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Abstract

We consider the estimation of the tail coefficient of a Weibull-type distribution in the
presence of random covariates. The approach followed is non-parametric and consists of
locally weighted estimation in narrow neighborhoods in the covariate space. We introduce
two families of estimators and study their asymptotic behavior under some conditions on
the conditional response distribution, the kernel function, the density function of the inde-
pendent variables, and for appropriately chosen bandwidth and threshold parameters. We
also introduce a Weissman-type estimator for estimating upper extreme conditional quan-
tiles. The finite sample behavior of the proposed estimators is examined with a simulation
experiment. The practical applicability of the methodology is illustrated on a data set of sea
storm measurements.

Keywords: Extreme value statistics, Weibull-type distribution, regression, second order
condition.

1 Introduction

The estimation of the tail index of a distribution plays a central role in the area of extreme
value statistics. It is typically the first step in a practical data analysis, since such an estimate is
needed in e.g. models used to estimate upper extreme quantiles. In this paper, we will consider
some estimation problems within the Gumbel class, which is a rich subclass of the max-domain
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of attraction. Although different types of tail behavior are possible, all these distributions have
in common an extreme value index v equal to zero and thus differentiating them on the basis
of this parameter alone is impossible. To solve this issue, we restrict our study to Weibull-type
distributions, which have distribution functions F' defined for some 6 > 0 as

1—F(y) = exp(—y"/°0*(y)),  y>0, (1)
where £* is a slowly varying function at infinity, i.e.

(\y)
*(y)

The parameter 6, called the Weibull-tail coefficient, clearly governs the tail behavior, where
larger values correspond to a slower decay of 1 — F' towards zero. Different values of it allow
the Weibull-type distributions to cover a large part of the Gumbel class, and hence to consti-
tute a flexible subgroup. The model finds important applications in areas such as hydrology,
meteorology, environmental and actuarial science, to name but a few. For a given data set one
can evaluate the adequacy of the Gumbel class by performing a test for v = 0 versus v # 0,
see e.g. Segers and Teugels (2000). The more specific Weibull-type class can be visually eval-
uated by an inspection of the Weibull quantile plot, which should become linear in the largest
observations. Goegebeur and Guillou (2010) introduced a formal goodness-of-fit test for the
semi-parametric Weibull-type model based on a quantification of the linearity of the upper part
of the Weibull quantile plot. In the analysis of univariate Weibull-type tails, the estimation of 0
and the subsequent estimation of upper extreme quantiles assume a central position. We refer
to Broniatowski (1993), Beirlant et al. (1995), Girard (2004), Gardes and Girard (2005, 2008a),
Diebolt et al. (2008), Dierckx et al. (2009), Goegebeur et al. (2010), Goegebeur and Guillou
(2011), and the references therein.

— 1 as y — oo for all A > 0.

In this paper we will consider the estimation of the Weibull-tail coefficient and of upper
extreme quantiles when a random covariate X is recorded simultaneously with the variable of
interest Y. Thus, we do not consider the classical experimental situation where the researcher
can control X and then subsequently observe Y. Instead, X and Y are observed together, and
therefore X is considered to be random. Having methodology that allows to take covariate
information into account in an extreme value analysis is important as it enables one to differen-
tiate the tail behavior in terms of one or more risk factors. Our approach to this regression on
extreme values is non-parametric and based on locally weighted estimation.

The regression analysis of extreme values with fized, i.e. nonrandom, covariates has been
extensively considered in the extreme value literature in a parametric, semi-parametric or non-
parametric way, but mostly in the case of Pareto-type distributions. On the contrary, the
development of extreme value regression methodology with random covariates is still in its in-
fancy. Some methodology has been introduced but again focusing on the case of Pareto-type
distributions. One has to wait for Daouia et al. (2013) for a non-parametric estimation method
that is valid in the general max-domain of attraction. In the present paper, we will develop a
methodology for estimating the tail coefficient and upper extreme conditional quantiles for the



class of the Weibull-type distributions, which, as mentioned above, forms a rich subset of the
Gumbel class. To the best of our knowledge, this estimation problem has not been considered
in the extreme value literature.

The remainder of this paper is organized as follows. In the next section we introduce
two classes of estimators for the conditional Weibull-tail coefficient and study their asymptotic
properties. The estimation of upper extreme conditional quantiles is considered in Section 3.
In Section 4 we examine the small sample behavior of the proposed estimators by a simulation
experiment, and in Section 5 we show the results for the real data example. Section 6 concludes
the paper. The proofs of the main results are deferred to the appendix, while for other results
we refer to the supporting information which is online available.

2 Construction and asymptotic properties

Let (X;,Y;), ¢ =1,...,n, be independent copies of the random vector (X,Y) € R? xR} o, where
X has a distribution with joint density function g, and the conditional survival function of Y
given X = z, denoted F(y;z) := 1 — F(y;x), is of Weibull-type, that is, for some 0(z) > 0,

F(y;x) = exp(—yl/a(‘”)ﬁ*(y;x)), y >0, (2)

where £* is a slowly varying function at infinity. The model can also be defined in terms of the
generalized inverse of F', denoted @, i.e. Q(p;x) :==1inf{y: F(y;z) > p}, 0 <p < 1:

Q(p;x) = (= In(1 = p))" (= n(1 - p); ), (3)

where ¢ is again a slowly varying function at infinity (Bingham et al., 1987, p 6).

Our approach to the estimation of the Weibull-tail coefficient and of extreme conditional
quantiles is based on elemental kernel statistics of the form
1 n
T (@, K) == = > Kn, (& = X)(InY; = Inw,){ 1{Y; > wi}, (4)
n
i=1

where t > 0, Kp, (z) := K(x/hy)/hi, where K is a joint density function on RY, h,, is a non-
random sequence of bandwidths with h, — 0 if n — oo, 1{A} is the indicator function on
the event A and w, is a local non-random threshold sequence satisfying w, — oo if n — oo.
The parameter ¢ is a tuning parameter, introduced to allow for more flexibility. Since 6(z) is
a tail parameter for the conditional distribution of Y given X = z, it is natural to consider
statistics like (4) that involve exceedances over a high threshold, and that also occur in some
neighborhood of the point of interest x € RY.

To obtain the limiting behaviour of (4) we need to introduce some conditions on the con-
ditional quantile function @Q(p;x), the density function g of the independent variables and the
kernel function K. Concerning Q(p; x), we introduce the so-called second order condition on its



slowly varying function /.

Assumption (R) There exists a constant p(z) < 0 and a rate function b(.;z) satisfying
b(y;x) — 0 as y — oo, such that for all A > 1, we have

{(\y; )
8 < £(y; )

) = b(y:2) Dy (V)1 + (1))

A
with D) (A) := / t*@ =14t and where o(1) is uniform in A > 1, as y — oco.
1

Since Inx ~ x — 1 for x — 1, we have that Assumption (R) makes the convergence of
C(Ay;x)/L(y; z) to its limit, being 1, explicit. In fact, as shown in Geluk and de Haan (1987),
(R) implies that |b(y; )| is regularly varying with index p(z), i.e. |b(Ay;z)|/|b(y;z)| — A\®) as
y — oo for all A > 0, so p(z) governs the rate of this convergence. If |p(x)| is small then the
convergence is slow and the estimation of tail quantities is generally difficult. Assumption (R)
is well accepted in the literature. It was formulated in a slightly different form in e.g. Diebolt et
al. (2008) and Goegebeur and Guillou (2011) in the Weibull-type framework, and Gardes and
Girard (2008b) invoked it for tail analysis in the Fréchet max-domain of attraction.

As a first step in the development of estimators for §(z), we study in Lemma 1, given in the
appendix, the local behavior of the conditional expectation of a power transformed excess

m(wn, t;7) = E[(InY — Inw,), 1{Y > w,}| X = z].
Then, to deal with the randomness of X, we have to consider the unconditional expectation

mn (K, ;1) == E[Kp, (v — X)(InY — Inw,), 1{Y > w, }]

which is exactly the expectation of our elemental kernel T,gt). In Lemma 2, given in the appendix,
we state its main asymptotic expansion under the following additional assumptions. The density
function of the covariate X is assumed to satisfy a Lipschitz condition. For all x,z € RY, the
Euclidean distance between = and z is denoted by d(z, 2).

Assumption (G) There exists ¢, > 0 such that |g(z) — g(2)| < ¢gd(z, 2) for all x,z € R
For the weight or kernel function K we assume the following.

Assumption (K) K is a bounded density function on RY, with support € included in the
unit hypersphere in RY.

This assumption is standard in the framework of kernel estimation.
Finally, since the estimation takes place in a narrow neighborhood in the covariate space,

we have to introduce a condition on the oscillation of the conditional response distribution,
when considered as a function of x. This condition is formulated in terms of the conditional



expectation m(wy,t; ).

Assumption (F) The conditional excess function m(wy,,t; z) satisfies that, for w, — oo,
h, — 0, and some T > 0,

mwn, e —haz) i

®(wp, hp;x) := sup sup
te[0,7] zeQ m(wn, ;)
This assumption is a smoothness condition on the underlying conditional distribution function
(when t = 0) and on some conditional expectations of power transformed excesses (when t > 0).
As illustrated in the supporting information, which is online available, this assumption is satis-
fied in case t = 0 by imposing some more structure on F' (in particular that £*(.; z) is normalized)
and suitable conditions on h,, and w,.

From Lemmas 1 and 2 in the appendix, we obtain the following asymptotic expansion in
case t > 0

B0 K) = s g @+ 1)

X {1 + b(—lnF(wn;x);x)ezr)(l +0(1))+ 0O <(—lnF(o.11n'x))1—5>
+0(hn) + O(®(wn, hn; )}, (5)
while for t =0
E(T\" (2, K)) = g(2) F (wn; 2)(1+ O(hn) + O(®(wn, hn; 7). (6)

The leading terms of (5) and (6) motivate our estimators for 6(z):

. 1/t
—In Fw: )T (2, K
( n (w ,33‘)) (l’, 1) t> O,

T(t+ DT\ (z, Ko)
(—1In F(wp; )T (2, K7)

ég)(gp;t’ K17K2) = (t) ; t> 07
(t+ 1)1 (z, K2)

égl)(l’;t,Kth) = (

where K and K3 are kernel functions satisfying (K), ﬁ(wn; x) denotes a non-parametric esti-
mator for F'(wy;):

T\ (z, K)

Fluniz) = in()

o 1 ¢
with  ga(z) := ~ ZKhn (z — Xi), (7)
=1
being a classical kernel density estimator for g. The estimators can also be motivated as general-
isations of estimators that were initially presented in the univariate independent and identically
distributed (i.i.d.) setting, e.g. those by Goegebeur et al. (2010), to the regression case.

We can now establish the limiting distributions of é,gl)(x;t, K, Ks) and GA,(LQ) (x;t, K1, Ka),
when appropriately normalized. These are given in Theorems 1 and 2, respectively.



Theorem 1 Let (X1,Y1),...,(Xn,Yn) be a sample of independent copies of the random vector
(X,Y) where the conditional quantile function of Y given X = x satisfies (3) with X a random
vector having density function g, and assume (R), (G), (F) hold and kernel functions K; and
Ky satisfying (K). For all x € RY where g(x) > 0, we have that if h, — 0, w, — oo for
n — oo, with nhi F(wmx — 00, \/NhLF (wn;2)b(—In F(wp;2); ) — A, nhd 2 F(wy;z) — 0,
Vn th (wn; )/ (= In(F(wn;2)))1= — 0 for some small € > 0, and nh F(wy; 2)®2 (wp, hn; ) —
0, then

Vb F (s 2)g ) (6 (a1, Ky, Kr) — 0(a)] B N(Wgw,

‘92(95) 2 2 2 2
P2t 4 1) [D(2t + 1) || K15 + T2(t + 1) || K25 — 202t + )| K1 K2 |1] ]

Theorem 2 Under the same assumptions as in Theorem 1, we have

\/nh%F(wn;x)g(az) 02 (28, K1, K3) — 0(z)] = N()\\/

62(x)T(2t + 1)
(t+ 1)T2(t + 1)

[2(2t + DI K113 + (¢ + 1)1 K2]I3 - 2(2¢ + 1)HK1K2||1}>

Note that the mean of the limiting distribution is not necessarily centered at zero, meaning
that the estimators may show some asymptotic bias, which is common for estimators of tail
parameters. Similar to the estimation of univariate Weibull-type tails (see e.g. Goegebeur et
al., 2010, Gardes and Girard, 2008a) we have that, apart from the factor y/g(x), the mean of the
asymptotic distribution only depends on A, and not on other distributional parameters, nor on .
As expected, the asymptotic variance is increasing in 6(x) (i.e. when the tail of the conditional
response distribution becomes more heavy), and also depends on the kernel functions K; and
K>, as well as on the tuning parameter ¢t. In the common situation where the kernel functions
K7 and K are assumed to be equal, the asymptotic variance expressions in Theorems 1 and 2
simplify and are given by

2 2
AVar; = 0= ()| K|35 <P(2t+1) B 1>’

2 T2(t + 1)
T2t +1)
wvar = @I g

respectively. If we compare the two variances (without the factor 6%(x)| K||3 which is in com-
mon), we can see that no estimator performs uniformly best, although éﬁll)(x; t, K, K) outper-
forms 922) (x;t, K, K) over a wide range of values of the parameter ¢.



3 Upper extreme quantile estimation

In this section we study the estimation of upper extreme conditional quantiles. Let Q(p;x)
denote the kernel estimator of the conditional quantile function Q(p;x), i.e.

Q(p;x) = inf{y : F(y;2) <1—p}, p€ (0,1),

where F is defined in (7).

We consider the behavior of Q(1—ay; @) for a, — 0 as n — oo. In the first instance we work
under an intermediate order condition \/nhay,(—Inay,) — co. Let V(y; z) := y*/ @) (y; x), so
that F(y;z) = exp(—V (y;z)) and assume that ¢*(y; ) is a normalized slowly varying function
(see Bingham et al., 1987, p 15), i.e.

y e(wz) g4

Cy; ) = clx)elt —w,

for y > 1, where ¢(x) > 0 and (t;2) — 0 as t — oo. In terms of V (y;x) we have that

E(usx)
V(y;z) = c(x)el’ o,
where £(t;x) — 1/60(x) as t — oo. In the sequel we will say for short that V(y;x) is normalized
regularly varying. Note that in this case

yV'(y; )
V(y;x)

Theorem 3 Let (X1,Y1),...,(Xn,Yn) be a sample of independent copies of the random vector
(X,Y) where the conditional survival function of Y given X = x satisfies (2) with a normalized
regqularly varying function V(y;x), X a random vector having density function g, and assume
(G), (F) and (K) hold. For all x € RY where g(x) > 0, we have that if hy, — 0, o, — 0 for
n — 0o, with nhba, — 0o, nhda, = 0, and nh%a,®*(Q(1 — an; 2)(1+0(1)), hn;z) — 0 then

Q(l — ap;T)
Q(l — ap;x)

Similarly to the Weibull-tail coefficient estimators (see Theorems 1 and 2), the asymptotic vari-
ance of the extreme quantiles is increasing in 6(x) and depends on the kernel function K. The
condition nhja, — oo in Theorem 3 implies that a;, should be of a larger order than 1/(nhf),
and hence, ultimately, a;, > 1/n. As a consequence, the estimator Q(l — ap;x) cannot be used
to extrapolate beyond the data range.

=&(y;x), a.e.

(= In )y /nhSang() —1| B NO,6*(@)[|K[3).

For the purpose of estimating quantiles that are further in the upper tail than the (1 —a,)—
quantile, we propose an estimator of Q(1 — f;x) with 7, := (= Infg,)/(—Ina,) — 7 € (1,00)
if o, — 0, that is in the spirit of the Weissman estimator (Weissman, 1978):

Qu (L= Buix) = QL — ),
where 0(x) is either ég)(ﬂf; t, Ky, K3) or 6 (x;t, K1, Ko).



Theorem 4 Let (X1,Y1),...,(Xy,Yn) be a sample of independent copies of the random vector
(X,Y) where the conditional survival function of Y given X = x satisfies (2) with a normalized
reqularly varying function V(y;x), X a random vector having density function g, and assume
(R), (G), (F) hold and kernel functions K1 and K satisfying (KC). For all x € RY where
g(x) >0, we have that if hy, — 0, a, — 0, 7, — 7 € (1,00) for n — oo, with nh}a,, — oo and,
for some small € > 0,

1
nh oy, max {b(— In o ), s 7 P(Q(L — an; ) (1 + o(1)), hn;x)} — 0,

(—Inay,)

then

nhiong(z) Qw(l—ﬁn%ﬂﬂ) D 2
o [ o —F5) _1] = N(0,V*(x)),

where V2(x) denotes the asymptotic variance of either éT(ll)(x; t, K1, Ks) or ég) (x;t, K1, Ka).

Remark that the extreme quantile estimator inherits the asymptotic behavior of the estimator
for 6(x) that was used. For what concerns the improvement of Qw(l — Bn; x) over Q(l — Qp; )
in terms of extrapolation: note that one can take e.g. [, = a;*, for some 7* > 1, leading
to B, > 1/n™, which relaxes the earlier constraint that a, > 1/n. By taking 7* large one
thus improves considerably the order of the quantile that can be estimated. Note also that the
only condition that we impose on (,, namely (—Ing,)/(—Inay,) — 7 € (1,00), simplifies the
interpretation in terms of extrapolation compared to Daouia et al. (2013) where they impose
several conditions that mix the parameters «;,, and (, together with several functions involving
the conditional extreme value index, the conditional quantile and an auxiliary function. In that
case, it is very difficult to obtain information about the possible rate of j3,,.

4 Simulations

In this section we illustrate our methodology with a simulation experiment. For the practical
implementation of our estimators we have to determine both the bandwidth parameter h,, and
the threshold w,. For the latter, we take, as usual in extreme value statistics, the (k + 1)-th
largest response observation in the ball B(z, h,). There is, in fact, some discrepancy between
the theory, established in case of a fixed, i.e. non-random, threshold and practical use with
a data-driven one. This is often observed in extreme value statistics, see for instance, Smith
(1987) and Davison and Smith (1990), in the framework of GPD modelling of excesses, or Wang
and Tsai (2009) and Goegebeur et al. (2014b), for Pareto-type models. Instead of a nonrandom
threshold one could have worked with a random threshold, as was done e.g. by Stupfler (2013)
in the general max-domain of attraction. However, this approach with a random threshold
would make the theoretical derivations much more difficult. Also, in the general max-domain
of attraction, Goegebeur et al. (2014a) observed that working with a nonrandom threshold can
lead to the same asymptotic distributions as the one obtained under a random threshold (as in
Stupfler, 2013), though the practical performance of the approach based on a random threshold
is not better. One can expect that similar findings will also apply to the present paper. The



selection of (hy, k) is carried out using a data driven method which does not require any prior
knowledge about the function 6(z). This approach is based on a two step procedure, where we
first select the bandwidth parameter h, using a cross-validation criterion

n n R 2
ey = aigrenén;; <1 {Y; <Y} — F i (Y5 Xi)) 7 (8)

where H is a grid of values for h,, and

B (i) o i B (@ = X5 LY < )
n,—i \Y; Z;’l:l,j#i K, (.Z‘ - Xj)

This criterion was introduced in Yao (1999), implemented by Gannoun et al. (2002) and con-
sidered in an extreme value context by Daouia et al. (2011, 2013). Using this bandwidth, we
compute in the second step, the estimates for 6(x) with &k = 5,..., kpax, where kpax is an ap-
propriately chosen value. The median of these estimates is then the estimate we use for 6(z).
From the simulation results reported in Gardes and Girard (2008a) and Goegebeur et al. (2010)
for the estimation of 6 in the univariate framework, we deduce that the parameter k. should
be chosen relatively small compared to the typical number of observations in B(z, he,), because
for Weibull-type distributions the bias of the tail estimators is in some cases important. Con-
cerning the estimation of upper extreme conditional quantiles, we use the estimate for 0(z) we
just obtained and compute the extreme conditional quantiles for k =5, ..., kpnax. We use again
the median of these values as our final conditional quantile estimate.

We report the results for two conditional distributions of Y given X = =z, which are of
Weibull-type:

e The strict Weibull distribution W(a(x), \),
1—F(y;x) = e_’\ya(x), y>0;a(z),A >0,
for which 0(z) = 1/a(x) and p(zr) = —oco. We consider the case A\ = 1.
e The extended Weibull distribution EW(a(x), ) (Klippelberg and Villasenor, 1993),
L= Fy;) = r(y)e ™,

where a(z) > 0 and r(y) is a regularly varying function at infinity with index 5. Here
0(x) = 1/a(z), b(y;r) = —BIny/[a?(z)y] and p(x) = —1. We choose r(y) = 1/y.

In the simulation experiment we also considered some other conditional Weibull-type distribu-
tions, like the Gaussian, Gamma and perturbed Weibull distributions, but these lead to similar
results and therefore, for brevity, we omit them from the paper.

For the Weibull-tail coefficient §(z) and the covariate distribution we consider two settings:



e Setting 1: X ~ U(0,1) and

0(z) = % (110 + sm(m)> Gé - %exp (—64 (m - ;>2>> .

This function was also considered in Daouia et al. (2011), though in the framework of
Pareto-type distributions. The function is differentiable with several stationary points.

e Setting 2: X ~ Beta(1.25,1.5) and

or) = 7 {1+exp(~60(r —1/47)1{3z € (0,1]} + exp(~5/12)1{3z € (1,2]}
+(5 — 62)(exp(—5/12)1{3x € (2,5/2]} — 1{3z € (5/2,3)})},

which was proposed by Gardes and Stupfler (2013), also in the framework of Pareto-type
modelling. This function is considered because it has a smooth but non-constant part, a
constant part and also some points where it is continuous but not differentiable.

For all the distributions we simulate N = 500 samples of size n = 1000. As measures of
efficiency we use the empirical root mean squared error and the bias, computed over points
x1,...,T, regularly spread over the covariate space, as follows

RMSE(E(.) = ﬁzz(é}(mm)—g(mm))%
M
Bias(£(\)) = %Z jir

where g](xm) is the estimator for the tail parameter £(z,,), either the Weibull-tail coefficient or
an upper extreme conditional quantile, from simulation run j at covariate value x,,. Note that
in the bias calculation we use the absolute value to avoid that positive and negative biases at
different values of x cancel each other out.

In the estimation of §(x) we consider the estimators oY (x;t, K1, K9) and 6 (z;t, K1, K9)
for different values of ¢, and where both kernel functions are taken as the bi-quadratic kernel

function 15
K(2) = 1 (1- )’ Yz e [-1,1)}.

The choice of the kernel function is not very crucial for the practical performance of our esti-
mators. Note that we rerun our simulations for other choices of kernel functions, like e.g. the
triweight kernel function K (x) = 35(1 —22)3/32,x € [~1,1], and the results do not change a lot.
To keep the length of the paper under control, we only report the results for this bi-quadratic
function. The bandwidth h,, is selected using the cross validation criterion in (8) on a grid of
hy € {0.05,0.075,...,0.15}, whereafter the estimate of (z) is computed as described above

using kpmax = 25. Concerning the estimation of upper extreme conditional quantiles, we examine

10



the behaviour of Qw(l — fBn;x) obtained with é%l) (x;t, K, K) and 9}22) (z;t, K, K), denoted as
Q%/)(l — Bn;x) and Q(WQ/)(l — Bn; ), respectively, and quantile levels 5, = 1/1200, 1/2000 and
1/4000. The considered quantile orders imply a rather serious extrapolation since the local sam-
ple sizes are typically much smaller than n. These quantile estimators are compared with the
extreme quantile estimator from Daouia et al. (2013), denoted G*¥(B,|r), which is developed
for the full max-domain of attraction, and therefore it also applies in our context of conditional
Weibull-type tails. Concerning the latter we considered constant and linear weights, leading to
the estimators (jﬁ” Pl (Bn|x) and (jf P’z(ﬁn\m), respectively, and both were implemented with J = 3
and J = 4, where J can be seen as the number of elemental Pickands statistics the estimator is
based on. For more details we refer to the Daouia et al. (2013) paper. The data driven method
is the one where h and k are selected separately, which is consistent with the data driven method
considered for our estimators. Note that for the estimation of the Weibull-tail coefficient 0(x)
there is to date no alternative estimation procedure available as basis for comparison.

Thus, summarised, in the simulation experiment we compared the small sample behaviour
of the Weibull-tail coefficient estimators QAS) (x;t, K, K) and éﬁf) (z;t, K, K), and that of the ex-
treme conditional quantile estimators Q%,) (1—Bn; ), ng,) (1—Bn; ), cﬁp’l (Bn|x) and (]T}EP’Q (Bnlx).
The estimator 9A7(Ll) (x;t, K, K) outperforms éﬁf) (z;t, K, K) in terms of bias and RMSE, for all
values of ¢ and all distributions, and similarly, the extreme quantile estimator Q(Wlf) (1—pp;z) has
a performance superior to that of Q%}(l — Bn;x). For what concerns the Daouia et al. (2013)

estimators, (jf P’l(ﬁn\m) with J = 4 has the best performance. For brevity, in the paper we only
comment on the performance of the best estimators, and draw the following conclusions

e In Tables 1 and 2 we show the performance of é,(f) (z;t, K, K) and Q%,)(l — Bp; x), obtained
with the data driven strategy on Settings 1 and 2, respectively. The results indicate
that in most cases the best estimation results are obtained for small values of the tuning
parameter t. As expected, the behaviour of the extreme quantile estimator deteriorates
as more extreme quantile orders are considered, though the increase in bias and RMSE is
modest.

e Comparison of the results in Tables 1 and 2 with Table 3 indicates that the estimator

Q(Wl,)(l — Bn; ) is better than cﬁp’l(ﬂnm) in terms of RMSE for all values of 3, and ¢t. In
terms of bias it is better for almost all 5, and t.

From these simulations, one can say that the proposed Weissman-type extreme conditional
quantile estimator is competitive compared to the Daouia et al. (2013) estimator, which is to
date the only alternative. However, this result is not completely unexpected since the Daouia
et al. (2013) estimator is more general in that it was proposed for the general max-domain of
attraction, whereas ours is specific for the class of Weibull-type distributions.

5 Case study: sea storm data

To illustrate the usefulness and practical relevance of the model considered and the methodology
developed in this paper we will use the sea level data presented in Chapter 6 of de Haan and
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Ferreira (2006); see also de Haan and de Ronde (1998) for a more elaborate discussion. This
data set consists of measurements of wave height (HmO) and still water level (SWL), both
expressed in meters, recorded during 828 storm events that are relevant for the seawall called
Pettemer Zeewering in the province of North Holland (The Netherlands). The data have been
extensively analysed in the extreme value literature. For instance, in Draisma et al. (1999) the
focus was on estimating the tail of the wave height distribution, ignoring the information in the
variable still water level. Their analysis indicated that the HmO distribution belongs to the
Gumbel class. On the other hand, de Haan and de Ronde (1998) and Draisma et al. (2004)
took a multivariate approach and estimated the tail dependence between the two variables, i.e.
when both variables are simultaneously large. Our approach is complementary to these earlier
analyses in that we want to estimate tail parameters of the HmO distribution given a value for
the variable SW L, where the latter is not necessarily extreme.

The scatterplot of the data is shown in Figure 1 (a), and clearly indicates that higher waves
tend to occur together with higher still water levels. For engineers it can be of interest to
study the distribution of wave heights at a given value of still water level, e.g. to decide on
the height of a sea wall or, related to this, to assess the danger of overflowing an existing sea
wall. We illustrate the adequacy of the Weibull-type model (2) for the variable HmO given that
SW L = 0.6, by the Weibull quantile plot of the HmO measurements with corresponding SW L
in a neighborhood of SWL = 0.6, say in the interval [0.5,0.7]; see Figure 1 (b). The Weibull
quantile plot clearly becomes linear in the largest observations, which supports the hypothesis
of an underlying Weibull-type model for the conditional response distribution. Similar quantile
plots were obtained at other positions in the covariate space. Obviously, estimators for param-
eters related to the conditional distribution of HmO given SW L should take into account that
the available SW L measurements are in fact realisations of a random covariate. Based on these
considerations we can conclude that the methodology developed in this paper is appropriate for
analysing the sea storm data.

As a first step we focus on the estimation of the conditional Weibull-tail coefficient of the
variable HmO, considered as a function of SWL. In Figure 1 (c¢) we show the tail coefficient
estimates GAT(})(SWL; 0.2, K, K), where K is the bi-quadratic kernel function, as a function of
SW L. We focus here only on the estimator éﬁf)(s WL;t, K, K), since in the simulations it was
found to be superior to ég)(SWL; t, K, K) in terms of bias and RMSE (for all values of ¢). The
value of t used, t = 0.2, can also be motivated from the simulation results. The tuning parame-
ters h and k were selected according to the data driven method with h,, € {0.05,0.075,...,0.15}
and kpax = 25, as described in Section 4. The figure indicates that the estimates for the tail
coefficient generally follow the pattern in the data in that the estimates tend to be larger at
SW L positions where the extreme HmO measurements show larger spacings. To illustrate the
extra flexibility of our approach, we also performed a univariate analysis of the tail of the HmO
distribution, thus ignoring the information in SW L, using the mean-excess based estimator for
0 proposed in Goegebeur and Guillou (2011). Figure 1 (d) shows these univariate estimates for
the Weibull-tail coefficient of the variable HmO as a function of k. This plot suggests a stable
estimate of 6 for k values between 50 and 100, with median 0.42. This median value is also
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shown as the solid horizontal reference line in Figure 1 (c), and we also show the univariate 95%
bootstrap interval (based on 1000 bootstrap samples). The univariate estimate thus provides
some average tail coefficient estimate, and from the bootstrap interval we can conclude that it
is clearly not able to provide an adequate description of the conditional tails.

Next, we consider the estimation of upper extreme quantiles of the HmO distribution con-
ditional on a given value of SW L. In Figure 1 (e) we show the Weissman-type quantile estimate
Ag,)(l — 1/1200; SWL) (solid line) and ng)(l — 1/4000; SWL) (dotted line) as a function of
SW L. This estimate represents the wave height that will be exceeded on average once in 1200
and 4000 storms, respectively, for a given value of SW L. Again the estimate follows the pat-
tern in the data, and it clearly extrapolates beyond the data range, as it should. As a simple
goodness-of-fit check we also estimated a less extreme conditional quantile, namely the condi-
tional quantile 1-1/50, and counted the number of observations exceeding that quantile. The
proportion exceeding was 0.024, which is in good agreement with the theoretical conditional
exceedance probability 0.02. In panel (f) of Figure 1 we show the estimator ga "' (1/1200|SW L)
(solid line) and Gi*' (1/4000|SW L) (dotted line) with J = 4 of Daouia et al. (2013). This esti-
mate also follows the pattern in the data reasonably well, though it is generally located slightly
below our extreme conditional quantile estimate and also exhibits a larger variability compared
to our method. Note also that due to data sparsity the Daouia et al. (2013) estimate could not
be computed for the very small and large values of SW L. For some values of SW L the estimate
G2t (1/4000|SW L) is slightly below o' (1/1200|SW L), which is due to the tuning parameter
selection method.

6 Conclusion

We considered the estimation of the tail coefficient and upper extreme conditional quantiles
for Weibull-type distributions when there are random covariates. Two families of estimators
were introduced and their asymptotic properties were derived. In extreme value statistics the
bias of estimators for tail quantities is often an issue. In future research we will focus on the
development of bias-corrected estimators, and on related robustness issues.

Appendix

In this appendix, we give the proofs of our main results.

First, we study the local behaviour of the conditional expectation of a power transformed
excess.

Lemma 1 Case (i), t =0:

iy

m(wn, 0;x) = F(wn; 2).
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Case (i), t > 0: assume (3) and (R), then for some small € > 0 and w, — 0o we have that

F(wn; ) Ly nF(w — (1+o
(—lnF(wn;x))te( )F(t+1){1+b( In F(wn; 2); ) 5 )(1+ (1))

+O<«4nF@mm»1€>}'

Proof of Lemma 1

m(wn, t; )

The case t = 0 is trivial so we only focus on the case where ¢ > 0. Let p,, := F'(w,; ) and
pn=1—(1—ppn)/In(e/(1 —pn)). Note that p, < p, < 1. From the inverse probability integral

transform, and denoting V'~ U(0, 1), we have that
= E[(nQ(V;z) —InQ(pn; x))}]

Dn. 1
- /<mem—mmeNM+/Xmem—mmmmwm

Pn
= I1 + 1.

Concerning I, from (3) and (R), we obtain

hom e [ e (e )

+0(=1n(1 = pn); 2) Dy(a) (1 * M) t 0(1))] -

Inspired by the inequality

-1
52 2> < D¢(1+x) —x <0,

for £ <0 and z > 0, we write

= —]—_pn 1 —Inz
L o= emu—>>/~(1){”)

Pn

+0(z) =2 = Pn) —lnz [ ( — ;n_zpn)> - _1n_(11n_zpn>] Fb(—In(1 — pp);2) (1 + o(1))
+b(—In(1 - pn);x)w [Dp(x) (1 T 11n_zpn)> - in_zpn)} i (1))}t .
From (9) we deduce
ze[fuf?" 1 _ln(lln_zpn) [m (1 i —&injpn)) - —ln_(lln—zpn)H = 12((1—_1;?1(1—_195;)))
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and hence

—In(1 —py) [ < —Inz > —Inz H
sup |——— |In(1+ - = o(1),
sei=bn 1) ‘ —Inz —In(1 —py) —In(1 —pp)

for p, T 1. Similarly

I e (10 =)~ = ]

sup
.
z€[=58 1]

for p, 1 1.

By Taylor’s theorem

S S N M 1 —Inz)'dz
b vmu—mw{“)ﬂﬁfl N

+tet(x)/11_(—1nz)tw[ln<1+ —Inz > —Inz ]dz(l—i—o(l))

—n —Inz —In(1—py)) —In(1-p,)

1—pn

h(— In(1 — po): )0 () / (“In2)tdz(1 + o(1))

1—pn
1—pn
1 —In(1 —pp)
B B ' i1 _ t_ O\ Pn)
+b(=In(1 = pn); )10 () /1—571( In z) —Inz
—Inz —Inz
XPM”@+—ma—mQ_—mu—mJ““+“m}
1 — Pn
B (=In(1 = pp))t {hp+ho+Liz+Iia}.

For I 1, by straightforward calculus, we obtain

1171 — Ht(m)l“(t + 1) + 0 (hlt(l — ln(l _pn))) )

—In(1 - py)

Concerning I 2, use (9) to obtain

0t (z) ! r41 _of___ 1t
1| < 2—Tn(l—pu) /1_22(—1“)+ dz(1+0(1))—0<_1n(1_pn)>-

The terms I 3 and I; 4 can be analyzed in a similar way and yield

Lz = b(=In(1—py);2)t0" (@)t + 1)(1 + o(1)),

il = o ().
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Collecting the terms gives

= I_—pn g “n(1 — t—1 o
L= (—In(1 — p,))t {07 ()0 (t + 1) + b(—In(1 — pp); 2)t0 " (2)T'(t + 1)(1 + o(1))

ro (ML)

For what concerns I, we introduce the tail quantile function U, defined as U (y; x) = Q(1—1/y; x),
y > 1, and write

1 t
Pn 1 1
I, = In InU ‘ dv.
? /{ U<1—v1—pn ) ! (1—pn’x>] ‘

The Weibull-type distributions are a subset of the Gumbel max-domain of attraction, and hence
for some positive function a(.; z) we have that
U .
y—oo a(y;x)

(InU(uy;z) —InU(y;z)) = Inu, Yu > 0, (10)

see for instance de Haan and Ferreira (2006), p 101. Thus

U(llp’f’:) & ( ) <1P’ ) Lo
>1

Note that (1 —p,)/(1 —v) > (1 —p,)/(1 —p,) > 1, for v € [Py, 1).

Now use Corollary B.2.10 in de Haan and Ferreira (2006) p 376, to obtain for any ¢ > 0
and for some ¢ > 0 that for p, sufficiently large

o< / ) g o : (14 0(1))
— o
2= LT ) T T te (Cn( o)) ’

provided te < 1.

Finally, for a(.;z) we use Lemma S1 (see supporting information) according to which

i (1_1]0;35) ~EMnQ(V:z) —InQ(pn;z)|V > pn)
if p, T1. Now

" 1
EmQ(V;z) —InQ(pn; )|V > pn) = _hl?i_)P%)/O (—Inz)dz

| S i N

b(—In(1 —py);2) (1 B
Py — /0 (=Inz)dz(1+ o(1))

1 —Inz —Inz
+b(—In(1 —pn),x)/o [Dp(m) <1 + "1 —pn)> T Tha —pn)} dz(1+o0(1))
=:1Ip1+ 129+ Io3+ Io4.
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With arguments similar to those used when considering I; we obtain
0(x)
—In(1 —py,)’

1
ha = O((—lnu—pn))?)’
Ly = b(_lﬁf(ll_p;j);x)(1+o(1)),
b(—In(1 —pn);fr)>

(—In(1 —pn))?

I, =

1274 = O(
Consequently

EmQ(V;z) —InQ(pn; z)|V > pn) = O <_1n(f_pn>> '

This then gives that

=0 (rp =)

for some small § > 0.
Combining the results for I; and I» establishes the result of Lemma 1. [J

Now, to deal with the randomness of X we consider the unconditional expectation m,, (K, t; x)
and derive in the next lemma its main asymptotic expansion under further conditions.

Lemma 2 Assume (3), (R), (G), (K) and (F). For all x € R? where g(z) > 0 we have that if
wn — 00 and hy, — 0 then

(I, 652) = m{wn, £ 2)g(2)(1+ O(hn) + O(D(wn, hni 2)).
Note: (i) In Lemma 2, the proof of the result for the case ¢t = 0 can also be obtained without
conditions (3) and (R). (i7) Because (X;,Y;), @ = 1,...,n, are independent and identically
distributed random vectors, we have that m, (K, t;x) = E(Tét) (z, K)).

The proof of Lemma 2 is elementary and therefore it is given in the supporting information.

Since the estimators é,(ll)(x; t, Ky, K3) and 922) (x;t, K1, K9) are functions of elemental kernel
statistics (4), we need to derive the joint asymptotic behaviour of a vector of such statistics,
when appropriately normalized. Let 7 (2, K) := (—In F(wy; ) 7" (z, K), and for some fixed
positive integer J,

1 ~ ~
T =——— [TW(g, Ky),..., T (2, K))],
n F(wn;x)g(x) [ n (:L' 1)7 n (l‘, J)]

and let ¥ be a (J x J) matrix with elements

T = 097 () | K Ki WDt + te + 1).

)
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Lemma 3 Let (X1,Y1),...,(Xn,Yn) be a sample of independent copies of the random vector
(X,Y) where the conditional quantile function of Y given X = x satisfies (3) with X a random
vector having density function g, and assume (R), (G), (F) hold and kernel functions K1, ..., K
satisfying (KC). For all x € R? where g(x) > 0, we have that if h, — 0, w, — 0o for n — oo,
with nhi F(wp; ) — oo, then

D

\/nhF(wni 2)g(x) [T, — E(T,)] 3 Ny(0,5).

Proof of Lemma 3

We make use of the Cramér-Wold device (see e.g. van der Vaart, 1998, p 16), according to
which it is sufficient to prove that for all ¢ € R’ we have that

U, = \/nhn Flwn; 2)g(x) [T, —E(T,)] 3 N(0,¢'5¢).

From straightforward calculations we obtain

- . ti
v, = ;,/M Zgj In F(wn; 2))5 K, (¢ — Xi)(InY; — Inw,) 7 1{Y; > w,}

-E Zﬁj (—In F(wn;2)) Kjp, (x — X;)(InY; — lnwn)fﬁl{Yi > wn}

Note that Wi,..., W, are i.i.d. random variables, and hence Var(V,,) = nVar(W;). Now

q J
Var(Wy) = —"» o 2 Dk I F (e )

nF(wn, 3:1 —
where
Cj := Cov ( e (@ —X1)(InY; — lnwn)zl{Yl > wn }, Kip, (2 — X1)(InY; — lnwn)ifl{Yl > wn}> .

We then have

|| K5 K |1 1 r— X z— X I
C; = E K, |—| K InY] —Inw,)? "1{Y; n
- hd AR T ) BT, ) (e T )Y > e

-E {Kj,hn(ﬁ —X7)(InY; — lnwn)ifl{Yl > wn}} E {Kkhn(fﬂ — X1)(InY; — Inw,)1{V; > wn}} .

Using Lemmas 1 and 2 we obtain that

(A5 K| F(wn; ) ti+tx
= — T(t; +t +1)(1+o0o(1
Ci Rl (—InF(wp;x))litte g(@)d7 T (@)D () + e + 1)(1 4+ o(1)),
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and consequently Var(¥,,) = ¢'E£(1 + o(1)).
To establish the asymptotic normality of ¥,, we verify Lyapounov’s criterion for triangular

arrays of random variables, see e.g. Billingsley (1995), p 362. In the present context this
simplifies to proving that "1 | E|W;|3 = nE[W; > — 0. We have

T e ))3/2

(
J 3
t; tj
X QE [ [ D 1&1(—In Flwn; 2)) Kjp, (& — X1)(In Yy — Inw,) P 1{Y1 > wn}
7j=1
J 2
+3E | | Y 1g1(=n Fwn; 2)Y K, (x — X1)(In Yy — Inw,) 7 1{Y1 > w,}
7=1
. t
XE | 1€ (= I F(wn; 2)7 Kjp, (= X1)(InY; = Inw,) 7 1{Y7 > wy}
_J:1
— J 3
+4 B 1g](— In Fwn; 2)Y K, (2 — X1)(In Yy — Inw,) 7 1{Y] > wy}
L=

Again by using Lemmas 1 and 2 we obtain that

E[W, [ =0 ((m/nhzﬁ(wn;x)>_l> , (11)

and hence, under the conditions of the lemma nE|W;|3 — 0. O

In order to obtain the limiting distribution of é,(f ) (z;t, K1, K29),i=1,2, we also need a result
concerning F(wp; z) as defined in (7). Daouia et al. (2011) studied the asymptotic behaviour of
F(wy,; ) in the framework of conditional Pareto-type tails, whereas in Daouia et al. (2013) its
behaviour was studied for the general max-domain of attraction, though assuming that F(y; )
is twice differentiable. Lemma 4 below is essentially a simplified version of Proposition 1 in
Daouia et al. (2013) since we only consider a single extreme level w,,, although we do not as-
sume differentiability of F(y;z) nor a max-domain of attraction condition.

Lemma 4 Let (X1,Y1),..., (X, Yy) be a sample of i.i.d. random vectors, and assume (G), (F)
and (K) hold. For all z € RY where g(x) > 0, we have that if hy, — 0, w, — oo for n — oo,
with nh F(wn; z) — 00, nhdT2F(wn;z) — 0, and nhd F(wy; 2)02(wp, hn; ) — 0 then

F(wn; ) q
F

(wn; ) BN, | K13).

VP E (s 2)g ()
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For the proof of Lemma 4 we refer to the supporting information.

Proof of Theorem 1
First we consider the estimator 97(11)(x;t,K1,K2) assuming that F'(wp;x) is known, and
introduce

(—In F(wp; :c))tTr(Lt)(:c, Kl)) i

é'gll)(xata K17K2> = (0)
L(t+ )Ty ' (x, K2)

Write
) ((—mﬁ(wn, )TV (@, K1) )
! Tt + 1T (z, K>)
_ Flewa)g@) [ [(=InFwsa)'T < K1) g (e a)' T (@, K)
T, ky) | 7| TE+DF (wn, () D(t + 1) F(wn; )g(x)
. T (2, K») (2, K3) K
—0"(z)ry, 7F(wn;x)g(x) —E Floma
o[BI Flen; )T (@, K1) — 0 (x)T(t + DE(TL (2, K»))
" Lt + 1) F (wn; )g( )

_. Flun;2)g(x)

= {Ig—|—]4—|—f5}.
T\ (2, Ky)

From Lemma 3, we have

g2t (x)

D
I3+ 1 N0 ————
3+ 4 — <’F2(t+1)

@m+wmﬁﬂﬂwnwmﬂ%+wmmm>

Concerning I5, by using Lemmas 1 and 2

_ 1
— R
Is = r, {b(— In F(wp;x);2)t0"  (z)(1+o(1)) + O <(_ In (o x))1_5>
+0(hy) + O(®(wn, hn;x))}
and hence under our assumptions, Is — \\/g(z) t0'~1(z).

Further, from Lemma 3 we have that T}, (z, K2)/(F(wn;2)g(z)) = 1 + op(1).

Combined, the above gives that

Tn ((—IHF(Wn;x))tTét)(a:,Kl) - Ht(a?)> BN (/\\/9(7) 0" (x)

Tt + 1T (2, K,)
9275(3:)
T2(t+1)

[D(2t + DI[EI3 + T2( + 1| K5 — 20(t + 1)||K1K2H1}) :

20



A straightforward application of the §—method yields

ra(B0 (@3, Ko, K) — 0(2)) B N (M/g(@).
0*(x)

—— (2t + DIKL|Z + T2t + D[ Ks |2 — 272 (¢ + 1) || K1 K. )
T2 4 1y 28 DI + T2+ DIl — 285 + DI Ks|)]

Now consider éﬁf) (x;t, K1, Ko):

ra(O8) (@38, K, Ko) = 0(2) = ra(03) (38, K1, Ka) — 0(x))

+7, | —In F(wn; @) T (@, K1) v
" Flwniz) | \ 1t + )T (2, Ko) '

Using Lemma 4 we have

and by Lemmas 1, 2, and 3

1. ) )”t L
(F(t + )T (2, K,) T (—InF(wn; 7)) (1+o0p(1)).

Hence

Tn(énl)(x;thlv KQ) - 9(37)) = T"(éﬁll)(x;t’ K, KQ) B e(x)) O <m> 7

from which the result follows. O
Proof of Theorem 2

The proof of this theorem follows arguments similar to those used in the proof of Theorem
1, and is therefore given in the supporting information.

Proof of Theorem 3

The proof of the theorem is inspired by the approach taken by Wretman (1978) in the

univariate i.i.d. case. Let 7, := (—Inay)v/nhioang(x)/Q(1—ay; ) and #, := 0(x)\/nhia,g(x).

By straightforward inversion we obtain that

B(a(Q(1 — oini ) — Q(1 — api)) < 2) =
. ( i FQU = 0wia) - 2/Tsw) oy F(QUL— ani2); ) ) |
FQ

(1 —an;z) + 2/F; ) ~ F(Q(l — o) + /T3 )
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Now let

FQ( — an;x) + 2/Tp; ) F(Q(l — an;z) + 2/Fy; )
Concerning z, we have
2y = Tn V' <Q(1 — ap;x) + Rnf;l‘> Ni
Tn Tn

with , € (0,1), where the last step follows from the mean value theorem. Let Q(l — ;) ==
Q(1 — ap; ) + Kpz/Ty. Note that Q(1 — ap;x) = Q(1 — ay; ) (1 + o(1)) — oo if oy — 0, and
hence, using the assumption that V' is a normalized regularly varying function, we have

Q(l — Qn; x)V/(Q(l — Qn; l‘); I‘) _ 1
V(Q(1 — ap; x); ) 0(x)

(12)

for oo, — 0. Thus

1 V(Q(1 - Oén;m);x)i o — 2 0

Concerning the random term we have that

P ' - ﬁ(Q(l—an;x)—i—z/Fn;x)
Zy, = @G(x)\/nhnF(Q(l —ap;x) + 2/Tp;z)g(z) In FQO = om2) £ 2/7m: 7)

where

_ FQM - asx); x)

FQ(O — ap;x) + 2/Tp;x)

Again using (12) and by the definition of 7,, one obtains that A, — 1 as a;, — 0. Hence by
Lemma 4 we have that

A, =

Zy 3 N(0,6%(2) | K3). (13)

Denote by G,, the distribution function of Z,, and by G that of the limiting distribution in (13).
Because of the continuity of G we have that the convergence of G,, to G is uniform (see e.g.
Lemma 2.11 in van der Vaart, 1998, p 12), and hence lim,,_,o, G\ (2,) = G(z). This completes
the proof of Theorem 3. O

Proof of Theorem 4

By straightforward rearrangements we obtain

Vihong(@) | Qw=Buiz) _ a5 a0 i)

In7, Q(1— Bp;x)
Vnhlong(@) . Q(1 — on; )
+ In
Inm, Q(1l — ap;x)

Vrhnong(2) 400 g x) — 0 QL — Bz ) + 0(x) In ]

In7,
= Is+ I7 + I3.
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Under the assumptions of the theorem

nhlang(z)(b(z) — 0(z)) 2 N(0,V%(z)).

For I7 we use Theorem 3 to obtain

I; = (—lnan)\/m In Q1 — ani ) =Op ((1> '

(—lnay)InT, Q1 — ap;x) —Ilnay)

Finally, by using condition (R), the term Ig can be written as

p(z)

-1

_ a4 1 Ly T 1 1 .

Iy nhfang(z)b( nan,x)p(x)lmn( +o(1)) —=0. O
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Strict Weibull distribution

00 (5, K, K) | QW (1 —1/1200;2) | QL) (1 —1/2000;z) | Q) (1 — 1/4000; )
Bias RMSE | Bias RMSE Bias RMSE Bias RMSE
0.2 ]0.041 0.102 | 0.110  0.237 | 0.120  0.259 | 0.132  0.287
04| 0046 0.102 | 0120 0239 | 0.130  0.261 0.143 0.289
0.6 | 0.053 0105 | 0.130  0.243 | 0.141 0.265 0.156 0.294
08| 0.059 0108 | 0.139  0.249 | 0.152 0.271 0.168 0.301
1.0 | 0.065 0.111 | 0.150  0.255 0.163 0.278 0.181 0.309

Extended Weibull distribution

. 0 (3, K, K) | QW) (1 —1/1200;2) | QL) (1 —1/2000;2) | Q) (1 — 1/4000; )
Bias RMSE | Bias RMSE | Bias RMSE | Bias  RMSE
02| 0.041 o0.101 | 0.113  0.231 | 0.124  0.253 | 0.139 _ 0.283
04| 0049 0103 | 0127 0237 | 0140 0260 | 0.157  0.290
0.6 | 0.057 0106 | 0.140  0.243 | 0154 0267 | 0.174  0.298
08| 0.063 0110 | 0.153 0250 | 0.169 0274 | 0.190  0.307

1.0 | 0.069 0.113 | 0.164 0.257 0.182 0.282 0.205 0.315

Table 1: Setting 1: Performance of 9&1)(.%; t, K, K), Q%,)(l —1/1200; x), Q%,)(l —1/2000; ) and
A%,Il,)(l —1/4000; z). The results are averaged over 500 Monte Carlo simulations, with n = 1000.
The numbers in bold indicate the value of ¢t with smallest bias, respectively RMSE.
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Strict Weibull distribution

. 0 (3, K, K) | QW (1 —1/1200;2) | Q) (1 — 1/2000;2) | QW) (1 — 1/4000; )
Bias RMSE | Bias RMSE Bias RMSE Bias RMSE
02 ] 0.040 0.095 | 0.094  0.208 | 0.103  0.228 | 0.113  0.254
04| 0.047 0097 | 0.106  0.208 | 0.115  0.228 | 0.128  0.254
0.6 | 0.053 0.099 | 0.116  0.211 0127  0.231 0.142 0.257
0.8 | 0.060 0.103 | 0.127  0.215 0.139 0.235 0.155 0.262
1.0 | 0.066 0.107 | 0.136 0220 | 0.150  0.241 0.167  0.269

Extended Weibull distribution

. 00 (5, K, K) | QW (1 —1/1200;2) | QL) (1 —1/2000;z) | Q) (1 — 1/4000; )
Bias RMSE | Bias RMSE Bias RMSE Bias RMSE
0.2 | 0.037 0.094 | 0.095 0.201 | 0.105  0.220 | 0.118  0.247
04| 0045 0096 | 0108 0203 | 0120 0224 | 0.136 0.251
0.6 | 0.052 0.099 | 0120 0208 | 0.134  0.228 0.151 0.256
0.8 | 0.059 0.102 | 0.132 0.213 | 0.146 0.235 0.165 0.263
1.0 | 0.065 0.106 | 0.142 0219 | 0.157  0.241 0.178 0.271

Table 2: Setting 2: Performance of 65 (z; ¢, K, K), Q\1)(1 — 1/1200; z), Q\}) (1 — 1/2000; ) and
Agﬁl/) (1 —1/4000; ). The results are averaged over 500 Monte Carlo simulations, with n = 1000.
The numbers in bold indicate the value of ¢t with smallest bias, respectively RMSE.

gt (1/1200[2) | gt (1/2000]x) | ¢F7'(1/4000|z)

Bias RMSE Bias RMSE | Bias RMSE

Setting 1 Strict Weibull 0.207 0.327 0.249 0.373 0.309 0.437
Extended Weibull | 0.161 0.299 0.192 0.342 0.237 0.400

Setting 2 Strict Weibull 0.197 0.288 0.240 0.332 0.302 0.393
Extended Weibull | 0.145 0.257 0.175 0.297 0.218 0.352

Table 3: Performance of ga’ ' (1/1200|z), gi**

(1/2000|z) and Gi*' (1/4000|2) with J = 4 in

Setting 1 and Setting 2. The results are averaged over 500 Monte Carlo simulations, with

n = 1000.
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Figure 1: Sea storm data: (a) scatterplot of wave height (HmO) versus still water level
(SWL), (b) Weibull quantile plot of the HmO observations with 0.5 < SWL < 0.7, (c)

éqgl)(SWL; 0.2, K, K) as a function of SW L (the solid horizontal reference line represents the es-
timate obtained in a univariate analysis ignoring SW L, and the dashed horizontal reference lines
represent a univariate 95% bootstrap interval), (d) univariate Weibull-tail coefficient estimate

for HmO as a function of k, (e) Agf)(l —1/1200; SWL) (solid line) and Q&l,)(l —1/4000; SWL)
(dotted line) versus SWL and (f) Daouia et al. (2013) estimate G " (1/1200[SW L) (solid line)
and Gi"! (1/4000|SW L) (dotted line) with J = 4 versus SW L.
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