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Proof of Lemma 1

The case (s,t) = (0,0) is trivial. In case (s,t) # (0,0), we obtain, using integration by parts,

mun, s,t;2) = F(up; ) {/100 [szsfl(ln 2) 4257 (In z)tfl] G(z;7(), 0(un; ), p(z))dz
sl t s—1 117 [ Funzi @) Gz 5w ). oz ’
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= F(up;z)(T1 + T?).
By application of Taylor’s theorem to G, we have that
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Straightforward integration then gives
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and thus

T = 4 ()Tt + 1) { 1 d(up; ) [ 1 1—p(x)

(L=sy@)t y(2) [L—sy(@)F (1 - pla) = sy(z))*!
A slight modification of Proposition 2.3 in Beirlant et al. (2009) gives that
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and hence Ty = o(d(un; x)).

= 0(0(up; x)), Up, — 00,

Combining the above results establishes Lemma 1.

Proof of Lemma 2

By application of the rule of repeated expectations we obtain
mn(K, s, t;x) = E[Kp, (z— X)m(up,s,t; X)]
= K(z)m(up, s,t;x — hp2)b(z — hyz)dz,
Q

80, by straightforward calculations,
|mn (K, s, t;2) — b(z)m(uy, s, t;x)|
< m(um, 5,6 7) /Q K(2)|b(z — hnz) — b(a)|d=
+b(z) /Q K(z)|m(up, s, t;x — hpz) — m(uy, s,t;x)|dz
+ /Q K(2)|b(z — hpz) — b(2)||m(un, s, t;x — hpz) — m(un, s, t;z)|dz
=T34+ Ty +T5.
Concerning T3, by (B) and (K)
T3 < m(up,s,t;x)cphy, /Q K(2)d(0,z)dz

= m(un,s,t;2)b(x)O(hy).



The term Ty can be analyzed by invoking (M) and (K) yielding

Finally, applying similar arguments to Ty gives that T5 = m(uy, s,t;z)b(x)O(h,®(up, hn; x)),
and the result follows.

Proof of Theorem 1

Note that

e = [i > hﬁF(:n;m)b(:c)K <x Zf) G) (m z}a/)j ¥ > )

i=1

K ( hgﬁ(:n;x)b(x)K (x /Zf) <uyn> <1nz;>j 1{Y > un}>] L jel

As such, the empirical processes under consideration fit in the framework of Section 19.5 in van

der Vaart (2007) on changing function classes. Indeed, we can consider the classes Wflj ) =

{wﬁil; s €[S, 0]}, where

hﬁF(Jn;wb(x)K () (3) (lnfn)j Uy >unk, g€

So, for the marginal convergence of the processes, it is sufficient to verify the conditions of The-

wil(v,y) =

orem 19.28 in van der Vaart (2007).

First, by Lemmas 1 and 2
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Note that the o(1) term above does not depend on s and ¢, and therefore

i Ewd(X,Y) —wl)(X, V)P < (20 + 1)) (2)02 ] K31 + (1)
s—1|<0n

— 0,

for every sequence 9, | 0.

Next we verify the Lindeberg condition. Note that the envelope function W,(Lj ) for Wéj ) can be

taken as

4 1 ) v\’ .
W9 (v, y) = _ K( ) <ln > 1{y > u,}, jeJ
) = e \ u, ) HY >k

Using Lemmas 1 and 2, we then have

; KB L (XY (Y)Y
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= 77 (2)2)NK[3(1 +o(1) = O(1),

and, for every ,a > 0,
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if nhh F(u,;x) — 0o, j € J.
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Thirdly, we verify the condition on the bracketing integrals J[](én,W,(lj ),LQ(P)), Jj € J,in
Theorem 19.28 of van der Vaart (2007). We have that

j+1
) ) < |s — ¢t (27 (1 Y 1
|wn,s(va y) wn,t(va y)| — h%F(’UJn, l’)b(ﬂj‘) hn n Up, {y > un}a
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Note
E[(w(j)(X,Y)>2] = AU (@) 26 + D)IK3(1+0(1)), j€J

So that the condition on Jj(dn, Wflj ), Lo(P)), j € J, is easy to verify using the result of Example

19.7 in van der Vaart (2007) on parametric function classes.

Finally, we comment on the pointwise convergence of the covariance functions on [S,0]?. For

(s1,82) € [S,0]? we have that

Cov(BY (s1), P (s2))

= (Cov(w(j) (X7Y),U)£LJ%2(X7 Y))
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The joint convergence of the empirical processes follows then from the fact that the coordinate
classes being Donsker is equivalent to the union of the coordinate classes being Donsker, see
van der Vaart p. 270. The pointwise convergence of the covariances between the processes IP’%j ),

j € J, can be established along the same line of arguments as above.

Proof of Theorem 2

To prove the existence and consistency of (5, (z),d,(z)) we adapt the proof of Theorem 5.1
in Chapter 6 of Lehmann and Casella (1998), where existence and consistency of solutions of
the likelihood equations is established, to the MDPDE framework. Let @, denote the sphere
centered at (yo(x),0) and radius 7, and let Ay (7,8;p) denote the density power divergence

objective function. Note that r should be such that @), is a subset of the parameter space. First



~

we rescale Aq (7,05 p) as Ax(7,8:p) = Aa(v,8;p)/(F(un;2)b(z)), and we show that for any r
sufficiently small

Py (2),0) (Aa(r0(), 05 po(z)) < Aa(v,8; po(z)) for all (7,8) on the surface of Q,) — 1.

Let fs(v,9;po(x)), s = 1,2, denote the derivatives of ﬁa(’y, J; po(x)) with respect to v and 4, re-
spectively, without the common scale factor 14+«. Similarly, fs: and fsy, S, t,u = 1,2, denote the

second and third order derivatives, respectively (again apart from the common scaling by 1+ «).

By Taylor’s theorem

Aa(y, 85 po(@)) = Aa(r0(x), 0; po(x))
= (I+a){fi(v(x),0;p0(x))(y = 0(x)) + fa(r0(),0; po(x))d
+% [f11(70(2), 05 po(2)) (v — v0(2))* + faa(v0(2), 05 po(2))0* + 2 f12(70(), 0; po(2)) (v — Yo(z))d]
+é [fm(% 5; p0()) (v = 70(2))* + fa22(5, 6; po(2))8” + 3f112(5, 65 po(2)) (v — 70 ()6
+3 122, po()) (7 = 70(2))87 | } (A-1)
= (1+a){S1+ S2+ Ss},

where (%,6) is a point on the line segment connecting (7, ) and (vo(z),0). After some tedious,

but straightforward derivations one obtains

fi(vo(z), 03 po(x))
oo (a )[ a0 (2)(1 +y0(z)) Ta(XK,0,0;z)
[1+ a1 +70(x))]* F(un; z)b(z)
To(K, —a(l +y0(x)) /10(x), 02)  To(K, —a(l + 10z

))/v0(x), 15 2)
+0(@) Fun: 2)b(z) Pl 2)0(x) ]
fa(yo(x), 05 po(z))
ey [_ apn(x)(1 + 70()) T, (K,0,0:2)
0 T al + @)L — po(z) + a(l +70@)] Flun 2)b()

Tn(K7 _a(l + ’YO('%'))/’YO('%')’ 7‘73)
+ Fun: 2)b(a) —(1 = po(z))

T (K, —((1 +70(2)) = po(@)) /[70(2), 0;96)} '
F(up; x)b(x)

By using the results of Lemmas 1, 2 and Theorem 1, we have that f;(yo(x),0; po(x)) 5 0 and
£2(10(2), 0; pol)) B 0, s0, for any given r > 0 we have that |f1(y0(z), 0; po(x))| < r



| f2(70(2),0; po(x))| < r? with probability tending to 1, and hence, on Q,., |S1| < 2r® with prob-

ability tending to 1.

We now focus on the second order derivatives appearing in S3. Again, by tedious calculus one

obtains
f11(v0(2), 05 po(2))
_a2 [ a4+ 2 20 + 4 + 200 + 2 ) KOOJI
1+a(l+1() [1T+ad+1@)2 " [1+ald+90(x)?
_(aH)Tn(K o1+ (a))/(a).0i2)  20-+2T, (F 200 e o
F(up; x)b(z) Yo(x) F(up; )b(z)
a Th(K,—a(l +70( )/v0(z), 25 %)
() F(un; 2)b(x) ’

fi2(vo(x), 05 po(x)
| [<1+a2+a 1+ 70(x))
14 a1+ yo(x))]?
(1= po(x))* = alpo(x) (1 = po(x)) = 2(1 + 70(2)) (1 = po(x))] + *(1 +70(2))(1 — Po(ﬂf))>
[1 = po(z) + a1 + 70())]?
T (K, —a(1 +70(2)) /[10(2), 0; 7)
F(un; x)b(x)
o 1)(1 = pofo) PR ) = a0 2. B2)

a Tu(K, a(1+’Yo(w))/’Yo() 1;z)
b

Tn(K, 0,0;x)
F(up;2)b(x)

- (14 «)

Yo(x) F(un; x)b(x)
(= po(2))(1 = po(x ))Tn(K —(e(1 + () = po(x))/0(x), L;2)
~o(x) F(up;z)b(x) ’
J22(70(x), 05 po(z))
— —a—Z(J:) |:< 1—{—0(—}—’)@( ) - 2(1—00( ))(1_‘_70( )+a)
K 1+ a(l +70(w)) 1—P0 )+ a(l +70(@))
L (14 70(@))( = 2p0(x)) +a1—po > KOO:B
1—2P0( ) +a(l+y(x
Tn(K, —a(1 +yo(z ))/70( ),0;2)
—(a+o(x))— Flu: 2)b(2)
a0 —po(UC))(Oé—i—’yo(ai))Tn(K’_(a(l+%2( z)) — — f;)(ﬂf))/Vo(x),O;x)
[+ ()1~ ) + 0 = 1)(1 = o) ) = I k). i)

Now, let fZ(~0(z),0; po(x)) denote the limits of the random terms fs:(v0(z),0; po(x)), s,t = 1, 2.
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These can be obtained from the results of Lemmas 1, 2 and Theorem 1, and are given by

1+ (1 +0(x))?
1+ a(l+o(x))]3

fi1(0(@), 05 po(2)) = 75 * ()

f12(0(2), 0; po(x))
po(x)(1 = po(x))[1 4 (1 +70(x)) + (1 + y0(2))*] + a?po(2) (1 4+ 10(x))?
[T+ (1 +70(2))2[1 = po(x) + a(l +0(2))]?

=% ""(2)

f32(70(x), 05 po(z))
() (1 = po(x))p§(x) + apf(x) (1 + yo(2))[a(l + yo(x)) — po()]
0 [1 4 a(1+y0(z)][1 = po(z) + a1 4+ vo(x))][1 — 2p0(x) + a(1 +yo(z))]

)

Now, write

25 = fi1(90(@),0; p0() (v — 70(2))* + f32(v0(x), 0; po(2))6% + 212 (v0(x), 0; po(2)) (v — Y0(2))6
+[f11(v0(2), 05 po(2)) — f11(v0(x), 05 po ()] (v — 70(2))?
+[fa2(v0(x), 05 po () — f32(70(2), 0; po ()]

+2[f12(70(2), 0; po(2)) = f12(70(), 05 po(2))] (v = 70())é.

Note that the first three terms are in fact a nonrandom positive definite quadratic form in
(v = 7(x)) and 0. This can be verified analytically, but the result is not included in the
appendix. By the spectral decomposition this quadratic form can be rewritten as A&7 + A\2£3,
where 0 < A\; < Ay are the eigenvalues and &; and & are orthogonal transformations of (y—~p(x))
and . Note that in this new coordinate system @, becomes &2 +¢5 = r2. Thus, for the quadratic
form we have that A\1&2 + M\a&2 > A1 (€2 + €2) = A7, For the random part of Sp we know from
Lemmas 1, 2 and Theorem 1 that fs(70(z),0; po(z)) 5 fH(v(x),0; po(x)), s,t = 1,2, and thus
in absolute value the random part is less than 473 with probability tending to 1. Overall, we

have that there exists ¢ > 0 and rg > 0 such that for r < rg
Sy > cr?

with probability tending to 1.

For the term S3, one can show that | fst, (7, 0; po(x))| < Mg (V'), where V := [(X1, Y1), ..., (Xn, Ya)],
for (v,0) € Q, with Mg, (V) L Mstu, S,t,u = 1,2, which is bounded. The derivations are



straightforward, and are for brevity omitted from the appendix. Thus, with probability tending
to 1, |fstu(’y,5; po(z))| < 2mty, and hence |S3] < er® on Q,, where

2

;zzimm.

s=1 t=1

Combining the above we find that with probability tending to 1,
min(S; + Sz + S3) > cr? — (2+ 6)7“3

where the minimum is over (7, d) on the surface of @,. Clearly, the right-hand side of the above

inequality is positive if r < ¢/(2 + e).

To complete the proof of the existence and consistency we adjust the line of argumentation of
Theorem 3.7 in Chapter 6 of Lehmann and Casella (1998). For r > 0, small enough such that

Q. is a subset of the parameter space, consider
Sn(r) := {v: Au(0(2),0; po(x)) < Au(7,8; po(x)) for all (v,d) on the surface of Q,}.

From the above we have that Py () 0)(Sn(r)) — 1 for any such r, and hence there exists
a sequence 7;, | 0 such that Pr ) 0)(Sn(ry)) — 1 as n — oo. By the differentiability of

n

Aa(v,8; po(z)) we have that v € S,,(r*) implies that there exists a point (3, (r%), 8, (r%)) € Qrx

n

for which Aq(y,6; po( )) attains a local minimum, and thus f(5,(r*), 6, (r*); po(z)) = 0, s =
1,2. Now let (3 (x),0% () := (3 (1), 6n(r*)) for v € S,(r*) and arbitrary otherwise. Clearly

P ().0) (1 (3 (), 5 (2); po () = 0, fa(47 (), 65 (2); po()) = 0) = Py (2),0) (Su(r)) = 1,

as n — oo. Thus with probability tending to 1 there exists a sequence of solutions to the

estimating equations (7) and (8). Also, for any fixed r > 0 and n sufficiently large

Plo@),0) ([d((3n(2), 67, (2)), (0(2),0)) <7) = Pyg(a),0) (2 (2), 65(2)), (o (), 0)) < r7)

> Plyo@),0)(Sn(r)) = 1,

which establishes the consistency of the sequence (5% (z), 6% (z)).



Proof of Corollary 1

We have that

SO)(s) = PO(s) 4y |E (?(&K o Z(g) M@

- sw)w] et

From Lemmas 1 and 2

(Tnuc,s,j;x))[ i (@) ]

F(uy; x)b(x) 1 — syo(x)]tHd

Tn

- 1 1— po(x )
= BRI | [~ ey | ) €

where the o(1) terms are uniform in s € [S, 0].

Proof of Theorem 3

To start we establish the joint limiting distribution of the random terms appearing in fs(vo(x), 0; po(x)),

s = 1,2, when appropriately normalized. Let

Tn(K, 0,0; )

1 To(K, —a(1 +70(x))/70(2), 05 2)
F(un; 2)b(@) | T, (K, —(a(1 + 0(x)) — po(2)) /70(x), 0; 2)
To(K, —a(l + vo(x))/70(x), 1;2)

1

1
']T — 1+a(1+~o(z))
1
1—po(z)+a(l+vo(z))
Yo(x)
L [I+a(l+y@)]?

and set A, (po(z)) := ru[T, — T]. Thus, from Corollary 1, we get that

An(po(2)) ~ Na(Av/b(x)D, 3(po(2))),

10



where D is a (4 x 1) vector with elements

D, = 0,
Dy = _ apo(z)(1 +yo(x))
' 0(@)[1+ (1 +50(@)][1 = po(x) + a1l +y0(2))]”
De e — po(@)[(1 4+ y0(x)) — po(a)]
S Y0(@)[1 = po(x) + a(l + y0(x))][1 = 2p0(x) + a(l + y0(x))]’
Dy = @1 = (@) = a?po(@)(1 + ()
[+ (1 +70(x))?[L = po(x) + (1 + 70 (2))]*’
and X(po(x)) a symmetric (4 x 4) matrix with elements
onlpo(z)) = |IK|3
,_ 15113
UQI(PO@)) = 1+a(l +2’YO(33))7
._ K113
o22(po(z)) = 1+ 2a(1 +2’YO(9U))’
_ 1513
os31(po(x)) = 1= po(z) + (1 +~o(x))’
_ I%113
o32(po(x)) = 1— po(z) + 2a(1 +’70(90))7
. 1513
o1(p0(@) = T T T @)
_ ()| K113
Nl e )
_ @K
72(0®) = F9a( 4 @)
oas(po(z)) = (@)1 K113

[1 — po(z) + 2a(1 +vo(z))]*’
2795 (=) | K13
(14 2a(1 +70(z))]3

oaa(po(z)) =

Now, apply a Taylor series expansion of the estimating equations f; (9, (), Sn(x); po(z)) =0 and

11



F2(An(), 6a(@); po(ar)) = 0 around (v

f1(v0(2), 05 po(x)) + f11(v0(2), 05 po(2)) (n () — Y0

+% {flﬂ(’)’n( ), 0
+2f112(3n (), 0
f2(v0(2), 05 po()

(2): po(2) (G () = 30 ) () }
) + fa1(70(2), 05 po (@) (n (@)
5

(x),0). This gives

() + fr2(0(2), 0; po ()b, ()
n(2); p0(2)) (B () = 20(2))* + fraa(Fn(2), 0n(); po())6 ()

—70()) + fa2(v0(2), 0; po(x))dp ()

b { 211G (0), () p0()) () = 20(@))2 + Fora (i (), () o) B2 (0)

212250 (2), 6a(2); p0()) () = 0())dn(2) }

where (5, (2),0,(2)) is a point on the line segment connecting (3, (z), 0, (x)) and (yo(z),0). A

straightforward rearrangement gives a set of random equations where interest is in r, (9, (z) —

vo0(z)) and 7,8, (2):

where

fl(’Yo
f2(v0

(z),0; po(x))
(),0; po(x))

fi1(y0(x),0; po(z)) ==

f12(’70($), 0; po(x)) =

JEZQ(’Yo(x), 0; p0(x)) =

Now, introduce

with

B(po(z)) ==y “*(x)

bi1(po(x))

ba1(po(x))

fu1(v0(2), 03 po(z)) +
+f112(3 (), 0 (2); po
f12(70(x), 05 po(2)) +
+f112(3 (), 0a(2); po
fa2(70(2), 05 po(2)) +

+ f122(Fn (%), 0 (2); po

e
21
(
1r
21
(
e
21
(

bi1(po(2)) 70()

ba1(po(z)) 7o(z)

14+ a(l+v(z

_an(@) (1 +70(z))

] I

po(z)(1 +70(x))

)
_ ayo(z)
[1+ a1+ yo(z))

12
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po(x)

+a(l+o(z))]’

ra(n(2) = y0(2))

rngn(:v)

F (i (), 8a(2); po(2)) () = 20(2))
2)ba(a)]
fi22(3n (), 8 (); po )b ()
) (Gn(@) = ()]
Fa22 (3 (), 0n (2); po ()0 ()
) (Gn(@) = 0(2))]

}H)



so that

. fi(0(2), 0 po(2)) | _ B(po(z))An(po(x)),

f2(v0(2), 05 po(x))

is leading to the weak convergence

x),0; po(x
o | FHOOER OGN A BETB (o ))D, Blpo (@) E (o)) B (0 ).
fa(vo(2), 05 po(z))

Concerning the terms fg(v0(z),0; po(z)), s,t = 1,2, we have by Lemmas 1 and 2, Theorem
1, the consistency of (5n(z),dn(z)) and because |fspu(7,d; p0(2))| < Mgu(V), in some open
neighborhOOd of (’Y(](.’IJ),O), with Mstu(v) = O]P’(l)v s, tyu = 1727 that fst<”yo(l’),0; /00('7;» ﬂ

f:t(VO(:E)’O; ,00(1’)), Sat = 172' Let

fi1(0(2), 05 p0(z))  fia(v0(x), 05 po(z))
fia(v0(2), 05 po())  f32(v0(x), 05 po())

Clpo(2)) :=

From the proof of the consistency, we know that C(pg(x)) is a positive definite matrix, and thus
invertible. Then, according to Lemma 5.2 in Chapter 6 of Lehmann and Casella (1998), for the

solution of the system of equations (A-2), we have the following convergence

n . ~ Na(=AV/b(z)C™ (po(2))B(po(z))D,
C™(po())B(po(2)) Z(po(2))B' (po(x))C™ (po()))-
After tedious calculations one can show that —C~1(po(x))B(po(z))D = [0,1). Taking into
account that r,0(u,;x) — A/b(z), the theorem follows.
Proof of Proposition 1

The arguments needed to prove the consistency and asymptotic normality are the same as those
used in the proofs of Theorem 2 and 3, and therefore we limit ourselves to giving some comments
to the main ideas. Concerning the consistency one works with A, (7, 8; 5(x)) and its derivatives.

Again by Lemmas 1, 2 and Theorem 1 we have that fs(yo(x),0;p(x)) 5 0, s = 1,2, and that

13



fst(yo(x), 05 p(x)) 5 fi(y(x),0;p(x)), s,t = 1,2, leading to the results for S; and Sy. Also for
the third order derivatives we can use the same arguments. This establishes the existence and
the consistency. To prove the asymptotic normality one uses the same line of argumentation
as in Theorem 3, with po(z) replaced by p(z) in Ay, (po(2)), E(po(z)), B(po(z)) and C(po(z)),
and replacing the vector D by ]5), having as elements 51 = Dy, 52 = Do, ﬁ4 := D4 and

[a(1 +0(x)) = p(x)]po(x)
Y0(@)[1 = A(z) + a1 +70(2)][1 = po(x) — p(x) + a1+ y0(x))]

53::*

Proof of Theorem 4

The proof of Theorem 4 is similar to that of Theorems 2 and 3, and therefore we only give the

big lines of argument.

Concerning the existence and consistency of (3(x), 0, (x)) as estimators for (yo(z),0), we have
that by the consistency of p,(x) and conditioning on the event p,(x) € (po(z) — &, po(x) +¢) for

some ¢ > 0, it is sufficient to show that

IP)(vo(m),O) (ﬁa('yo(x)v 0; ﬁn(x)) < AO& (’77 4 ﬁn(l‘))
for all (v, d) on the surface of Q, | pn(x) € (po(x) — €, po(x) +¢€)) — 1.

First make a Taylor series expansion as in (A-1), though now with po(x) replaced by py,(z).

Assume that (—(a(1+70(2)) = (po(z) = €))/70(2), —(a(l +70(z)) = (po(2) +£))/70(x)) € [5,0].
Concerning S, we have that f1(yo(x), 0; pn(z)) does not depend on py, () and therefore obviously
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F1(30, 03 pn()) = 0, whereas for fa(70,0; fn(z)) we write

f2(v0(2), 05 pn())

— e l(a) {_ apy(z)( 1—|—70(9c)) Iin(K,0,0;x)
1+ a(l+70(x ))][ pn() + a(l +50(2))] F(un;z)b(2)
+Tn(Ka —a(l+70(2))/0(x), 05 )
F(up;z)b(z)
X T (K, —(al +0(x ))—Po(ff))/%(f)aos z)
(1= inta P (s )b(a) T )
(1= pn(2)) (Tn(K —(a(1 +70( ))—Pn(x))/%(x)aoél‘) - (K, —(« (1+’70( ))—Po( )/vo0() ))
o F (s 7)b(x) F(uns 2)b(x)
. 1 — pn(x) ]
1 —po(z) + a(l + v (x))

= AT )+ T+ T3+ Ty +Ts.

Now use Lemmas 1, 2 and Theorem 1 to obtain

P apo(z)(1 + yo(z))
N T el T @)L — poe) + a(l T r0@)]’
P 1
B Tt w@)
5o,
Tl < 2R o) - ool o) o),
n B o_ 1 — po(x)

1= po(x) + a(l + ()’

Combining these results gives that fa(70,0; pn(x)) 5o.

For Ss, write

252 = fii(0(@),0;po(x)) (v = 70(2))* + f32(20(2), 0; po ()8
+2f12(70(2), 05 po(2)) (v — Y0(2))d
+f11(v0(2), 05 o () = f11(v0(2), 05 po(@))] (v = v0(2))?
+[fa2(h0(2), 0 pu()) = f32(v0(x), 05 po()))8?
+2[f12(70(2), 0; pn(2)) — fi2(70(2), 05 po(x))] (v — Y0(2))0.

By arguments similar to those used above when treating fa(y0(z),0; pn(z)), we have that

fst(vo(z),0; pp(x)) 5 fH(v(x), 05 po(x)), s,t = 1,2, and hence we can proceed as in the proof
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of Theorem 2. Finally, conditionally on p,(x) € (po(z) — €, po(x) +¢€), also the argument for the
third order derivatives holds and the proof for the existence and consistency can be completed

in the same way as in the proof of Theorem 2.

The proof of asymptotic normality proceeds along the lines of the proof of Theorem 3. To start
we make a Taylor series expansion of the estimating equations, leading to (A-2), though with
po(x) replaced by pp(x). Since P(pn(x) € (po(x) — €, po(z) +€)) — 1, we have that (by an
appropriate choice of S in Corollary 1)

Agn(pn()) ~ Na(Ay/b(2)D, Z(po(2))),
and hence

o | MOV EPED g B0

fa(0(2), 0; pn(2))
~> Na(A/b(x)B(po())D, B(po () E(po(x))B (po ().

The rest of the proof is identical to that of Theorem 3.
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