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An L(p, q)-labellings of G is an integer assignment f to the vertex set V(G) such that :
|f(u)—f(v)| > p, if dist(u,v) = 1, and | f(u)— f(v)| > g, if dist(u,v) = 2. The span of f is
the difference between the largest and the smallest labels of f plus one. The A, ;-number
of G, denoted by A, ,(G), is the minimum span over all L(p, ¢)-labellings of G. Note that
L(1,0)-labellings of G correspond to ordinary vertex colourings of G and L(1, 1)-labelling
of G to the vertex colourings of the square G? of G.

In 1992, Griggs and Yeh conjectured that Ao 1(G) < A? + 1. Diameter two cages such
as the 5-cycle, the Petersen graph and the Hoffman-Singleton graph show that there exist
graphs that in fact require A? + 1 colours, for A = 2,3,7 and possibly one for A = 57.
The best upper so far was due to Gongalves which shows Ay (G) < A%+ A — 1. With B.
Reed and J.-S. Sereni we settle Griggs and Yeh conjecture for sufficiently large A.

Regarding planar graphs, far less colours suffice. In 1977, Wegner conjectured that
Mi(G) =x(G*) < [2A] +1if A > 8 and gave examples showing that this bound would
be tight. The asymptotically best known upper bound so far has been obtained by Molloy
and Salavatipour. They show that for a planar graph G, A\ ;(G) < [g AW + 78. With

J. van den Heuvel, C. McDiarmid and B. Reed, we show that A, ;(G) < (1+0(1)) 3 A.
These two results generalise to L(p, ¢)-labelling and list-colouring.
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