A and bit strings of length
n :

biz -
- bi - - bn where bi = I ⇐> ai c-

A' = Ats )

We saw that then are
2
"
bit strings of lens th n

so then are 2
" subsets of an n - at

~ 000 - r - 0

49 , } ~ I 000 .
- -0

:
A ~ 1111 -

-
- l



sumwkn-inn-z-0-7IANN-zl-M-il-IAI-lnwordsilfata.hr
can be done in either one

of N
, ways

or in one of my ways ,

where none

of the n
,
ways is the same as one of

the U2 ways,

then then an n
,
-1ha ways to

do the task

E✗amp412_ Need a person to - a
committee

should be ether a math faculty or n
,
-37 such

a
math student ME 83 suck

Then # choice , is 37+83 = 120

Genemliaedsommkilfh-inn-j-ovi-jtheu-IIANAW.ruAn / = 1A , It /Azt . . . + IAN

Pw by induction on n

n _- 2 is the sum rule

•
assume formula holds for n

- l sets satisfying

the condition and let c-- A ,u . . - u An-1

• Then Cn An = as Ain An=p so the

Somnuscues 1A ,uAw . .uAnI= Icu Anl -_ 141-1174

= lait .
. . -11An - il -1 Hnl ☐



Examptlb Passwords of length 6,7 or 8 characters

Rule, Lil each character c- 3 upper can
letter lol disitl

I at least one digit

# passwords P = PG + Pztpg Pi = # of pw of length
i

p

by the sum ruh

Finding PG : difficult if we try different place, for
digits a) we may double

count !

instead count bad pw of length 6 (only upper can
letters 1

Byproduct rule then are 266 such pw

Byproduct heh then are
366 strings of length 6

So Po = 366-266

similarly Pz = 367-267 Pg = 368-268

so P= (366-266)-1 (367-267)+(368-268)
Exact number Not important hen !



lncbusion-excluoionpina.pk?lAiUAaI=1Ail-lAd-lA,nA~~11

subtraction rule

Az
A
' ⑨ coated

twice in

IA.lt/AIExamp-48#bitstvinssofCensth8of-the form

Ian . - rag or a ,9h . -9600

A
,

- Ilana} . - apfaic-3413.it , - -84 1A
,
1--27=128

Aa= 4992-96001%4411,1--1 , .to/1Azl-- 26--64

Ain A2 -- Ilana, . .am/ai-cboi1i-hpi.G4lA,nAzl-- 25--32

So / ANAz / = 1A
,
It IAI -1A ,nAzl= 128+64-32=160

Example 19 350 applicant, for position
-

220 are CS majors
A
,

147 are buisnes, majors A2

51 are both csandbui.mx A ,nAz
majors

(ANANYA ,
/ + total -1A ,nAd= 220-1147-51--316

So 350 - IA ,oAh1= 350-316--34 an neither

Cs major or bui >my major



Tree diagrams ( count using trees )

- branches at vertex = possible choices

- leave , = possible outcome ,

Example : best of 5 game between two teams

- -

• - - -

match I

- - a - - - - - ¥
-

match 2

.
-6% titi

-

HE
-

✓B-
• - match 31 11 AM A A ^ 2 wonI won

:

see Figure 5 page 416 .



G.21-hepigeonholepina.ph/-heoremlIfk-lobjects are placed in k
boxes

-

then at least one box will
have mon

than one
element

p_wof (by contradiction )

soppon no box has mon
than 1 element

,

then

then an at most k . I = k objects in total
→←

theorem2 If we place N objects
in k boxes

then some box has at least 1-In ) objects

p# (by contradiction)

Sopron I 1-1-1-1 in each then

N= # osiectek.EE - 1) < k (1%-11)-1 ) - N →←

Example 4 For every integer n then exist

integer k so that kN has only

O'e) and I 's in its decimal expansion

How to show this using

php _- pigeonhole principle ?



Given u consider the ntl numbers
with

decimal representations n -11
-

1
1
11

,
111

,
- - -

,
11 I - - - . I

N
, Na N

, Nute

There are only n remainders with respect to division

by u ( 0
, 1,2 ,

.

. . 4- 1)

Php → 1- itjs .
t icj and

Nj mod u = Ni Modu

④
Nj -Ni _- k.ir for some integer k

Eirik
and Nj -Nj = 11 . - too . -0

Examplelnoti-nbo.hr)

A box contains loved and 10 blue balls ÷
How many balls

must we select to be sore to

have at least 3 balls
with the same

colour ?

Answer think of having two
b.✗↳ B

,
R

and drop each red/blue ball picked up
in RIB

If no box has at least 3 ,
then we have taken at most

2×2=4 balls 5 is the smallest N such that

1¥) 23 NB : the number -toed/Shu ball, played no role



Allah ,
- -

, anti
C- 31,2 ,

.
. -

,
2h }⇐"P"

*
⇒ ai ,aj

such that ai
divide > aj

Pnot- Each integer ai can be
written as ai=2ki9- i

when 9- i is an odd
number

↳ 97,9-2
,

- . - 9-
at ,
are all odd and

there are only

n odd numbers in 41,2 ,
- -

,
2h }

By php we have 9-g- 9-j for
some pair i=j

without loss of generality ki Ekj
so we have

9-i
so ai deviancy

'

ai = 2%9; and aj ,
zkizhj

-ki

n -11 is best possible :

if we let ai=n+i for
i-1,4 .

- it

then we have n numbers a
, ,9< - -aye 41,2 , - -

•
241

so that no number divides another .



¥12
'

( not same number, asin book )

The sequence 3,7 , 112,4 ,
10,11 , 8,12

contains ai
, ,aiz,ai , ,9iy with iiciilisciy

Such that ai ,< aizcaizcaiy increasing sequence

But no sequence of four j ,cj<cjzcjys
.t

aj
,

> aj ,
> ajs> ajy

theorem Every sequence ofnhtldishnct

real numbers 91,92 ,
.
- 9h41

contains Ai
, ,9y , . . gain sit i ,< ii. . - < in

and either ai ,<air .
- < 9in

or aiia.cz> - - > a.cn



parrotlet
ik = length of longest increasing sequence starting from an

⑨ < 0<0 < Oc . . .co

-B

and du = length of louses
1- decreasing sequence starting at an

④ > 0 > 0 > 0 .
- 0

If the claim is fain then for all he 41,2 ,
- r

- n't 11

all the pairs ( in .dk ) satisfy
that in

,
due 344 . .int

Then an n41 such pairs so I p ,
9- s.tciq.dz )

- ftp.dp)

when we can assume
that p< 9-

If apcaq then ip > iq →

cap<④COCO - -0

If ap > aq then dp >dq →
←

ap > ago > 0 > 0 > -
- - > 0

nhtl is best possible when u = 2 :

5,4 , 7,6 no T length 3

no ↳ length 3



Example 13 Ramsay theory
-

Given 6 persons which are pain in utter finds
o-

en Iurie) .

Then are always 3 persons
who are all

friends or 3 persons
who an all enimie,

P represent as a coloured completegraph on 6 vertices

a •- b = a and b are friends

a e-
b = a and b are enimie,

Fix person I and look at
relation to persons

2.3,415,6

By php then are 3 persons among
4,319 , 5,6 who

an all

friends or all eirenic,
with person

1

Without loss of senimhty we
have

so ectlw we set
I

a

:/
,

or
0

⇒
6 is best possible :

•



6.3Permutationsandcombinah.hr
- permutation of an n

- nt S : pick r
distinct elements

a
,
a
,

- - ar from S when the order
matters

Pln ,r ) = # r - permutations
of an n - set

pln.rt-n.cn-lk.oo.ln-r-17.cn?r,!-#pwot-
: by product rule we have a choice , for an

n - l
- l l - a <

:

n - rte
-

-
- ar ☐

.

Note P (np ) =L as then is exactly one way to Choon

0 elements namely take the em
stunt

r - combination of an n -nts : pick r
distinct elements

99L -
-ar from S when order

does not matter

Clnir ) = # r - combination, of an
n - nt

ce.ri.PE?---Y.!-.ru.Q
PIT Each fixed r- permutation can

be obtained

from an r - combination by permuting
then r element

This can be done in r ! way , so
Plur )=r ! Clair )



notahonccn.n~lnrl-rY-r.ru#
Example 11 # poker hands from deck of

52 cards

-
is 1%1

Note (F) = µ ) ao n - In - r)=r

that

combinatorial proof of this
( count elements on

both sides

of equality )

s

Each r - ret ✗ corresponds
1- 1 to one @- ri - nt , namely

SIX
①
# r - ntiins (1)

= # c- ri -ntsins In:)



6.YBinomialcoeftiu.int#

(7) also called a bine coefficient

because it occurs as a coefficient
in the expansion

of ( ✗ + g) ?

(✗+ y )
"

= ✗2+2 ✗ y + y
'

(✗+ g)
3
= 83+3×3+3 ✗y't y

'

Theoremlx-iyi.EC?)H-iyI@BinomialThcooemJj--o
proof : the terms are of

the form ✗
" -Jyi for j - o , 1,2 . - n

and the coefficient to ✗
" -Jyj is the numberof ways we can

Choon

j y 's from the u paran them
so it is ( Y ) ☐

applications of the
binomial theorem

É (1) = 2
"

( take ✗⇒ =L )

k=O

1411=0 ( take ✗ = 1,9=-1 )

k=o



¥÷÷!÷i÷tw+_
proof : fix one element a in an @

til -set Tand

let s = That

Then are (1) k - subsets of 1- which
do not

contain a

Thenar µ , / k - iubnbot T that
do contain

9) the remaining
k - l element, form a @ -11 - subnt

☐

ots

This and (2) = (1) =/ give
, a

recursive tunnels

for binomial coefficients
using only addition

1121 Pascal 's triangle
I 3 3 1

I 4 6 4 I

1 5 10 10 5 (

Vanderwoude : when rsminln.nl ?⃝ n.net

( NY ) =Ér%)(1) rat

m.net
k=o


