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permutationswithrepetihi.si#r-permutations of an n - n t withThe0reml_repefion.allowedisN@pe.W
e have n possible choices for

each position so

by the product rule we get n , n . . . . n =
nr

permutation,

combinatiouswcthvepetiliou-Exan.ph## way ,
to pick 4 items each

of type

A
,
B or C when # A

,
# B
,
#Call 24

Pedestrian method
: list all possibilities :

4 A
, 413,4C ,

(3A ,B) ,

GA
,
E) RB ,

A)
,

(313
, ,
Garth

3C ,
B)

,

12A
,
2 B)

,
12A ,
2C )

,
(213,2C )

,

@A ,
B
,
C )

ChB ,
Aecl

,
@ ,

A (B) 15 ways



Then an 3 ways
to pick 4 of some kind

6 ways to pick 3 and I

3 way ,
to pick 2,2 (Choon 2otlAP.cl

3 ways
to pick 3,1 , 1

We need a general method
!

Why not just H-r-I.es?(??--- %-)
New example : pick 2 from CAB ,

C
,
D )

☒ / A- 2-perm = 16*1

# 2- comb = to €213,242T ,
AB

,
AGAD ,

BGBD ,CD

counted onceÉÉ

Also not 2 from 3A , A. B.B.GC ,
D.B } :

AA is counted once

AB is counted
4 time, !



Examp43_ # ways to pick
5 bank nobs from

7- possible values

* *** *

to

tf
same as # way ,

to write 5 * and 6 •

= #ways to pick
5 out of a set of 11 positions

= ( ¥ ) = ( Y ) = (5+(7-1))b-

( each choice of
5 position, for

the * correspond

to a unique choice of bank
nobs )

theorem # r- combination , from n
-at with repetition allowed

is (c-Y -17 = (
"

I
-

1) = (
"

I )



Root we can represent each r
- combination

by a string of
n- I

'

l
'
and rc*

'

,

when

the n - I 1 am and
to mark which

of the n
' boxes

' element , an taken from

Es : * ☒ ☒ 11*1 * *111 *

⇒ 3 from 1
,
I from 3,2 from 4 , I fu-7

Then an In
-

Yr / way, to pick
the

r *'s

E✗anp_45 # solution , to ✗
,
-1×2-1×3=11

= # 11 - combination, from a 3-
set tooth up

= (
""" 1--1%1=1%1--7811

Can also handle lower
boards

ex ✗ f- 1
,
Ef2 ,

✗ 3>-3 above
!

6 items already placed so 5
remains

⇒ # 5- combo ta
3 nt = (F) = 21

✗f- ✗ i -ai when we had ✗ isai

⇒ Ixii -- turnt - Iac



E Find value of k after execution of

b.← 0

For is 1 to n

For iz←i to
I
,

For icl to iz

i.
For im← 1 to im- ,

kektl

Solution : For each choice of Kim c- in-is - - sized ,
En

we add one to k .
Hence value of kos

# ways to pick m integers all in 41,2 ,
- - in } :

Given m such number , ,

let im.im - , , . . , hi ,
be the

sorhd ofdu of then .

For that choice we add one
to k

Conversely every legal
choice otk-ims-im.is . - . C- izsi , C- n

corresponds to a unique
subnt of 31,2 . . .nl

with repetition allowed

so answer is (
Mtn - 1)m



permututiouiwithindistinguiohabkobje.cl#Ex7'

# stirs , from SUCCESSOR

place 3 's ' in § ) ways
21C ' in (E) was>

I
'
E
' in (4) ways

I
'
O
'
in 13,1 way)

I
' RI in ( z ) ways

I '
y
' in ( 11 ways

answer 1:11:11 :/ 1:11:11 :|

of k types with niottypek (
Éui=n )÷÷÷÷÷÷÷÷***
.

E- I



put a) in example the answer
is

1:11:11:÷1 . :|:|

=É÷i¥÷i¥÷÷÷i . :¥
= n.in?i.!-..n

.

÷÷÷÷;÷÷"
objects boxes

=/ + e- ⇐ not distinguishable

f-
=

= =/
= =



Problem , are easier when boxes are distinguishable .

¥
ex 8 # way, to distribute 5 cards to

each of 4 players for 52
cards

(E) 1%-11%-11%1 = ,÷F÷
NB same answer as # perms of

52 items with
5of types 1,2 , 3,7 and

32 type 5

List cards 1,2 ,
. .

.
.
51,52

cards for player I ⇐ position , assigned
to type I 5 out of 52

2
5 out of yz

2 ←
- - -

-

3 5 out of
42

:

4 ⇐
y 5

out of 37

5 c-1
5 32 -

- -
32

why I - I correspondanu ?

If two tuple , (5,5/515,32)
have Jaune Iman

then the cards of player i an the same
in both and

the remaining 32 cards are also
the scum

same argument , give

Theorem # way , to
distribute n f- item ,

ik=box,wcthniitunsisbis µ!ñu !



±
# ways to place n identical objects in k

distinct boxes

= # n combination of a
k - ret with repetition

= (
n -1k- 1)n

same argument as for
bank notes u sins * and p

e✗amp# # way , to place to identical balls in
8 distinct boxes

= # 10 - combination,
with repetition from an 8-at

= (10%-1)=1%1--1 :-)

⇐
4--1 employees in 3 identical offices

e×amM°_
each with capacity at

least Y

l - l correspondence between
solutions and

portions of 1A ,
B
,
C
,
D) in 3 disjoint

out

set i ~ office i



all 4 in our office ABCD l

3. in one linan.twABC.DIABD.sc/ACD,B1BCD,A42in2diftenntAB.ci/AC,BDlADiBC 3

2,1 ,
I AB.ci/AC,B,DlAD,BfBC,AiD1BD,AiC1CDiAiB 6

IT

Diftenntwayotcoon.hu#
all 3 office , and :# ways

to choon 2001-01-9
6

2 office, und
: 3001-01-4 -120012€ 4-137

1 office and : 4001-01-4 ÷
1- uosimpel formula but

we

shall see formula band on
Stirling

numbers of 2nd kind
later !



example 11 # way , to distribute

6 copies of
same book in

4 boxes

same as A- Sol, to

✗ it ✗at Xztxy
= 6 and

7,37<2×33 Xy -50

615,114,214,41/3,3/3,2111
3,111,1 I 2. 2,212,2 ,

I
,
I 9 way,

nosimphfo-mals.ly


