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LOCAL ROBUST ESTIMATION OF THE PICKANDS DEPENDENCE
FUNCTION

By MIKAEL EscoBAR-BAcH', YURI GOEGEBEUR! AND ARMELLE GuiLLouU!
University of Southern Denmark! and Université de Strasbourg et CNRS*

We consider the robust estimation of the Pickands dependence
function in the random covariate framework. Our estimator is based
on local estimation with the minimum density power divergence cri-
terion. We provide the main asymptotic properties, in particular the
convergence of the stochastic process, correctly normalized, towards
a tight centered Gaussian process. The finite sample performance of
our estimator is evaluated with a simulation study involving both un-
contaminated and contaminated samples. The method is illustrated
on a dataset of air pollution measurements.

1. Introduction. Modelling dependence among extremes is of primary importance in prac-
tical applications where extreme phenomena occur. To this aim, the copula function can be used
as a margin-free description of the dependence structure. Indeed, according to the well-known
result of Sklar (1959), the distribution function of a pair (Y1), ¥(?) can be represented in terms
of the two margins F} and Fy of YV and Y®) respectively, and a copula function C as follows:

P (Y(l) <y, Y® < Z/2> = C (Fi(n), Fa(y2)) -

This function C' characterizes the dependence between Y () and Y and is called an extreme
value copula if and only if it admits a representation of the form

C(y1,y2) = exp <10g(y1y2)A <1<i(§?§?2)2)>> ,

where A: [0,1] — [1/2,1] is the Pickands dependence function, which is convex and satisfies
max{t,1 —t} < A(t) < 1, see Pickands (1981). Statistical inference on the bivariate function C'
is therefore equivalent to the statistical inference on the one-dimensional function A. Estimating
this function A has been extensively studied in the literature. We can mention, among others,
Capéraa, Fougeres and Genest (1997), Fils-Villetard, Guillou and Segers (2008) or Biicher, Dette
and Volgushev (2011).

In this paper, we extend the above framework to the case where the pair (Y(l), Y(Q)) is recorded
along with a random covariate X € RP. In that context, the copula function together with the
marginal distribution functions depend on the covariate X. In the sequel, we denote by C,,
Fi(.|z) and Fy(.|x) the conditional copula function and the continuous conditional distribution
functions of Y and Y given X = . Our model can thus be written as

(L.1) P(F(YV]2) < g, Fa(YOe) < o X = 2) = Colyn ),
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where C, admits a representation of the form

Cz(y1,92) = exp (log(ylyz)A <hi§;1myi)‘w>> :

with A(.].) : [0,1] x RP — [1/2, 1] is the conditional Pickands dependence function which is again
a convex function satisfying max{t,1 — t} < A(t|z) < 1 for all z € RP. From a practical point
of view, the considered family of extreme value distributions has sufficiently large potential for
data analysis. Firstly, the family of extreme value distributions is very rich, and includes among
others the logistic, the asymmetric logistic, the negative logistic, the Hiisler-Reiss, the ¢ extreme
value, and Dirichlet model. Secondly, multivariate extreme value distributions arise naturally
as the limiting distributions of properly normalised component-wise maxima, making them a
useful approximation to the true, but typically unknown, distribution of these component-wise
maxima in practice. We refer to Kotz and Nadarajah (2000) and Gudendorf and Segers (2010)
for further motivation and discussion of this class of distributions and additional examples. As
a possible application, we consider modelling extremal dependence between air pollutants, like
ground-level ozone and particulate matter, conditional on location and time; see Section 5 for
more details.

Moreover, in addition to the covariate context, we consider the case of contamination and we
propose a robust estimator of the conditional Pickands dependence function A(.|x). To reach
this goal, we use the density power divergence method introduced by Basu et al. (1998). In
particular, the density power divergence between two density functions g and h is defined as
follows

[ (14 2) mewa + 2a =] an. - a>o

9(y)
Rlog @g(y)d% a=0.

Ay(g, h) :=

Here the density function h is assumed to depend on a parameter vector 8, and if 71, ..., Z, is
a sample of independent and identically distributed random variables according to the density
function g, then the minimum density power divergence estimator (MDPDE) of 6 is the point 6
minimizing the empirical version (up to a constant independent of 0)

1\ 1 &
Mrew)dy— (14 =) =Y (7
Joreewar (14 1) s Rz, axo

Ay (0) = .
1

—_ log h(Z; =0.

”l-:gl og h(Z;) a=0

We can observe that for a = 0 one recovers the log-likelihood function, up to the sign. A large
value of « allows us to increase the robustness of the estimator, whereas a smaller value implies
more efficiency. This parameter « can thus be selected in order to ensure a trade-off between
these two antagonist concepts.

The nonparametric estimation of extremal dependence in presence of random covariates is
still in its infancy, despite the huge potential of such methods for practical data analysis. Gardes
and Girard (2015) introduce an estimator for the tail copula based on a random sample from
a distribution in the max-domain of attraction of an extreme value distribution, and provide a
finite dimensional convergence result for their estimator, when properly normalised. Portier and
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Segers (2015) considered model (1.1) but under the simplifying assumption that the dependence
between Y1) and Y2 does not depend on the value taken by the covariate, i.e. Cy = C (see also
Gijbels, Omelka and Veraverbeke, 2015). In the present paper we introduce a nonparametric and
robust estimator for A(.|z) which is obtained by an adjustment of the above introduced density
power divergence estimation criterion to the situation of local estimation, and we study the
asymptotic properties of the obtained estimator in terms of stochastic process convergence. To
the best of our knowledge, nonparametric and robust estimation of the conditional Pickands
dependence function has not been considered in the literature.

The remainder of the paper is organized as follows. In Section 2, we simplify the situation
to the case where the two marginal distributions are known, we propose a robust estimator for
A(.|x) and prove its convergence in terms of a stochastic process. Then, in Section 3, we extend
this result to the case of unknown margins. The efficiency and robustness of the estimator are
examined with a simulation study, described in Section 4. Finally, in Section 5 we illustrate the
practical applicability of the method for modelling extremal dependence between air pollution
measurements. Additional simulation results are available in the online supplementary material.
All the proofs are postponed to the Appendix.

2. Case of known margins. We denote by f the density function of the covariate X and
by z¢ a reference position such that z¢ € Int(Sx), the interior of the support Sx of f. In this
section, we restrict our interest to the case where the marginals F(.|x) and F»(.|z) are known,
and we denote by Ag(.|z) the true conditional Pickands dependence function associated to the
pair (Y1), Y (),

2.1. Construction of the estimator. For convenience we reformulate the model (1.1) into
standard exponential margins. After applying the transformations Y9) = —log F’ j(Y(j )|x), j =
1,2, we obtain the following bivariate survival function

G(y1,yelx) =P <5~/(1) > yl,f/@) > yZ‘X - x) = P (_(yl 24 (%nyz ‘x)) ’

for all y1,y2 > 0. Let t € [0, 1]. Considering the univariate random variable
vy yv©@
Zt = mln (H’ T s
it is clear that
P(Z; > 2| X = x) = e#40WD) vz > 0 and z e RP.

Consequently, the conditional distribution of Z; given X = x is an exponential distribution with
parameter Ag(t|x).

Let (Zt,X;),i = 1,...,n, be independent copies of the random pair (Z;, X). In the present
paper, we will develop a nonparametric robust estimator for Ay (t|zp) by fitting this exponential
distribution function locally to the variables Z;;, i = 1,...,n, by means of the MDPD criterion,
adjusted to locally weighted estimation, i.e. we minimize for a > 0

~ n 0 .
Aa,xo,t(a) = % Z Kp(zo — X5) {J(; (aeiaz)“—a dz — (1 + ;) (ae*aZt,i) }
=1

(2.1) = aaZnJK(x X;) ! 1—1—1 et
' N n ~ A0 Y11+« @ '
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Here Kp(.) := K(./h)/hP where K is a joint density on RP and h = h, is a positive non-
random sequence satisfying h,, — 0 as n — . The MDPDE A, ,,(t|x) for Ag(t|zo) satisfies the
estimating equation

(2.2) AW (Agn(t|z)) =0,

o,z0,t
where Ag}xo’t
here performed without constraints, which means that ﬁayn(.|a:0) does not automatically satisfy
the conditions of the Pickands dependence function. In fact, this is the case for several of the
estimators proposed in the literature, see e.g. Pickands (1981), Deheuvels (1991) or Capéraa,
Fougeres and Genest (1997). To overcome this, one could follow the idea of Fils-Villetard, Guillou
and Segers (2008), and project the obtained estimator onto the space of Pickands dependence
functions.

Our aim in this paper is to show the weak convergence of the stochastic process

(.) denotes the derivative of order j of ﬁam,t(.). The minimization of Aa,xo,t is

(2.3) {Vahw (Ao (tlwo) — Ao(tlzo)) ,t € [0,1]},

in the space of all continuous functions on [0, 1], denoted as C([0, 1]), when n — oo.
Our starting point is the estimating equation (2.2). By applying a Taylor series expansion
around the true value Ay(t|zg), we get

where A(t|zo) is a random value between Ag(t|zo) and A\a,n (t|xo). A straightforward rearrange-
ment of the above display gives

~

\/TAQ 0, t(AO(t|x0)) )
ALy 1 (Ao(tlz0)) + 3AL,, (A(tlo)) (Aan(tlze) — Ao(tlzo) )

(24)  Vah? (Ao p(theo) — Ao(tlz)) =

Consequently, in order to obtain the convergence of the stochastic process (2.3), we need to

study the properties of the derivatives A(Of)x ot:J = 1,2,3. According to Appendix A.5, these can
be expressed as a linear combination of a key statistic 7,, defined as

(2.5) T (K, a,t,\ B,7|z0) := — ZKh 10— X;) 20 V%,

for a e [1/2,1],t€[0,1], A, >0 and v € R.

2.2. Asymptotic properties of T,,. Due to the regression context, we need some Holder-type
conditions on the density function f and on the conditional Pickands dependence function Ag.
Let |.| be some norm on RP, and denote by B,(r) the closed ball with respect to |.| centered
at z and radius r > 0.

Assumption (D). There exist My > 0 and ng > 0 such that |f(x) — f(2)| < My||x — 2|, for
all ({L‘,Z) € SX X Sx.

Assumption (Ag). There exist Ma, > 0 and na, > 0 such that |Ao(t|x) — Ao(t]z)| < Ma,|z —
z||["0, for all (x,z) € By, (r) X Bgy(r),r >0 and t € [0,1].

Also a usual condition is assumed on the kernel K.

e (Ao(tlzo)) + (Aunltlro) — Ao(tlro)) A%, (Ao(tlao)) + 3 (Aunltlao) — Aolthao)) AL, (Altlo))
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Assumption (K;). K is a bounded density function on RP with support Sk included in the unit
ball of RP with respect to the norm |.||.

As a preliminary result, in Lemma 2.1 we prove the convergence in probability of the key
statistic T,,.

LEMMA 2.1.  Assume that for all t € [0,1], x — Ao(t|z) and the density function f are both
continuous at xo € Int(Sx) non-empty. Under Assumption (K1), if h — 0 and nh? — w0, then
forae[1/2,1], \,8 =0, ye R and xy such that f(xo) > 0, we have

Ap(t|xo)

Tn(K7a7t7 A:ﬁuﬁ)/’xo)l)avr(ﬁ + 1) ()\CL + Ao(t|$0))ﬁ+1f(x0)’

as n — oo, where I' is the gamma function defined as I'(r) := SSO tr=tetdt,vr > 0.

Now, our interest is in the rate of convergence in Lemma 2.1 when a is replaced by Ag(t|xp).
More precisely, we want to show the weak convergence of the stochastic process

xa)]7 =8
{W (Tm, Ao(tlzo), £, A, B.lwo) — T(B + 1)mf(xo)> teo, 1]} -

To establish such a result, we use empirical processes arguments based on the theory of Vapnik-
Cervonenkis classes ( VC-classes) of functions as formulated in van der Vaart and Wellner (1996).
This allows us to show the following theorem.

THEOREM 2.1.  Lety € R and (A, 8) € (0,00) x Ry or (A, 8) = (0,0). Under the assumptions
of Lemma 2.1 and if (D) and (Ag) hold with v/nhPh™™(15:140) —s (. then the process

)17 —8
[V (2,6, Aa(tao). .0 . 51a0) = 16 + ) ESEEOT ) ) e 011}

weakly converges in C([0,1]) towards a tight centered Gaussian process {By,t € [0,1]} with co-
variance structure given by

1—X
Cou(By, Bs) = [Ao(t|zo)Ao(s|zo)]"| K3 f(z0) x {J , 9(u,v)Gy s (u, v|zo)dudv + T 50(5)},
R-I—
for all (s,t) € [0,1]?, where & is the Dirac measure on 0, and
g(u,v) = uﬁfl(ﬂ — )\Ag(t|azo)u)ef)‘A°(t|‘T°)“ vﬁfl(ﬁ — )\Ag(8|aco)v)ef)“4°(s|r°)”,

Gis(u,vlzg) = G <max((1 —t)u, (1 — s)v), max(tu, sv)‘mo) .

We now derive the limiting distribution of a vector of statistics of the form (2.5), when properly
normalized. Let T,, be a (m x 1) vector defined as
Tn = (Tn(Ka AO(tl |x0)7 tlv A17 51771 ‘-TO)’ sy Tn(Ky AO(tm|x0); tmy )\ma ﬁma 7m|$0))T7

for some positive integer m and let X be a (m xm) covariance matrix with elements (0 1) 1<jk<m

defined as
ok = [Ao(tslwo)] [Ao(talao) " K13 (o) x { |, 0, 0)G (vl dudo

R+
F(ﬁj + 1)
[\j + 115 [Ag(t5]20) 1P

L'(Br +1)
[N + 156 FL[Ag(tg|z0)] P

(2.6) + d0(55) + 0(B) - 50(5j)50(5k)}
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where
9jk(u,v) 1= ubfi—t [8; — \jAo(t;|zo)ul e~ NiAo(tjlzo)u 4 fru—1 [Br — A\ Ao (tk|xo)v] e~ MeAo(tklzo)v

The aim of next theorem is to provide the finite dimensional convergence result which will,
together with the tightness, allow us to establish the joint convergence of several processes
related to the statistic 7,.

THEOREM 2.2. Under the assumptions of Lemma 2.1, we have
Vnh? (Tn - E[Tn]) ~ Nm (07 E) ’
where N,, denotes a m—dimensional normal distribution.

We have now all the needed ingredients for proving the asymptotic properties of the MDPDE

~

Aqn(t|zo).

2.3. Asymptotic properties of A\avn(ﬂxo). The first result states the existence and uniform
consistency of a sequence of solutions to the estimating equation (2.2).

THEOREM 2.3. Let a > 0. Under the assumptions of Theorem 2.1, with probability tending
to 1, there exists a sequence (Aa7n(t|;c0)) N of solutions for the estimating equation (2.2) such
ne
that

sup |Aan(tlzo) — Ao(tlzo)| = op(1).
t€[0,1]

Now, we come back to our final goal which is the weak convergence of the stochastic process
(2.3).

THEOREM 2.4. Let <A\a7n(t|:c0)) N be the consistent sequence defined in Theorem 2.3. Un-
ne

der the assumptions of Theorem 2.1, the process
{Vil? (Aan(tlzo) = Ao(tlzo)) st < [0,1]}

weakly converges in C([0,1]) towards a tight centered Gaussian process {Ni,t € [0,1]} with
covariance structure given by

| K13 Ao(t|zo) Ao(s]wo) (1 + )

Cov (N, Ny) = ISt 8)va,
v (N ) flro)  (razp et
where
@
2
o 1+« 1+«

Va = | —(1+ a) and X(t,s):=| 14+a Xaa(t,s) Xas(t,s)
1+a 1 Yo3(s,t) Xaa(t,s)
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with
Yoo(t,s) = (1—a)(1l+a)+a®(1+a)® Ao(t|zo)Ao(s|zo) J e~ lAoltlzo)utdolslzolvly, (o w|zo)dudy
]R2
2
Sos(t,s) = 1—a(l+a)?Ao(t|zo)Ao(s|zo) f (1 — aAg(s|zo)v)ecltoltlzourdoGlza)l gy, (o 4| 20)dudv
R2
2
Sas(t,s) = (14 a)® Ao(tao)Ao(s|ao) J (1 — ado(tzo)u)(1 — ado(s|zo)v)e *LAotzoutdolslzal g o) v|zg)dudv.
]R2

+

In particular, for all t € [0, 1], we have

. [K[3[Ao(t]20)]? (1 + @)?(1 + 4 + 902 + 140> + 130 + 8a° + 4af)
Vit (Aan(tlro) = Ao(tlzo) ) = Ay (0’ o) (1 + 2003(1 + a2)? ) ’

as n — 0.

The asymptotic standard deviation is shown as a function of « in Figure S1 of the supple-
mentary material. As is clear from this plot, the asymptotic standard deviation is increasing in
«a. Note that our results could also be obtained under different assumptions by using the local
empirical process results of Stute (1986) and Einmahl and Mason (1997), combined with the
functional delta method.

3. Case of unknown margins. In this section, we consider the general framework where
both Fi(.|]z) and Fy(.|x) are unknown conditional distribution functions. We want to mimic
what has been done in the previous section and transform to standard exponential margins. To
this aim, we consider the triplets

(— log <Fn,1(yi(1)|Xi)) —log (Fn,g(Yi@HXi)) X) Gi=1,..n

for suitable estimators F}, ; of F}, j = 1,2, and we compute the univariate random variables

. —log (Fn,l(Y;-(l)!Xi)) —log (Fn,2(Yi(2)|Xz'))
Zn i = min T , ; i=1,...n.

Then, similarly as in Section 2, the statistic

ntz

(3.1) To(K, a,t,\, B,7]xo) : 72Kh w0 — Xi) 78, e Znes,

is the cornerstone for the MDPDE, denoted f\l/a,n(t|x0), which satisfies the estimating equation

1 N~
(3.2) A ri(Aan(tzo)) = 0,
where Ag; +(.) is the first derivative of Apzos(.) and

X 1 1\ >
AO[,Q?O, 72.[{]1 x[) - {1 +a — (1 + a) e aaZn,t,z} i

The final goal is still the same, that is the weak convergence of the stochastic process

(3.3) {W (Amn(ﬂxo) . Ao(t|xo)) te o, 1]}.
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Again this result relies essentially on the asymptotic properties of the statistic Zv’n, and so the
idea will be to decompose

\/W <zv_’n - E[T}J) (Ka a,t, A, B, ’7|x0)’
into the two terms
(34) {, /P (Tn — ]E[Tn]) (K7a’t7 A’ ﬁ,’}/|l‘0)} + {W ([Tn — Tn] — E[Tn - Tn]) (K,a,t, /\,ﬂa’ﬂﬂfo)} .

The first term can be dealt with using the results of Section 2.2, whereas we have to show that
the second term is uniformly negligible.

To achieve this objective, let us introduce the following empirical kernel estimator of the unknown
conditional distribution functions

Z?zl Kc(l“ - Xi)]l{Yi(j)gy}
Z?:l Ke(z — X;)

where ¢ := ¢, is a positive non-random sequence satisfying ¢, — 0 as n — oo. Here we kept
the same kernel K as in the previous section, but of course any other kernel function can be used.

Fn,](y|x) = ’ .7 = 1727

Before stating our main results, we need to impose again some assumptions, in particular a
Holder-type condition on each marginal conditional distribution function Fj similar to the one
imposed on the density function of the covariate.

Assumption (F). There exist Mg, > 0 and nr; > 0 such that |Fj(y|z) — Fj(y|2)| < MF;|z —
2|5, for ally € R and all (z,2) € Sx x Sx, and j =1,2.

Concerning the kernel K a stronger assumption than (K1) is needed.

Assumption (KC2). K satisfies Assumption (K1), there exists 6,m > 0 such that Byo(6) < Sk
and K(u) = m for all w € By(d), and K belongs to the linear span (the set of finite linear
combinations) of functions k = 0 satisfying the following property: the subgraph of k, {(s,u) :
k(s) = u}, can be represented as a finite number of Boolean operations among sets of the form
{(s,u) : q(s,u) = @(u)}, where q is a polynomial on RP x R and ¢ is an arbitrary real function.
The latter assumption has already been used in Giné and Guillou (2002) or Giné, Koltchinskii
and Zinn (2004). In particular, it allows us to measure the discrepancy between the conditional
distribution function F}; and its empirical kernel version F, ;.

LEMMA 3.1.  Assume that there exists b > 0 such that f(x) = b,Vx € Sx < RP, f is bounded,
and (IC2) and (F) hold. Consider a sequence c tending to 0 as n — o0 such that for some ¢ > 1

| log |4
ncP — 0

Also assume that there exists an € > 0 such that for n sufficiently large

(3.5) inf A({ue Bo(1l):z —cue Sx}) > e,

JSGSX

where X denotes the Lebesque measure. Then, for any 0 <n < min(ng,ng,), we have

(y,2)eRx Sx ne?

log c|? )
sup [ (yle) — Fy(yla)| = op (max< [Log ] ,cn>>,fom=1,2.
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Note that the assumption f(z) > b,V € Sx, for some b > 0, is similar to the one already
used in Gijbels, Omelka and Veraverbeke (2015) and Portier and Segers (2015).
We are now able to study the second term in (3.4).

THEOREM 3.1. Assume that there exists b > 0 such that f(x) > b,Yx € Sx < RP, f is
bounded, and (K2), (D) and (F) hold together with condition (3.5). Consider two sequences h
and c tending to 0, such that for nh? — oo and for some ¢ > 1 and any 0 < n < min(ng,, NF,)

1 q
vVnhP ry, :=\/nhl’max( [logc] ,c’7> — 0,

ncP
asn — 0. Then, for all vy € R and (X, 3) € (0,00) x Ry or (A, B) = (0,0), we have

sup \% nhp j;n - Tn - E [Tn - Tn” (Ka a, t> )‘7 57 ’7‘:60) = OIP‘(I)'
te[0,1],a€(1/2,1]

Finally, the decomposition (3.4) combined with Theorem 3.1 and the results from Section 2.2,
yields the desired theoretical result of this paper.

THEOREM 3.2. Let a > 0. Under the assumptions of Theorem 3.1 and (Ap), with probability
tending to 1, there exists a sequence (Ea,n(ﬂa}o)) N of solutions for the estimating equation
ne
(3.2) such that

sup ‘A/am(ﬂivo) - Ag(t\xo)‘ = op(1).
te[0,1]

Moreover, for this consistent sequence, if v/ nhPh™0rM40) — (. the process
{Vih? (Aan(tlzo) — Ao(tlzo)) st < [0,1]}

weakly converges in C([0,1]) towards the tight centered Gaussian process {Ny,t € [0,1]} defined
in Theorem 2.4.

4. Simulation study. Our aim in this section is to illustrate the efficiency of the proposed
robust estimator for the conditional Pickands dependence function with a simulation study. We
assume that the conditional distribution function of (Y (1Y) given X = z is a mixture model
of the form

F.(y1,y2]x) = (1 — &) Fu(y1, yo|x) + eFelyr, yo2|x),

where € € [0, 1] represents the fraction of contamination in the dataset. The main distribution
Fy is the logistic distribution given by

_ _ T
Fy(y1, y2|z) := exp {— (y1 YL 1“) } , for y1,42 >0

and

Ag(tw) = (8 + (1= 1)"7)"
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where the covariate X is a uniformly distributed random variable on [0,1]. For this model,
complete dependence is obtained in the limit as | 0, whereas independence can be reached for
z = 1. Note also that the conditional marginal distributions of Y ) given X, j = 1,2, under this
logistic model are unit Fréchet distributions. Moreover, we can check that this model satisfies
conditions (D), (Ap) and (F). Two completely different types of distributions F, will be consid-
ered throughout the paper and additional examples will be given in the online supplementary
material.
e First type of contamination: Given X = z, the distribution function F is

1 o1 o1
Fo(y1,y2|x) = B {6 Niotet }ﬂ{ylzo,ygzo}-

The mixture based on this distribution F. is illustrated in Figure S2 of the supplementary
material. For this mixture, the contaminated points are on the axes.

e Second type of contamination: The distribution function F,. has completely dependent
unit exponential margins. Figure S3 in the supplementary material shows an example of a sim-
ulated dataset from this model. This time, the contaminated points are on the diagonal.

To compute the estimator lelayn, two sequences h and ¢ have to be chosen. Both are determined
by a cross validation criterion. Because of the very high computational burden of the cross

validations for sample sizes n = 1000, a random selection of size n, := n A 1000 from the
original observations is obtained, denoted {(Y T), 1/2-53)7 Xir)}i=1,..n,, and the cross validations

are implemented on these random subsamples Concerning ¢, we can use the following cross
validation criterion, already used in an extreme value context by Daouia et al. (2011):

Ny N ) 2
= argmmZ Z [ Y@<~ Fnr,i,j(Yk(,Jr)|Xi,r)] v J =12,
i=1k=1 R

ZTkLT:l Jk#i KEj (l' - Xk,r)]l{yk(fr) <y}

Zk 1 k?&Z ( - Xk,’l’)
Also the bandwidth parameter h is selected using a cross validation crlterion. In particular,

1 1
h —argmln ZZAan —4) t |XZT) <]_—{-_ (1+>6 ozn( z)(t | Xir) nt]zr) for a > 0
[0 «

he?—[nr i=1j=1

where C is a grid of values of ¢; and f’nh_m(y\x) =

h := arg min 22 log <A0n —i) (5] X e ~ Ao (—o (t1Xir) "%”) for a =0
heH nT' i=1j=1

~

where Aa’n’(_i) (t|z) denotes the estimator of Ag(t|z) obtained on all but observation i, Z, i
is as Zmﬁi but now calculated for (Y-(l) Y-(z) Xir), and

iro) Tar )

Z?:I Kﬁ(x - Xi)
Z?:l K]NL(‘T - XZ)Zt i

This criterion can be seen as a generalisation of a commonly used cross validation from the
context of local likelihood estimation (see e.g. Abegaz, Gijbels and Veraverbeke, 2012) to the

Agn(tlz) =
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context of local MDPD estimation.

After extensive simulation studies, we have chosen the grids C = {0.06,0.12,...,0.3} and
H = {0.02,0.03,...,0.06}. These choices provide a reasonable trade off between stability of the
estimates and accuracy of approximation by asymptotic results.

Concerning the kernel, each time we use the bi-quadratic function

K(z) = —(1— 1'2)2]1[_171] (z).

As an indicator of efficiency, we compute over a grid the L?-error in the estimation of the
Pickands dependence function A(.|x) as a function of z, i.e.

1 & 2
MISE(e, alz) := 742 Z [ ) (tlz) — Ao(tm\x)]

Here A/g)gn(tm\x) is our estimator of Ag(t,,|x) obtained with the i—th sample when the contam-
ination is €. We set t,, = m/50, m = 1,...,49. Our simulations are based on datasets of sizes
n = 1000 and n = 5000, and the procedure is repeated N = 200 times.

Figure 1 represents the MISE(e, a|z) as a function of ¢ € {0,0.025,0.05, ...,0.2} for the two
types of contamination (rows 1 and 2, and 3 and 4, respectively). From the left to the right,
three positions have been considered: x = 0.1, 0.3 and 0.5 for the first type of contamination and
x = 0.5,0.7 and 0.9 for the second type. Also, four different values of o have been reported: 0
(black), 0.1 (blue), 0.5 (green) and 1 (red), and two sample sizes: n = 1000 and n = 5000. Based

on these simulations, we can draw the following conclusions:

e As expected, the MISE curves show less variability for n = 5000 compared to n = 1000;

e If the percentage of contamination € is very small (in the range 0 - 0.025), the MISE
indicators are typically very similar, whatever the value of «. This result is a nice feature
of our method, because if there is almost no contamination then in principle one does not
need a robust procedure, but as is clear from these figures, the MDPDE performs similarly
to the maximum likelihood method (corresponding to o = 0), which is efficient (but not
robust);

e If we increase the percentage of contamination e, then it is crucial to increase the value
of a to 0.5 or 1 in order to have good results. Indeed, for increasing £ a small value of «
implies a drastic increase of the MISE;

e The MISE values are almost constant for a = 0.5 and 1, whatever the percentage of
contamination. This illustrates again the robustness of our method, since it means that the
methodology can handle a quite large percentage of contamination without deterioration
of the results;

e For the first type of contamination, the gain in MISE by taking v = 0.5 or 1 over &« = 0 or
0.1 is more important for small x than for large x. In this case the contamination is on the
axes (independently), and this is less disturbing for x close to 1, which corresponds also
to independence, than for = close to 0, which corresponds to complete dependence. For
the second type of contamination one can observe the opposite effect. The gain of taking
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a=0.50r1over @ =0 or 0.1 is more important for x close to 1 than for x close to zero.
Indeed, the perfectly dependent contamination is less disturbing for small z than for large
;

e Figure 1 gives us also some indications about the breakdown point of our estimator, which is
a common concept in the robust framework. Indeed the breakdown point can be interpreted
as the smallest € where the MISE indicator starts to increase. For o small, in the range
0 - 0.1, the breakdown point is very small, say ¢ around 0.025, while for a« = 0.5 and 1,
one can go to € = 0.15 or a larger value, depending on the type of contamination, which
illustrates again the nice robustness property of our method.

Next to the above mentioned MISE indicators, we also used our simulated data to compute
the empirical coverage probabilities of 90% confidence intervals based on the limiting distribu-
tion given in Theorem 2.4. These are given in Tables 1 and 2 for the first and second type of
contamination, respectively. From these tables we can see that

e When € = 0 then the empirical coverage probabilities are generally larger than 0.90,
meaning that the confidence interval based on the limiting distribution is conservative;

e For increasing e, the coverage probabilities generally decrease when « is small (0 or 0.1),
while for larger «, especially for a = 1, the coverage probabilities do not seem to be as
much affected by the contamination.

Since the main objective of this paper is to estimate the conditional Pickands dependence
function A(.|z), we also provide in the online supplementary material the boxplots of our es-
timator fvlan(\a:) based on 200 replications for the two examples of contamination introduced
above and two additional examples. These figures emphasize again the robustness properties of
our estimator.

5. Application to air pollution data. In this section we illustrate the practical applica-
bility of our method on a dataset of air pollution measurements. Extreme temperature and high
levels of pollutants like ground-level ozone and particulate matter pose a major threat to human
health. We consider the data collected by the United States Environmental Protection Agency
(EPA), publicly available at https://agsdrl.epa.gov/aqsweb/agstmp/airdata/download _files.html.
The dataset contains daily measurements on, among others, maximum temperature, and ground-
level ozone, carbon monoxide and particulate matter concentrations, for the time period 1999
to 2013. These data are collected at stations spread over the U.S. We focus the analysis on
the ground-level ozone and particulate matter concentrations. In order to estimate the extremal
dependence between these, we calculate the component-wise monthly maximum of daily maxi-
mum concentrations, and estimate the Pickands dependence function conditional on the covari-
ates time and location, where the latter is expressed by latitude and longitude. The estimation
method was implemented with the same cross validation criteria as in the simulation section,
including the same choices for C and H, after standardising the covariates to the interval [0, 1].
As kernel function K* we use the following generalisation of the bi-quadratic kernel K :

e

K*(x1, 19, 23) := K(x;),

=1

where x1, z2, x3, refer to the covariates time, latitude and longitude, respectively, in standardised
form. Note that K* has as support the unit ball with respect to the max-norm on R3. We
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Fic 1. MISE(e, alz) as a function of € € {0,0.025,0.05, ...,0.2} with o = 0 (black), o = 0.1 (blue), o = 0.5 (green)
and a =1 (red). First type of contamination: rows 1 (n = 1000) and 2 (n = 5000), = 0.1,0.3,0.5 from the left
to the right. Second type of contamination: rows 3 (n = 1000) and 4 (n = 5000), x = 0.5,0.7,0.9 from the left to
the right.
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TABLE 1
First type of contamination - coverage probabilities of 90% confidence intervals.
t=0.3 t=20.5 t=0.7
z=0.1 «@ 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1

e=001]095]095|096 | 098 | 0.95 | 0.96 | 0.96 | 0.97 | 0.95 | 0.96 | 0.96 | 0.98
n=1000 | e=0.1|0.69 | 0.77 | 0.92 | 0.93 | 0.50 | 0.64 | 0.88 | 0.91 | 0.67 | 0.78 | 0.92 | 0.93
e=02] 026 | 041 | 0.83 | 0.91 | 0.11 | 0.17 | 0.64 | 0.79 | 0.24 | 0.42 | 0.81 | 0.90

e=001]098|097 | 096 | 0.97 | 0.96 | 0.97 | 0.97 | 0.98 | 0.95 | 0.96 | 0.97 | 0.97
n=25000|e=011]0.14 | 0.28 | 0.84 | 0.90 | 0.06 | 0.12 | 0.69 | 0.82 | 0.13 | 0.29 | 0.84 | 0.90
e=0.21]0.02 | 0.05 | 0.55 | 0.83 | 0.00 | 0.01 | 0.16 | 0.51 | 0.01 | 0.03 | 0.56 | 0.80

t=0.3 t=0.5 t=0.7
z =03 o 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1

e=001]097 ] 098 | 093|093 | 096 | 0.96 | 0.95 | 0.93 | 0.94 | 0.95 | 0.95 | 0.94
n =1000 | e=0.1 | 0.70 | 0.80 | 0.93 | 0.96 | 0.71 | 0.80 | 0.93 | 0.94 | 0.70 | 0.82 | 0.95 | 0.95
e=021]029 | 045 | 0.86 | 0.94 | 0.20 | 0.40 | 0.78 | 0.85 | 0.27 | 0.47 | 0.84 | 0.92

e=0.0]096 | 095|094 | 094 | 094 | 094 | 093 | 0.94 | 0.96 | 0.95 | 0.94 | 0.94
n=2>5000 | e=01|014 | 033 | 0.87 | 0.93 | 0.15 | 0.35 | 0.81 | 0.86 | 0.17 | 0.41 | 0.85 | 0.92
e=0.21]0.01 | 0.04 | 0.57 | 0.83 | 0.01 | 0.02 | 0.41 | 0.63 | 0.01 | 0.03 | 0.55 | 0.83

=0.3 =0.5 =0.7
z=0.5 o 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1

e=0.01]0971] 099 | 098 | 0.97 | 0.97 | 0.97 | 0.97 | 0.95 | 0.96 | 0.97 | 0.97 | 0.98
n=1000 | e=0.1 | 0.77 | 0.85 | 0.91 | 0.95 | 0.76 | 0.84 | 0.91 | 0.94 | 0.79 | 0.83 | 0.95 | 0.94
e=021]0.511]069 |093]| 095|053 | 066 | 0.89 | 0.92 | 0.47 | 0.65 | 0.92 | 0.96

e=20.0]093 095|095 | 096 | 090 | 0.92 | 0.91 | 0.94 | 0.94 | 0.96 | 0.94 | 0.94
n=2>5000 | e=0.1]030] 053] 0911|095 | 0.39 | 0.56 | 0.90 | 0.91 | 0.31 | 0.54 | 0.93 | 0.94
€=0.21]0.04 | 0.10 | 0.70 | 0.87 | 0.06 | 0.11 | 0.66 | 0.80 | 0.05 | 0.08 | 0.69 | 0.86

TABLE 2
Second type of contamination - coverage probabilities of 90% confidence intervals.
t=0.3 t=20.5 t=0.7
z = 0.5 «@ 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1

e=0.0]096 | 096 | 097 | 0.96 | 0.94 | 0.93 | 0.96 | 0.96 | 0.96 | 0.97 | 0.96 | 0.96
n=1000 | e=0.1| 097 | 096 | 0.96 | 0.95 | 0.91 | 0.93 | 0.94 | 0.93 | 0.96 | 0.97 | 0.98 | 0.96
e=021]099 | 099 | 096 | 0.96 | 0.80 | 0.88 | 0.92 | 0.94 | 0.99 | 0.99 | 0.96 | 0.95

e=001]093]094 | 095|096 | 093 | 0.93 | 0.95 | 0.97 | 0.95 | 0.96 | 0.95 | 0.96
n=25000 | =0.11093 | 098 | 096 | 0.96 | 0.48 | 0.69 | 0.94 | 0.96 | 0.95 | 0.99 | 0.99 | 0.98
e=202]092 | 098 | 096 | 0.95 | 0.20 | 0.33 | 0.88 | 0.96 | 0.87 | 0.97 | 0.96 | 0.94

t=0.3 t=0.5 t=0.7
xz=0.7 o 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1

e=0.01]097 | 097 | 1.00 | 1.00 | 0.94 | 0.94 | 0.96 | 0.99 | 0.94 | 0.96 | 1.00 | 1.00
n=1000 | e=0.1| 098 | 0.98 | 1.00 | 1.00 | 0.76 | 0.84 | 0.96 | 0.98 | 0.96 | 0.95 | 1.00 | 1.00
e=021]098 | 098 | 1.00 | 1.00 | 0.55 | 0.70 | 0.94 | 0.99 | 0.98 | 0.98 | 1.00 | 1.00

€e=001]092]093|094 | 094|092 | 094 | 0.95 | 0.95 | 0.94 | 0.95 | 0.95 | 0.96
n=25000|e=011]081 1089 | 095|096 | 024 | 0.54 | 0.94 | 0.95 | 0.79 | 0.88 | 0.95 | 0.95
e=20.2|0.57 | 0.67 | 090 | 0.94 | 0.06 | 0.11 | 0.77 | 0.90 | 0.60 | 0.69 | 0.91 | 0.93

=0.3 =0.5 =0.7
z=0.9 o 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1

€=0.0] 1.00 | 1.00 | 1.00 | 1.00 | 0.99 | 0.99 | 1.00 | 1.00 | 0.98 | 0.98 | 0.99 | 0.99
n=1000 | e=0.1]091 ] 095|099 | 0.99 | 0.64 | 0.81 | 0.97 | 0.99 | 0.91 | 0.93 | 0.99 | 0.99
e=021]0.89 | 092|098 | 1.00 | 0.40 | 0.63 | 0.96 | 0.98 | 0.89 | 0.93 | 0.99 | 1.00

e=001]098]098|099 | 098 | 098 | 0.97 | 0.98 | 0.98 | 0.97 | 0.97 | 0.98 | 0.98
n=25000 | e=0.110.61 | 0.77 | 0.97 | 0.98 | 0.15 | 0.39 | 0.95 | 0.97 | 0.60 | 0.82 | 0.98 | 0.99
e=02]026| 044 | 092 | 0.95 | 0.01 | 0.09 | 0.74 | 0.91 | 0.24 | 0.42 | 0.91 | 0.96
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F1G 2. Air pollution data: time plot of the estimate for the conditional extremal coefficient (left) and estimate for
the conditional Pickands dependence function in April 2002 (right), o = 0 (black), o = 0.1 (blue), a = 0.5 (green)
and a =1 (red).

report here only the results for the city of Houston. Similar results can though be obtained for
other cities or regions in the U.S. In the left panel of Figure 2, we show the time plot of the
estimates for the conditional extremal coefficient over the observation period. The conditional
extremal coefficient is defined as n(z) = 24¢(0.5|z), and is often used as a summary measure of
extremal dependence. Its range is [1, 2], where 1 corresponds with perfect dependence and 2 with
independence. The time plot shows a seasonal pattern in the extremal dependence, and moreover
the extremal dependence seems to decrease with time. We also observe that the estimates for
a = 0 and 0.1 are similar, but different from those obtained with o = 0.5 and 1 (which are
also similar), indicating that the dataset contains contamination with respect to the dependence
structure. In order to get a better idea about the extremal dependence we show in the right
panel of Figure 2 the estimate of Ay(¢|x) for a particular month (April 2002). This plot shows
again estimates which are similar for a = 0 and 0.1, but different from those obtained with
a = 0.5 and 1 (which are similar), confirming our earlier observation that there are observations
which are contaminating with respect to the dependence structure.

APPENDIX A: PROOFS OF THE RESULTS

A.1. Proof of Lemma 2.1. Using the fact that for any x € RP the conditional distribution
function of Z; given X = x is an exponential distribution with parameter Ag(¢|z) and since
Aa + Ao(t|z) > 0, we have

A()(t|:r)
(Aa + Ag(t|z))B+1

(A1) E [Zfe—kazt

X=z| = T(B+1)
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Then
“xaz]| Ao (t|X)
]E|:-th(x0_)()ZtB6 A Z] - E[Kh(xO_X)F(IB+1)(>\a+£0(t|X))5+1]
B Ao(tly)
= I'(B+1) o Kp(zo —y) Dat Ao(ﬂy))ﬁﬂf(y)dy
B Ao (t|lzo — zh)
= I'(B+1) . K(z) O+ Ao(t]zg — 2h))PF1 f(zo — hz)dz

Ao (t|zo)

(A.2) = T+ i ey (o) (1 + (1),

The last transition in the above display follows since z € Sk and for n large enough, using the
continuity of Ay(t].) and f at zp € Int(Sx) non-empty, we have boundedness in a neighborhood
of x¢, allowing us to use Lebesgue’s dominated convergence theorem. Consequently

Ap(t]zo)
(/\a + Ao(t‘l’o

E[Tn(Ka a,t, )\,5,’7|3§‘0)] = a’yF(ﬁ + 1) ))54_1 f(.%’g)(l + 0(1))

Also, similar arguments yield

1 ||K|2 Ap(t|lxo) > T (28 + 1) f(x
Var(Tn(K7 a‘)ta A,,@,’y’l’o)) = W “ H2 (ggfll -?-)A()(t|flfo)ﬁ)2—iﬁ_+l) f( 0) (1 + 0(1)) = 0(1)7

from which the convergence in probability simply follows.

A.2. Asymptotic covariance matrix of the finite dimensional vector T,,. Our aim
in this section is to compute the explicit expression of the elements of the covariance matrix
Y = (0jk)1<jk<m given in (2.6). In this section we work under the assumptions of Lemma 2.1.
According to (A.2), we have

f(zo)T(B; + 1)
[Aj + 1P+ [Ao (t5]20)]

E | K (o — X) 2,0 e ol | (1+0(1)),

for 1 < 7 < m. In order to compute the cross expectation, we need to derive the conditional
distribution function of the pair (Z;,, Z,) given X = . Let u,v > 0

P(Zy, >u,Zy, >v|X =2) = P (Y(l) > max (1 — t;)u, (1 — tx)v), Y?® > max (tju,tkv)‘X = x)
= G (max (1 —tj)u, (1 —t)v) ,max (tju, tkv)‘x) .
Hence, for 7,k € {1,...,m}?, we have
(A.3) E [Kh(l’o . X)Ztﬁje—AjAo(tﬂwo)th Kh(xo N X)Ztﬂk e_)\kAO(tkll'O)Ztk]
j k

- E [K}Zl(xo _ X)]E I:ZtBjj 6—/\jA0(tj|1o)th Ztik 6*/\kA0(tk|x0)Ztk

XH

We focus now on the conditional expectation. Using (A.1) and the fact that

(A4) Pe _50(B) = JR ]l{z>u}uﬁ_1(6 — alu)e” M,
+
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we have

E [Ztﬁjje—)\jAo(tjlxo)th Zike—AkAo(tHfﬂo)Ztk

¥]
= E[ (g0 MO () (Zre w0 — b0 (31) )| X | = 5u(8)d0(5)

+00(5;)E [Ztik o~ Mk Ao(tk|z0) Zy, X]

X] + 60(/6k)E [Zgjef)‘jAO(tj\wo)th

., 00, w1 X o — 5005051

LBy + 1)

F(ﬁj + 1)
(A.5) +d0(55) [\e + 1861 [Ag (11| X)]P

[Aj + 1P+ Ao (51 X))%

+ 60(Bk)

Combining the continuity at xo and boundedness of the functions f, Ag(t|.) and G(u,v|.), the
expression of ¢, in (2.6) follows.

A.3. Proof of Theorem 2.1. First, remark that to show Theorem 2.1, it is sufficient to
look at the weak convergence of the process

(A.6) {Vnh? (T (K, Ao(tlo), £, ), B, lwo) = E [T (K, Ao(tleo). £, A, B,7l20)]) ¢ € [0.1]

since

A -B
Jimy sup Vb B [T(K, Aofto), 1,0, 500)) = T3+ D EESERT p )| = 0
Indeed, according to (A.2), we have
A v—8
BT, Aofthan). 0., Bofe)] - 16 + DEREE (oo
Ao(tlo — yh) Ay (tlo)

dy.

< T(B + 1) A (t|zo) L K(y)

— hy) — =0 10/
(Mo (t]zo) + Ao (t]zo — yh>)5+1f(l‘0 y) O 1)B+1f(x0)
Now, using Assumptions (D) and (Ap), we deduce that

Aoltlzo — yh) A5 (o)
()\Ao(tlxo)o+ A(?(t\xo —yh))BH flxo = hy) — Wf(l"o)

Ao(t|zg — yh) B Ag” (t]zo)
(Mo (t|zo) + Ao(tlmg — yh))A+L (A4 1)F+1

Ao(t|ro — yh)
(Ao (t|zo) + Ao(t|lzg — yh))B+1

_ O(hmin(n‘f MAg) )

|f (o —yh) — f(zo)| + (o)

for n large enough such that A < 1, with a bound which is uniform in ¢.

Then, to show the weak convergence of the stochastic process (A.6), we will use Theorem
19.28 in van der Vaart (1998). To apply this result, we need to introduce some notations. Define
the covering number N (F, L2(Q),7) as the minimal number of Ls(Q)-balls of radius 7 needed
to cover the class of functions F and the uniform entropy integral as

)
(6, F, Ly) = f \/logsgp N(F, Lo(Q), 7| Fllg.) dr,
0
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where Q is the set of all probability measures @ for which 0 < || F H2Q2 = (F2dQ < oo and F is
an envelope function of the class F.

Let P denote the law of the vector (Y)Y X) and define the expectation under P, the
empirical version and empirical process as follows

Pfi= ffdp, P.f := izn] F(O YK, Gaf = ViR, - P,
1=1

for any real-valued measurable function f.
For any v € R and (A, 8) € (0,00) x Ry or (A, 8) = (0,0), we introduce our sequence of classes
Fn as

fn = {(y17y272)ﬁfn,t(y17y27z)7te[oa ]-]}
= {(yl, ya2,2) = VAP Ky (2o — 2)[Ao(t]zo)] P [Ao(t]z0) Ze (y1, y2)] e Mo lilzo) Zelurv2) 4 e o, 1]} ’

1y1 5 y:) Remark that Z; = Z; <1~/(1), 17(2)) Denote now by F;, an
envelope function of the class F,, and for any y € Sx, define the bivariate function p,, : [0, 1> —
Ry as

where Z;(y1,y2) := min (

2
Py(tv s) = E [ (Ag(t|xo)Zfe‘AA°(t|z°)Zt _ Ag(S|$0)Z£€_>\AO(S|mO)Zs) ’X _ y} .

Naturally, p, defines a semimetric on [0, 1]? and since it is bi-continuous, it makes [0, 1] totally
bounded.

Now, according to Theorem 19.28 in van der Vaart (1998), the weak convergence of the
stochastic process (A.6) follows from the four following conditions

(A.7) sup  P(fus— fns)® —> 0 for every 6, \, 0,
pag (t,8)<dn

(A.8) PF2 = 0(1),

(A.9) PF{F, > ey/n} — 0 for every € > 0,

(A.10) J(0p, Fn, La) — 0 for every d, \, 0.

We start to prove (A.7). By definition, we have

Pl = [ 5778? (2) )
RP
K2(u) pro—nu(t, ) f(zo — hu)du

Sk

|K13.f (20)pay (. 5) + . K?(u) (20 — ) [pag—nu(t; $) = pag (¢, 5)]du

+Puo (t, 5) . K*(w)[f (20 — hu) — f(xo0)]du.
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By the Assumptions (D), (K;) and since pg, is bounded, it remains to show that

(A‘ll) sSup |pm0—hu(t7 S) — Pxo (tv 5)| — 0.
Paq (t:5)<on

Recall that
X = y]

py(tss) = [Ao(tleo) ] B | 2776 P00 Z X — | 4 [Ag(s]o)[ B [ 727 2o (eke0) 2

Xzy].

—2[Ao(t]zo) Ao (s]z0)] " E [zfe—mo(t\mzt 78— Molsla0) Zs

Such expectations have been computed in (A.1) and (A.5). Using the mean value theorem
combined with the boundedness of Ay(.|.) and Assumption (Ap), we can easily infer that for all
(y,y') € By (1) X By, (1), we have

sup |py(t,s) — py (t,s)| < Cly — /|,
(t,)€[0,1]2

for some positive constant C. This implies (A.11) and thus (A.7) is established.

Now, we move to the proof of (A.8) and (A.9). Since the function x — 2%e~* is bounded

over Ry by (/M) e=# and Ag(t|zo) € [1/2,1], F,, admits the natural envelope function
(A.12) (Y1, y2,2) = Fuly1,y2,2) := VAP Ky (20 — 2) M,

B
where M := (f) e P max(1,2°77). Consequently

PR = [ K (mh‘“) Fluydu = M2 [ K2() (w0 — hu)du = M2|E|3 (20)(1 + o(1)),
RP Sk
PF2{F, > ey/n} = M2J K2(u) f(zo — hu)du = 0,
{K(u)>M~1ev/nhpr}

for all ¢ > 0 and n sufficiently large, since nh? — oo, K satisfies Assumption (K1) and f is
continuous.

Finally, it remains to prove (A.10). First, we introduce the class of functions W := {(y1, y2) —
Ao(t|mo) Zi(y1,y2), t € [0,1]} and its subgraph o; in R2 x R as

or = {(u,v,w) : Ao(t|zo) Z(u,v) > w}

o A ) ) )

We can show that {0, : t € [0,1]} is a VC-class of sets. Indeed, if we look more generally, at the

collection of sets C := {{(z,y) : 0 > y},d > 0} in Ry x R and if we define two points (z1,y1)

and (xg2,y2) such that, without loss of generality, La < 92 Then, for any 6 > 0, dze = yo
T X9

implies that dx1 = y;. Thus, C cannot shatter the set {(x1,¥1), (x2,y2)} and by consequence it is

a VC(C-class of sets. Now, the collection of one set R, is naturally a VC-class of sets. According

to Lemma 2.6.17 (vii) in van der Vaart and Wellner (1996), C x R, is aVC-class of sets as well.
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Invoking Lemma 2.6.17 (ii), {0t : t € [0, 1]} belongs to a VC-class and as such is VC. Define now
for all ze R4

O p(z) = Pz,
We can easily check that ¢, g is of bounded variation. This implies that ¢y g can be decomposed

as the sum of two monotone functions, say <Z>(>\1)5 and qﬁg?)ﬁ. Thus, according to Lemma 2.6.18

(viii) in van der Vaart and Wellner (1996), qﬁf\lzg oW and qﬁE\Qg oW are VC. Now, according to
Theorem 2.6.7 in van der Vaart and Wellner (1996), there exists a universal constant C' such
that forany j =1,2and 0 <7 < 1

. 2(V;—1)
sup V(6K 0 W La(Q), TTWjl2) < CVi(160) " () |

T

where V} is the VC-index of qﬁg\j }3 oW and W; its envelope function. Now, consider the sequence
of class of functions

Fnji=1{z = VhPKp(z0 — 2)} ® ‘b% oW,

for 7 = 1,2, where ® denotes the direct product between the two classes involved. Since we only
update the previous sets with one single function and only one ball is needed to cover the class
{z > VhPK}(xo — z)} whatever the measure @, we have

v (1 2(v;=1)
up N (Foj, L2(Q), TlsFallgz) < CV3(160)" () |

T

where £ is a suitable constant. Moreover since supe[o 1] [Ao(t|20)]"# = max(1,2°77), for any
0 < 7 < 1, the minimal number of balls of radius 7 max(1,2%7) needed to cover the interval
[0, max(1,2°77)] is [1/27]. Hence

sup N ({[o(tlz) 7, € [0, 11}, Lo(Q), 7 max(1,2°~7)) = [217] < g <1>2,

T

Consequently, we have

3C 1\
sup N({[Aalthen)] "™, € (011} © . La(Q) 7max(1, 25 ) ) < 5 V3160 (1)

Finally, since our class of interest JF, is included in the class of functions
Fu = A{[Ao(tlwo)] 7, ¢ € [0, 11} ® F1 + {[Ao(tlwo)] 7, ¢ € [0, 1]} © Fro,

with envelope function 2max(1,2°~7)kF,, using Lemma 16 in Nolan and Pollard (1987), we
have

sup N (Fp, L2(Q), 2T max(1, 2'377) |kFullg2) < sup N(ﬁn, L2(Q), 2T max(1, 2*8*7) |kFn]g.2)
Q Q

2 4 2(Vi+Va)

O

N
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Thus, (A.10) is established since for any sequence 6,, \, 0 and n large enough, we have

on
J (O, Fn, L) < f \/Iog([2/§ max(1,20-7)]VL) — Vlog(r)dr = o(1).
0
This achieves the proof of Theorem 2.1 since the covariance structure follows from (2.6).

A.4. Proof of Theorem 2.2. To prove this theorem, we will make use of the Cramér-Wold
device (see, e.g., Severini, 2005, p. 337), according to which it is sufficient to show that

= ¢"V/nh? (T, — E[Ty]) ~ N7 (0,£75¢)

for all £ e R™. A stralghtforward rearrangement of the terms leads to

1 — Zm A . v
An = - Z nh? { il Ao(tj]wo) ] Kn(zo — Xz‘)Z{sH.]z'e_/\jAO(tg|$0)th”’
n R
i=1 j=1

—E [Z [ Aot;|x0)]" Kn(wo - Xi>zZ’;ie—A‘on<wlzoﬂw] }

j=1

13
= ﬁ;WZ

Since W1, ...,W,, are independent and identically distributed random variables, Var(A,) =
7Var(W1) with

n

m m
Var(W7) Z Z §i&kCyik,

where
Cir 1= E [(Aoltslwo)) (Ao(telwo))™ K3 (mo — X)Zy) e A0lake0) 2t 70k = altalen) 2, |

—E [(Ao(tj’f’?o))”Kh(xo - X)Zgje_AjAO(tj‘IO)th] E [(Ao(tk!xo))%Kh(xo - X)Zike_AkAO(tkle)Zt’“] '

According to the computations in Appendix A.2, Var(A,) = £€72¢(140(1)). Hence, to ensure the
convergence in distribution of A, to a normal random variable, we have to verify the Lyapounov
condition for triangular arrays of random variables (Billingsley, 1995, p. 362). In the present

1
context this simplifies to verifying —2E(|Wl|3) — 0. We have
n

m 3
IE(|W1|3) < n32p3Pl2 ) E <Z €51 (Ao (t5]0))7 Ky (z0 — X)Ztﬁjje—)\]’AO(tj$0)th>
j=1

m 2
+3E (Z 1651 (Ao(tj]z0)) Kn(zo — X)Zgje‘AfAO(t”“)th)

Jj=1

m
[Z |(Ao(tj|z0))" Kp(xo — X) ijfefwo(tmo)zt

m 13
+4 [E <Z 1€51(Ao(t]20)) (o — X)ZgjeAjAO(t”‘”O)Z%)

Jj=1
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A similar treatment as for (A.3) yields for all postive integer ¢

m q
E KZ 1651 (Ao(#;120)) 7 K (o — X)ZZfe—AfAO(t”O’fo) ]

j=1

m q
- E (E [(Z 1651(Aoltyl0)) K (0 — X)Zf;e“jf““tm)ztj)

j=1
— E[K!(x0 - X)Q(X)]

il

where the explicit expression of Q(X) can be obtained similarly as for (A.5). Hence

m q
E[(Z |§j|(A0(tj\a:0))7th(x0—X)ZgjeAjAO(tij)th) ] - % K (“;”) Q(u)f (u)du

j=1

= (hP)te . K1(2)Q(xo — zh) f(xzog — zh)dz
= o))

by continuity and boundedness of the functions. Consequently
1g 3) = Vnhr)7l) =
(IW]?) = O ((Vnh?)™" ) = o(1).

A.5. The derivatives of Aa,wo,t and their asymptotic properties. Straightforward
computations for a € [1/2,1], a > 0, give

n

~ ~ 1
Ag,)woyt(a) = aa_lAa,zO,t(a) +a%(1+ a)ﬁ 2 Kp(xo — Xi)Ztyie_“aZ“,
i=1
ﬁﬁio,t(a) = _1ASZED (a) — aa_zﬁa’zo +(a) + a(a+ 1a Z n(zo — Xi)(1 —aZi ;) Zy e —aaZui
~(3 32 1R 221
AD @) = a (207 B0 e(0) +a AP, (@) —2072A0) (@) )
a2
+(a—Dafa +1) Z Kp(zo — — aZ4 ) 2y e P
-1 n
ala+1)2 Z Kn(zo — Xi)(a(l — aZy;) + 1) Z7 e~ %0

The convergence in probability of the two first derivatives of Aa,xo,t is therefore a direct appli-
cation of Lemma 2.1, which yields as n — o0

AL (Ao(tlzo) > £, (Ao (tlwo)) = 0,
~ a2
A (A0 2, (Aoltizn)) = o Ao(tlan))" 2 (o).

Now the rate of convergence of AY) (Ao(t|xo)), 7 € {1,2}, to its limit is also useful to study

a,x0,t
(2.4) and thus to reach our final goal. The aim of the next corollary is to provide such a rate.
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COROLLARY A.l. Under the assumptions of Theorem 2.1, then for any j € {1, 2}, the process
{Vinw (B9, (Ao(tlao)) — £, (Ao(tlzo))) st € [0, 1]}
weakly converges in C([0,1]) towards a tight centered Gaussian process. In particular, we have

s [R (Ao(thao)) = €, o(Ao(tlan))] = oz(0)
E

Proof of Corollary A.1. As usual, it is sufficient to show the finite dimensional convergence
and the tightness of the process. Using Theorem 2.2 we directly solve the finite dimensional
convergence issue. Next, Theorem 2.1 combined with (A.6) implies tightness for any process
t — /nh? (T, — B[T,]) (K, Ao(t|z0),t, X, B,v|xo) and similarly as in Lemma 1 in Bai and Taqqu
(2013), we have tightness for any multivariate process with similar coordinates. Corollary A.1
then follows.

A.6. Proof of Theorem 2.3. To prove the theorem we will adjust the arguments used
to prove existence and consistency of solutions of the likelihood estimating equation, see e.g.
Theorem 3.7 and Theorem 5.1 in Chapter 6 of Lehmann and Casella (1998), to the MDPD
framework. Let (,b >0, C(.|.) : [0,1] x Sx — [1/2—(,1+ (] and Yt € [0,1], r(t) := |Ao(t|x0) —
C(t|xo)|. Define in addition the b-level of r as

={te[0,1], r(¢t) > b}.
We firstly show that for any b > 0

(A.13) P (Ve Th Auui(Ao(the0)) < Baaos (Clta0))) — 1,

as n — o0, for any function C(.|zg) different from but close enough to Ay(.|z¢). By applying a
Taylor series expansion, we have

R t(C170)) — Baaga(Aoltleo)) = (Cltlao) — Ao(tlm0)) AL, 4 (Ao(tlro)) + 2 (Cltlo) — Ao(tlzo)*AL,, 4 (Ao (tlo))
5 (Cltheo) — Aoltheo)) AL, (C(tlao)),

where C(t|zo) is an intermediate value between C(t|xo) and Ag(t|zq). According to Appendix
A5, asn —

Ao(tloo))] = sup B0z (Ao(tlzn)) = £ (Ao(thzo))| 0.

Sup ‘Aa xQ, t(
This convergence implies, that for all 0 < & < b?

B (vee T, (0 AL, (Ao(tlao) < (1)) > P(vteTb,|AgLOt<Ao<t|xo>>|<r2<t), sup ASLUt(Ao(tlwo)]és)

te[0,1]

= P ( sup As,zto,t(Ao(ﬂZEo)‘ < 5) —1,
te[0,1]
as n — 00. Now, concerning AEY )xo +(Ao(t|zo)), we have

sup [A%), ,(Ao(tlao)) — €, (Ao(tlzo))| -0,
t€[0,1]
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as n — 0. Consequently, there exists d; > 0 such that

2
) ~
vie[0,1], 2( JAD (Aoltleo)) > 17 (1),

with probability tending to 1.
Finally, since z — z*e™ is bounded VA > 1 on R* and by Lemma 2.1

n

Z n(wo — Xi)— f (o),

To(K, a,t,0,0,0]z0) =

B\H

as n — o0, we have for any ¢ > 0, n= ' > | Kp,(zo — X;) < f(zo) + & with probability tending
to 1. This implies that
(A.14) sup ‘Aa z0t

)‘ =M <
ae[1/2—¢,1+¢],te[0,1]

with probability tending to 1. We can therefore conclude that

vt e [0,1],

with probability tending to 1.
Overall, we have shown that

P (w €Ty, Apagt(C(tz0)) — Agag.i(Ao(tzo)) > 61702 (t) — (1 + M) r3(t)) —1,

as n — 00, where the right-hand side of the inequality is positive for r(t) < 61/(1 + M/6).
Thus, setting

sup r(t) < 61/(1+ M/6),
te[0,1]

(A.13) follows.

To complete the proof we adjust the line of argumentation of Theorem 3.7 in Chapter 6 of
Lehmann and Casella (1998). Take 0 < § < ¢ and define the event

S (6) := {w €10,1], Aaags(Ao(tlzo)) < Aaaye(Ao(t|zo) + 5)}.

For v € S,(0), since Aam,t(a) is differentiable with respect to a, there exists ga7n75(t\x0) €

(Ao (t|xo) — 9, Ao(t|zo) + &) where Aam,t( ) achieves a local minimum, so A(a ;0 t(Aa,ny(;(t’xo)) =
0.

By (A.13), P(S,(6)) — 1 for any small enough 4, and hence there exists a sequence &, | 0,
such that P(S,(d,)) — 1, as n — oo0. Now, let Aa,n(t\xo) = Aans, (tlxo) if v e S,(d,) and
arbitrary otherwise. Since v € S, (d,,) implies AW (Aa,n(t|a:0)) = 0, we have that

o,x0,t

axo,

P (AL (Aan(tlzo)) = 0) = P (Su(dn) — 1,
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as n — o0, which establishes the existence part. Note that the measurability of the local min-
imum can be verified in the same way as it is done in the framework of maximum likelihood

estimation (see e.g. Serfling, 1980, p. 147).

Concerning now the uniform consistency of the solution sequence, note that for any € > 0
and n large enough such that é,, < e, we have

P| sup
te[0,1]

te[0,1]
= P(Sn(dn)) -1,

A n(tlzo) = Ao(tlzo)| < g> > P ( sup | Aa.n(t20) — Ao(tlo)| < 5n>

as n — o0, whence the uniform consistency of the estimator sequence.

A.7. Proof of Theorem 2.4. The starting point is (2.4). According to Corollary A.1,
{\/nhpﬁgzco’t(Ao(t\mo)), t €0, 1]} weakly converges, as n — o0, towards a tight centered Gaus-

sian process and

{22

(Ao(tleo)) e [0,11} > {2 (Ao(tlao)), t e [0,1]}

Combining these results with (A.14), we have, as n — o0,
NG 12 ~ n -
{[A&,éo,tmo(ﬂxo» + A0 1(Altla0) (Aan(thro) - Ao<t|xo>>] telo, 1]}

-1
[, aotdenn)] e o}
Concerning the covariance structure, it follows from Theorem 2.2 and the fact that

AW (Ao(tlzo)) = oI TP (tao),

a,z0,t

where

Tn(K7 AO(t’xO)vta 07 07 o — 1|I’0)
T3 (tzo) := | Tn(K, Ao(t]zo),t, , 0, 0 — 1| zp)
Tn(K7 AO(t|'T0)7t7047 1,0é|330)

A.8. Proof of Lemma 3.1. We use the following decomposition

Foj(ylz) — Fi(ylz) = fntx) {Tll ;Kc(l“ —Xi)lyo g, —E [Kc(l’ - X)H{Y(.i)gy}]}
_fnix) {:z 21 Helw =~ R [H{n(f)sy}‘Xi] B[R = Xy, }
— {1 3 Kola — X0) [Fy(y|X,) - F]-(yra:)]}
f’fl<‘r) n =1
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where

3\*—‘

n
2, Kol -
denotes the kernel density estimator of f.

We start by showing that, for some g > 1,

n

) | | ~ B . B |log c|?
(A15) (y’x)seuﬂg)xsx n ;KC(LE — Xz)]l{Yi(])Sy} E [Kc(l' X)]I{Y(J)gy}] = op ( neP > )

log c|?

A16 T Kele = X)) —E[Ko(z = X)) = |

(810 s B o-mien) - o (5E)

B , _ | log ¢|*
(A. %Zl)sgﬂgxsx Z K.( [Il{ym< }’X] E [Kc(x — X)]l{yu)gy}] = op ( e ) .

To this aim, let us introduce the class

r—v

g = {(uﬂ})—>K< ] >ﬂ{u<y};y€R,[L’ESX,d>O}

= {K (i) ;T ESy,d> O}@{ﬂ{.gy}; yeR}

= G1®0s.

Under Assumption (K3), Gy is a uniformly bounded VC-class of measurable functions (see e.g.
Giné and Guillou, 2002). Next, since the collection of all cells {(—00,a],a € R} is a VC-class
of sets, it follows that Go is also a uniformly bounded VC-class of measurable functions. Now,
using the fact that the covering number of the direct product of two V(C-classes is bounded by
the product of the respective covering numbers,

gn = {(uﬂ))—»K<$;v> ﬂ{ugy};yeR,xeSX,c:cn>0},

admits the same bound for the covering number as G, that is

2(Vg—1) v
NGy Lo(Q), 7K |1 < C Vi(166)% (i) L <Ag) g

T

where C' is a universal constant, 7 € (0,1) and Vg is the VC-index of G (see Theorem 2.6.7
in van der Vaart and Wellner, 1996). Now, according to Proposition 2.1 in Giné and Guillou
(2001) (see also Theorem 2.1 in Giné and Guillou, 2002) for 02 > sup,g, Var(g), U = | K|
and 0 < o0 < U, there exists a universal constant B such that

n

nt Y Ke(z - Xi)lyw g,y —E [Kc($ - X)]l{y(a'><y}] u

i=1
Uvg log (UAQ> + \/Vgn02 log (UAQ> ] .
o o

E sup
(y,z)eRx Sx

< [nP]7'B
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Since
z—X 2 P 2
Var ( K| —— | Ly ) < K (u) f(z = cu)du < | flloo | K2,
K
the choices 02 = 02 := | f||lw| K% and U = ||K|s imply that o2 < U? for n large enough.

This yields (A.15). Similar arguments can be used in order to show (A.16). Also (A.17) can be
shown similarly, though with a refinement as used in Portier and Segers (2015), p. 23.

As for f,(z) we use (A.16), and obtain f,(z) = E(fa(z)) + op(+/|10g c|/(nc?)), where the

op term is uniform in z € Sx. By using the assumptions on K, f, and (3.5) we derive, for n
sufficiently large, the following uniform lower bound

E (fn(a:)> = J{ZGS s K(z)f(x — zc)dz

= bf K(z)dz
{z€Bo(8):x—czeSx }

> bmA({z€ By(d):x—cze Sx})

> bmdPe.

Whence {T}(y|z) — Tg(y|a7)}/fn(:n) = op(+/|log c|9/(ncP)), uniformly in (y,z) € R x Sx.
Concerning T3(y|z) we obtain for x € Sx the following direct bound

|Ts(ylz)| 1 1

R o { = Ke(r — X3) |Fj(y|Xi) — Fy(ylz)]
fn(2) fn(@) ni:HI—ZXiSC
< MFanFj.

Combining the above results establishes the lemma.
A.9. Proof of Theorem 3.1. Let
In = {g@,é,n :0e @,56 H}

where for 6 := (t,a) € © :=[0,1] x [1/2,1], and § € H := {§ = (61,02); 6 : R x R x Sx — R?},

90,650 (Y1, y2,u) = VhPKp (w0 — u)ges(y1, yo, u)
= VhPKy(zo — u)a[Zo.5(y1, ya, )]’ exp (—XaZp 5 (y1, y2, 1))

with

Zastonn) o= i (020D, ~log ()}

1—-t¢ ' t

For convenience, denote &, := (Fy 1, Fy2) and 6p := (F1,F5). According to Lemma 3.1,
718, — 8g| converges in probability towards the null function Hy := {0} in H, endowed with
the norm ||&]z := [d1]c + [02]lso for any & € H. In order to apply Theorem 2.3 in van der Vaart
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and Wellner (2007), we have now to show

Assertion 1: supyeg +/nPGy(0,b,) —> 0 for every b, — 0

and

Assertion 2: supyeg |GnGr(6,0)] £, 0, for every b > 0,
where G, (6, b) is the minimal envelope function for the class

gn(ea b) = {99,50+rn5,n - 96,60,n : 6 € Ha HEHH < b} 9

i.e.
Gn(0,b) = sup |96,60+rn6,n — 96.50.n]
6] z<b
(A.18) = VhPKp(xo —-) H S”up 190,60+ — 40,50
) HSb

Now, remark that V(y;,y2,u) € R x R x Sx

sup |Q(9,60+r"6 - %,60 | (yl) Y2, U) = sup |q9,50+7’n5 - q@,(so | (yl7 Y2, u))
18] m<b (61 (y1,92,u),62(y1,y2,u))eB

where B := {(z,y) € R? : |z| + |y| < b}. Since B is compact and & — gg 5(y1, y2,u) is continuous,
(A.18) reaches its supremum on at least one position 85, (y1, Y2, u) = (87 4., (y1, Y2, u), 05 g (Y1, y2, 1))
in B. Thus, according to Theorem 18.19 in Aliprantis and Border (2d0’€3), one can find a mea-
surable function d;, bounded by b in H such that

Gn<97 b) = ’99,60+Tn5’9"7b,n — 96,60,n

Proof of Assertion 1. For any positive sequence b, — 0, we have
VAPG(0,by) = Vv | K(wE [yq9750+,,n5§b — o6 || X = 20 — hu] F(zo — hu)du.
SK »Yn
Note that for any (8,8") € H x H, using (A.4)

400
—1_-X
(A.19) |Q9,5—Q(9,5/| < Cﬂfo |5—)\a5\56 le asﬂ{se[min(zg,é,29,5,),max(zgﬂ,;,zml)]}ds-

Consequently

E [\q9,50+rn5;’jbn — 49,50/| X = 20 — h“]

+0
< CﬂJ |8 — Aas|s?~leras P (s € [min(Z0,50+rn6§‘b 220,805 max(Zg750+rn53<b 2 Z9.60)]| X =20 — hu) ds.
0 Yn Yn
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Remark now that
{3 € [min(Zp 5o+r,8%, +20,60)s max(Zp 50r,8%, Z9,50)]}

[ 1 1
= {e—s € | min <max (’Fl + rnéi"g’bn‘ — |F2 + rn(;;ﬁ’bn‘ t) ,ma

N 3 S
max <max (|F1 + rn6f797bn|1—t , |F2 + Tn(S;,G,bn| t) , max (Fl -t F2t>):| }

i
P
s

i
NTJ?-\H
~
N————

1

1 1
min (’Fl + o] 91;”’1 LR > ; ax <|F1 + 7087 gy, | ,Ff‘t>]}

1 1 1 1
v {e_s € [min (‘Fg + 103 04, | ’F2t> , Max (‘FQ + 100504, | 7F2t>:|}

)omax(|Fy + bty |, F1)]}

- {e—(l—t)S € [min(|Fy + 7,07 g, |

U {e™™ € [min(|Fy + 7039, |, Fo), max(|Fo + a3 g, |, F2)]}
- {ef(lft)s c [Fl — b, F1 + mpby, } {e FQ — rpbn, Fo + T’nbn]}
=: An,l(s) |\ An72(8).

Since for any subsets A and B we have 1i4,p) < {4} + 1p), we can deduce that

P (s € [0in(Zg 5,015, > Z0.00)smX(Z g 4,58, + Z0.00)]IX = 20— hu)

<P(4, ()|X—x0—hu)+]P’( 2(8)|X =20 — hu)
1

1
= L H{e_(l_t)se[v*"'nbn,U+’f‘nbn]}dv + L ]l{eitse[v_rnbn7U+7”nbn]}dv
(A.20) < 2rpby + 2rpb, = 4r,by,.

This implies that

VnhPE [|%,50+rn5;bn — 46,5,

o0
X =x9— hu] < 4\/mrnbn sup J CLW|,8 _ )\as|5ﬂ—le—)\asd5‘
ae[1/2,1]

This achieves the proof of Assertion 1 since K is bounded, sup,ery 2,1 SSO aY|B—Xas|s? e ds <
400, vV/nhPr, — 0 and b, — 0.

Proof of Assertion 2. The idea is to apply Lemma 2.2 in van der Vaart and Wellner (2007).
To this aim, first observe that the class &, (0, b) admits an envelope function E,, of the same form
as F,, in (A.12), for some suitable constant M > 0. Thus E,, satisfies the conditions (A.8) and
(A.9), with F), replaced by E,. Consequently, it remains to show the two following convergences

(A.21) sup PG2(0,b) — 0,
0e®©
(A.22) J(dp, {Gn(6,0) : 0 € ©} ,Ly) — 0 for all d,, \, 0.

We start to show (A.21). Since

PG%(H, b) = . Kz(u)E (’q0750+7'n6;kb — q9,50]2 X =x9— hu) f(xo — hu)du,
. \
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and (A.19), (A.21) follows from the proof of Assertion 1.

Now, to deal with the uniform entropy integral, we can adjust the lines of proof of Theorem
2.1 by considering the classes of functions defined on R x R x Sx

¢g\j)ﬁowokpv J = 1727
where W is either the function

(y1,y2,u) — (= log(Fi(y1|u)), — log(F2(yz2|u))

or

(y1,y2,u) — (—log (|Fi(y1lu) + rndf g (1, yo, w)|) , —log (|Fa(y2lu) + rads gy (y1, y2,uw)|))

which are VC-classes. This allows us to prove that there exist positive constants C' and V' such
that

14
sup N(Ga(0,8) 10 £ 0] La(@) 7Bl < € (1)

from which (A.22) follows. This achieves the proof of Theorem 3.1.

A.10. Proof of Theorem 3.2. One can check that the proof of Theorems 2.3 and 2.4 are
AG)

o,x0,t?

mainly due to the asymptotic propertles of A j =1,2 and 3. Thus, if we are able to prove

that the two key statistics 7,, and Tn are sufficiently close enough, in the sense that

(A23) sup nh? vn —dn (K,Cb,t, )‘7 B”ﬂxﬂ) = OP(1)7
te[0,1],ae(1/2,1]
and
(A24) sup \/nhpE[ vn_ n ] (K,Cb,t,)\,ﬂ,’ﬂl‘o) = 0(1)’

te[0,1],ae[1/2,1]

then we can swap Ag)x + by Ag)xo ¢+ J =1,2 and 3. According to Theorem 3.1, (A.23) is a direct

consequence of (A. 24) So it remains to prove (A.24). Note that

\/WE[]—

n](Kaa‘at:)‘aﬁa’y‘xO) = \/ﬁE

n ~
Z [’\/ hpKh xro — )a ZB _)‘azn’t’i

n,t,i€
VK (o — Xi)aVZfie_)‘“Zf’i] ]
VnE _‘99,57“71()/(1)7 Y, X) = go.50m (Y, Y(Q),X)H
< V/nPG,(6,b),

{6 : |0]| g < b}. This implies that

N

since 8y, € 8o + m,3(0,b) where B(0,b) :

sup \/nhpE[ I, — T, ] (K,a,t,\, B,7|zg) < sup V/nPG,(0,b) = o(1)
te[0,1],a€[1/2,1] te[0,1],ae[1/2,1]

by Assertion 1 since it is clear from its proof that b, — 0 can be replaced by any fixed value b
in (A.20) without changing the conclusion. This achieves the proof of Theorem 3.2.
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